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Abstract 

We review recent developments (up to January 2004) of the Liouville field theory and its 
matrix model dual. This review consists of three parts. In part I, we review the bosonic Liouville 
theory. After briefly reviewing the necessary background, we discuss the bulk structure constants 
(the DOZZ formula) and the boundary states (the FZZT brane and the ZZ brane). Various 
applications are also presented. In part II, we review the supersymmetric extension of the 
Liouville theory. We first discuss the bulk structure constants and the branes as in the bosonic 
Liouville theory, and then we present the matrix dual descriptions with some applications. In 
part III, the Liouville theory on unoriented surfaces is reviewed. After introducing the crosscap 
state, we discuss the matrix model dual description and the tadpole cancellation condition. This 
review also includes some original material such as the derivation of the conjectured dual action 
for the M = 2 Liouville theory from other known dualities and the comparison of the Liouville 
crosscap state with the c = unoriented matrix model. This is based on my master's thesis 
submitted to Department of Physics, Faculty of Science, University of Tokyo on January 2004. 
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1 Introduction 



Everything that has an end has a beginning. Joseph Liouville (1809-1882) studied his equation in 

order to understand the conformal property of the Riemann surface (especially the uniformization 
problem). In this review, we study the quantum Liouville theory, which he might or might not 
realize but naturally emerges in the quantization of the two dimensional gravity (or in the noncritical 
string theory). The Liouville field theory is defined as an irrational conformal field theory whose 
action is given by 



where Q = b + b~ , and it becomes an essential ingredient in calculating the scattering amplitudes 
in the noncritical string theory. In the noncritical string theory, the quantum anomaly of the Weyl 
transformation gives rise to the dynamical Liouville mode. The noncritical string theory is defined 
perturbatively by the path integration over the Liouville field and the matter fields on various world 
sheet Riemann surfaces and the subsequent integration of the resultant correlators over the moduli 
space of Riemann surfaces. 

However, this world sheet theory is difficult to solve. A naive perturbative calculation in /i 
yields only the limited class of correlators when the inserted momenta satisfy a special relation. 
This is because the Liouville momentum is conserved with the perturbative calculation in but 
actually we anticipate that the correlators do not vanish even when the Liouville momentum is not 
conserved. At the same time, the Liouville field theory is an irrational CFT, so the conventional 
CFT techniques used to solve the minimal models do not work. 

Suppose, however, that we have solved the world sheet Liouville theory somehow. Even if the 
world sheet theory is solved, the integration over the moduli space of the Riemann surfaces seems 
hopeless unless a miracle happens. The miracle happens, for example, in the case of the topological 
gravity, where the integrand becomes a known cohomological object in the moduli space. As a 
consequence, we can integrate over the moduli space with less trouble. Surprisingly, we believe 
that this is the case in the Liouville field theory coupled to the minimal model. Indeed, the 
Liouville field theory coupled to the minimal model (or c = 1 matter) is believed to be equivalent 
to the exactly solvable matrix model in the double scaling limit! The supporting argument for 
the equivalence was given by the discretization of the Riemann surface, which should yield the 
noncritical string theory. 

This was one of the greatest achievements in the matrix revolution era (around 1990). ^ We had 
not only full genus amplitudes for the Liouville field theory coupled to the minimal model (and 
their generalizations), but also a nonperturbative description of the string theory. However, the 
matrix model description of the noncritical string theory is limited to the d <2 dimension only, and 
nobody at the time was certain whether the discovered nonperturbative effects are truly applicable 
to the higher dimensional critical string theories. At the same time, why the matrix model yields 
the nonperturbative description of the Liouville field theory has remained an open question (besides 
an intuitive discretization of the Riemann surface argument). 

A decade has passed since then. 

There have been steady developments in the Liouville field theory itself. For example, now 
we have a three-point function formula for general Liouville momenta (what is called the DOZZ 
formula), and exact boundary (Cardy) states in the Liouville theory (what is called the FZZT brane 
and the ZZ brane) at hand. These discoveries have become the prototypical method to study other 

^For the future reader's sake, wo should mention that the "Matrix Reloaded" and the "Matrix Revolutions" are 
titles of the films which have caught on in the year 2003. 
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irrational CFTs and also shed new light on the noncritical string theories. One of the main themes 
of this thesis is to review these developments after the matrix revolution. 

The second theme of this thesis is to review the nonperturbative physics in the noncritical string 
theories. Although some of these were found in the matrix revolution era, the physical meanings 
of them were not so clear at that time. Now after the second revolution of the string theory, we 
have a lot of examples of the nonperturbative effects in the critical string theories including 

• D-brane physics dHIIl EM EH ITin|l 

• various dualities (T-duality, S-duality etc.) (PTH ITO [TT31 [TO ITOll 

• black hole physics (|6.51 112. Ij) 

• string theory under R-R field background (jlU.ll I1U.4() 

• nonperturbative moduli fixing — R-R potential 1)10.4(1 

• connection with the topological string theory (|6.3() 

• gauge/gravity correspondence lOT lOl ITT:!^ [TO ITT!^ rTOl) 

• holography principle (|0 lO [TTT^l [TO [TO [TOjl 

• geometric transition ()9.2|) 

• rolling tachyon — Sen's conjecture ((6.11 16.21 16. 4() 

• closed string theory as a vacuum string field theory ((6.11 16. 4p 

to name a few. Recent studies on the matrix-Liouville theory reveal that astonishingly all of those 
listed above are realized in the matrix-Liouville theory.^ In addition, they are exact and explicit 
descriptions, which is not always the case in the higher dimensional critical string theories. We 
have attached section numbers in the above list where we will discuss them in the matrix-Liouville 
context in this review. Of course, the range we will cover here is limited and we cannot discuss all 
of them in detail, but we hope that the above partial list is enough to convince that the matrix- 
Liouville theory is a good starting point to understand nonperturbative physics in the string theory. 

Furthermore, by using various dualities, we can discuss some limiting properties of the higher 
dimensional critical string theory from the noncritical Liouville theory (and its matrix model dual). 
Some examples are 

• The universal nonperturbative physics of the supersymmetric gauge theory which can be ob- 
tained from the singular conifold. The Liouville partition function reproduces the Veneziano- 
Yankielowicz term and its graviphoton corrections. 

• The (double scaling limit of the) little string theory, which is also related to the string theory 
on a singular Calabi-Yau space. 

■^Some of them are derived only from the matrix model and not yet from the Liouville theory. It is a challenging 
problem to obtain them from the Liouville perspective. Also the above list is as of January 2004, so it will definitely 
extend in future. 
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Therefore, the LiouviUe theory is not only relevant for the lower dimensional {d < 2) string theories 
but also important in the higher dimensional (and more "physical") string theories. 

To conclude the introduction section, we sketch our organization of the thesis. This thesis 
consists of three distinct parts. In part I, we review the bosonic Liouville theory and its applications. 
In part II, we review the supersymmetric extension of the Liouville theory, where we also present 
the recent proposals for the matrix model duals and their consequent results and applications. In 
part III, we discuss the (both bosonic and super) Liouville theory on unoriented surfaces, part of 
which includes the review of the author's original paper. 

Each part has several sections; 

Part I: 

In section 121 and 13 we review the basic facts on the Liouville field theory and matrix model. A 
reader who is accustomed to these relatively older subjects (or the reader who has once read the 
"Ginsparg and Moore") may wish to skip these sections. In section |1J we obtain the basic structure 
constants of the Liouville theory on the sphere (the DOZZ formula), where we have provided their 
original derivation and the more elegant and useful derivation by Teschner which we will repeatedly 
use in the following sections. In sectional we discuss the boundary states in the Liouville theory. 
The FZZT brane and the ZZ brane mentioned above are introduced. In section |SJ we review some 
applications of the bosonic Liouville theory. 

Part II: 

In sectional we review the bulk physics of the M = 1 super Liouville theory. In section |H1 the 
boundary M = 1 super Liouville theory is discussed. In section]^ we present the matrix dual of the 
M = 1 super Liouville theory by using the results from section [7| and |H1 In section IIUI we review 
the applications of the M = 1 super Liouville theory and its matrix model dual. In section IllL the 
bulk and boundary physics of the M = 2 super Liouville theory is discussed. The application of the 
N = 2 super Liouville theory is reviewed in section IT^ where we include our original explanation 
of the conjectured duality of the N = 2 super Liouville theory. 

Part III: 

In section IT^ we discuss the bosonic unoriented Liouville theory and its matrix model dual. In 
section ITU we review the unoriented AA = 1 supersymmetric Liouville theory and its matrix model 
dual. 

In the concluding section 1151 we present our concluding remarks and the future outlook on the 
Liouville theory. It is complementary to this introduction in a sense and the reader may directly 
jump to the concluding section before he/she begins to read the main text. This thesis has two 
appendix sections. In section El we collect our conventions and useful formulae. In sectional we 
collect miscellaneous topics which are helpful to understand the arguments in the main text or to 
follow some technical calculations. 

Finally, this review is partially based on the author's note of the informal seminar held at Tokyo 
University. The papers used in the seminar were [21, [HI. The author would like to thank the 
organizers, all the participants and lecturers in the seminar. 

1.1 Literature Guide 

At the end of each section, we provide a literature guide in order to show references of the subjects 
discussed in the section. The purpose of the literature guide section is twofold. We provide not only 
the direct sources of the arguments in the main text but also the related papers whose contents 
we cannot cover in the main text because of the lack of space or other reasons (especially in the 
application sections). In order to avoid the overlap, we only refer to the direct (not necessarily 
original) source of the subjects and the formulae whose derivations are omitted in the main text. 
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though it does not mean at all that we have not borrowed other paper's results or explanations to 
make the argument clearer. 

There exist many great reviews on the Liouville theory and matrix model (or noncritical string 
theory). The older reviews (in the matrix revolution era) are @], [S], [Z], [HI, and ^U] 
to name a few. The more recent (after the DOZZ formula) reviews are |12j . |13j . |14j . Also, 
the first half of the following papers include excellent reviews on the boundary (super) Liouville 
theory, HH], [El- 

For a general string theory background, we refer to GSW ^lE], Joe's big book and 
the author's favorite Polyakov's book |21j . 

Part I 

Bosonic Liouville Theory 

2 Basic Facts 1: World Sheet Theory 

We review the basic facts on the Liouville theory from the world sheet perspective in this section. 
The good references are 0, |Hj, 0) A reader who has once read these review articles may 
skip this section (and the next section) and jump into section |1J 

The organization of this section is as follows. In section 12.11 we derive the Liouville action 
from the quantization of the noncritical string (two dimensional quantum gravity), and discuss its 
basic properties as a CFT. In section l2^ we reinterpret the Liouville theory from the critical string 
theory propagating in a nontrivial background with a linear dilaton and a tachyon condensation. In 
section 1^31 we quantize the Liouville theory canonically and study its properties. Also we perform 
the semiclassical path integration and discuss the semiclassical properties of the Liouville theory. 
In section 12.41 we briefly review the rolling tachyon system and discuss its connection with the 
Liouville theory. In section 12.51 we review the ground ring structure of the c = 1 (which means 
that the target space is two dimensional) noncritical string theory. 

2.1 2D Quantum Gravity 

Following David-Distler-Kawai (DDK) |22], |23| I24j . we introduce the Liouville action from the 
Polyakov formalism of the 2D (world sheet) gravity. We consider the two dimensional quantum 
gravity (or the quantization of the bosonic string). In the Polyakov formalism, the starting point 
is the partition function which is given by 

Z = J [Vg] [PX]e-^[^'»l-'^o ^ (2.1) 

where any matter field X is allowed at this point, but we take d free bosons for simplicity and 
definiteness. Then the matter action can be written as 

S[X,g] = d^z^g-'^daX'd.X'. (2.2) 

While the path integral measures for the metric and bosons are invariant under the world sheet 
diffeomorphism, they are not invariant under the Weyl transformation g^fc ~^ ^"9ab- The anomaly 
for this transformation is given by 

VerrgX = e^^^^'^^VgX (2.3) 
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where Sl is the famous (unrenormahzed) LiouviUe action whose precise form is 

Sl{cj) = j <fz^ Q<7"'9,aa6a + RCJ + ^e'^^ . (2.4) 

Similarly the path integral measure for the metric is not invariant under the Weyl transforma- 
tion. To carry out the path integral over the metric, we decompose the fluctuation of the metric 
5gab into the diffeomorphism Va, Weyl transformation a and the moduli T. Since the measure 
and the action is invariant under the diffeomorphism by definition, we can regard it as a gauge 
symmetry. Dividing the path integral measure by the gauge (diffeomorphism) volume, we are left 
with the integration over the Weyl transformation freedom and the moduli. The Jacobian for this 
change of variables can be calculated via the Fadeev-Popov method, which is given by 

j VhbVcce^ i (2.5) 

The Weyl transformation of this measure becomes 

Ve-g{bc) = e-^^^('')pg(6c). (2.6) 

If d = 26 then we are dealing with the critical string. In this particular case (after setting the 
cosmological constant to be zero), we can also regard the Weyl symmetry as a gauge symmetry 
and ignore it. However in the more general case, we cannot ignore its freedom because of the above 
anomaly (|2.3|2.6|) . Thus, in the conformal gauge gab = e'^dab, the partition function of the 2D 
quantum gravity (with matters) can be written as 

Z = j dTV(l3^^V{hc)^^pX^^e~^^^^'3^~^^^^^3]_ (2.7) 

Naively speaking, as the Liouville action emerges from the path integral measure, only we have 
to do is to integrate over the Liouville mode. However, there is a subtlety here. The problem is 
the path integral measure for this Liouville field. Since it has been constructed diffeomorphism 
invariantly, the measure satisfies H^f/)!!^ = / (Pz^{6(j))'^ = f (Pz^/ge'^{6(p)'^. It is very inconvenient 
to use this measure, for it is not the Gaussian measure nor invariant under the parallel translation 
in the functional space. Then we would like to transform it to the standard Gaussian measure: 

m\l = J <fz^g{5cl,f. (2.8) 

To do so, we need to obtain the Jacobian of this transformation and include it into the Liouville 
action. Since it is difficult to obtain this Jacobian from the first principle, we will guess, following 
DDK, the form of the "renormalized Liouville action" by assuming its "locality" , "diffeomorphism 
invariance" and "conformal invariance" 

This assumption leads to the following form of the action 

S=^j d^z^ [g'^'da^dbcp + QR^ + AiTfie^''^) . (2.9) 

We would like to determine the unknown parameters Q and b. First, by considering that the choice 
of the residual metric gab has been arbitrary, we find that the whole theory should be invariant 

The derivation of the Jacobian from the functional integral has been discussed in EHl, EZ1I2H1- The author would 
like to thank E. D'Hoker for calling his attention to these papers. 
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under gab — > e'^Qab and (j) — > (f> — a/2b. For this to be a symmetry of the theory, the total central 
charge of the system should be zero from the previous argument, namely, 

ctot = c^ + cx + Cgh = (2.10) 

should hold. From this, we find = 26 — d. On the other hand, the central charge of (p can be 
calculated irrespective of fj, by the Coulomb gas representation,^ which is given by 

C0 = 1 + 6Q2. (2.11) 

Therefore we obtain 

Q = (2.12) 

Then we demand the conformal invariance. For this theory to be consistent as a conformal field 
theory, it is necessary that "the interaction term" e^^*^ is a (1, 1) tensor. The calculation by the 
Coulomb gas representation shows 

A = 6(Q-6) = 1, (2.13) 

so we obtain the famous formula Q = h + b^^. Furthermore, we notice that for the cosmological 
constant (the actual metric) to be real, the matter central charge must satisfy Cm < 1 (c = 1 
barrier) . 

We have some comments on the Cm > 1 noncritical string theory. In this case, as we have seen, 
there should be a phase transition (c = 1 barrier) from the DDK approach. Then the > 1 theory 
is believed to be a different continuum theory from the Liouville one. For example, Polyakov |29j 
conjectured that, in 1 < Cm < 25, it becomes a string theory propagating in the warped space-time. 
On the other hand, when Cm = 25, there is an interesting conjecture and it is important for the 
later application, so we introduce the conjecture here.^ 

Formally, when we substitute d = 25 into (|2.12j) . we obtain Q = 0. This means b = i. Since 
the reality of the metric is lost for this value of b, we "Wick rotate" the Liouville direction (p — > icj). 
Then we observe that the kinetic term of <j) becomes minus that of the ordinary boson, so it is 
natural to interpret (p as the "time direction". Furthermore, setting the cosmological constant /U 
to be zero, we have an interesting interpretation "the noncritical string propagating in the 25D 
Euclidean space is equivalent to the critical string propagating in the 26D Minkowski space-time" . 
This mechanism seems an elegant scenario which naturally generates the time-like negative metric 
into the whole story, which is very suggestive and impressive. On the other hand, if we take the 
cosmological constant to be finite, we can interpret that the Liouville potential represents the world 
sheet description of the rolling tachyon. We will discuss in the later section whether and how this 
"analytic continuation" actually works. 



2.2 2D Critical String Interpretation 

There is another interpretation of the Liouville theory. In this section, we interpret the c = 1 
Liouville theory as a two dimensional critical string theory. To begin with, we consider the sigma 
model description of the critical string in the general dimension with arbitrary backgrounds 

^ = ^ / d^^Va (^g''''G^,{x)daX''dbX^ + 2A^t{x) + ^mix)^ , (2.14) 

^See appendix IB . 21 for the actual calculation. 

®As far as the author knows, this was first discussed in 
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where A is the cut-off scale of the world sheet, and we have assumed the Kalb-Ramond field B is 
zero. For this action to satisfy the conformal invariance so that the background is consistent with 
the string equation of motion, the following beta functions j^Jj) 132]) [331 IS] (in the first order 
approximation with respect to a') should vanish 



/3($) = -R + {d,i>f - v2<i> + _ r2 + Ir^ 

o O 



p{T) = V^T - d^'^d^'T + AT -T^. (2.15) 

These equations are equivalent to the equation of motions (in the string frame) which can be derived 
from the following effective action whose form is determined by the string tree level scattering 
amplitudes. 



S = j d^xVGe- 



4^ ^ ' ■ 6 
Let us compare this sigma model with the c = 1 Liouville action, 



(2.16) 



Sl = ^J cPz^ [g'^^dackdbct) + 2R4> + An^ie^'^' + g'^^daXda] • (2.17) 

The first thing to note is, when = 0, this can be indeed interpreted as the above sigma model 
where d = 2, G^^^ = rj^y^ $ = 4(/) and T = 0. Next, we consider the /U 7^ case. In this case, 
we can regard it as a sigma model with a further tachyon background h?T = 27r^e^'^. While this 
background satisfies the naive tachyon mass- shell equation of motion V^T - d^.^d^'T + 4r = 0, 
it does not satisfy the one- loop corrected beta function equation 1)2. 15(1 . This is obvious since the 
Einstein equation does not hold under the flat space-time with a general scalar fleld expectation 
value. This means that under the naive perturbative treatment in /i, the Liouville theory does not 
yield the conformal background at least at the one-loop level. However, as has been discussed in the 
last section, the Liouville theory is by definition conformally invariant, so this background should 
be conformally invariant (up to an arbitrariness of the renormalization scheme and the freedom of 
field redefinition), at all orders in a' . The origin of this inconsistency is believed to lie in the failure 
of the perturbative treatment of the Liouville potential and the first order approximation of the 
beta function equations ^ 7 

As is often said, compared with the effective action which is restricted to the massless sector, 
the effective action which includes the tachyon sector should include all the massive fields at the 
same time in order to be consistent. This is because there are cubic interactions which generate 
these massive states, so we should integrate them out by taking the extremum point of the effective 
action instead of simply setting them zero. Furthermore, in this case, the higher derivative terms 
cannot be neglected, for the space-time fluctuation scale of the tachyon field considered here is just 
the order of a'. Considering these effects, we find that it is not easy to derive the effective equation 
of motion of the tachyon field as is studied in the string field theory (SFT). However, one thing 
we have learned from the Liouville theory is that this Liouville background is one of the consistent 
tachyon backgrounds at all orders of the world sheet a' and the string coupling gg. This plays an 
important role in the relationship with the rolling tachyon which we will discuss later. 

^It is also argued in (351 that in the lower dimension considered here, (12.1511 should be modified to account for 
the kinematic restriction. The Liouville background solves the modified equation. The author would like to thank 
A. Tseytlin for calling his attention to the paper. 



11 



2.3 Semiclassical Liouville Theory 

In this section, we quantize the Liouville theory semiclassically [HS]) [HZji (See [311130]) llOj 

for other quantization approaches. One more quantization approach which has a long history is the 
quantum Backlund transformation though we will not review it here. Standard review articles are 
collected in the literature guide section). 

First, let us discuss the canonical quantization of the Liouville theory. By the conformal trans- 
formation z = e~™ , we map the complex z plane to the cylinder: w = a + iT = (T + t and perform 
the canonical quantization on the cylinder. The Lagrangian is given by 

L = -^da^d^<P + ^e^^^ (2.18) 
47r 



so the conjugate momentum of (p becomes 

n = 

27r 



n=^. (2.19) 



The equation of motion is given by 

(^2 - dl)(P = -4TTfibe'^'"f', (2.20) 
and the equal time commutation relation is defined as 

[cPia)M'^')]=iS{a-a'). (2.21) 
When we Fourier transform the canonical field^ as 

^ n 

n = ;p + ^[a„e-^"'^ + 6„e^n: (2-22) 

we can rewrite the equal time commutation relation as 

[p, q] = -i 

Ti 

[hn-,bm] = -5n-m- (2.23) 

Using this Fock representation, the Hamiltonian of the system is given by 

H = \p^ + 2Yj\a^kak + b,khk\r + ^ da[e^''t'^%, (2.24) 

k>0 

where [• • • ],. means the need for quantum corrections or renormalizations. 

The conventional step of the canonical quantization is to obtain eigenvalues and eigenstates of 
this Hamiltonian. For the time being, we ignore excitations of oscillator modes (or we can easily 
extend the result here to the case where we ignore only the interactions between oscillator modes) 
and just consider the zero-mode Hamiltonian. This approximation is often called "minisuperspace 
approximation" after an analogy to the similar approximation method for the four dimensional 
canonical quantization of gravity. In this approximation the Hamiltonian can be written as (with 
the zero-point energy A^) 

^0 = -\9g+ 27r^e2^« + N, (2.25) 

where we have assumed that the Hilbert space of this theory is L^,^ and the conventional repre- 

*Note a„ and bn are time dependent Heisenberg representation operators. 

^Strictly speaking this is not true. We of course allow plane wave normalizable states. 
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sentation of the canonical commutation relation is given hy p = —idq under the conventional inner 
product (o|6) = / dq'^l{q)^b{q)-^^ 

Eigenvalues of the Hamiltonian for the plane wave normalizable states are labeled by the con- 
tinuous parameter p>0. Asg^— oo, the interaction vanishes, so we can write the wavefunction 
as 

^p{q) ~ e^^P^ + i?(p)e~2w. (2.26) 

The reason that the Liouville "momentum" is restricted to the positive value p > is that an 
incoming wave uniquely determines the amplitude of the reflected wave because the wave should 
damp in the potential barrier q oo. The normalization is given by {p\p') = t:5{p — p')}^ The 
wave equation in this potential is solved analytically and the reflection amplitude in the 6 — > limit 
is given by 




(2.27) 



> 

q=<^o 



Figure 1: An incoming wave is reflected from the Liouville wall and becomes an outgoing wave with 
a reflection coefficient R{p). 

Let us consider here the state-operator mapping in order to see the relation of these states to the 
correlation functions on the z plane. The claim is that the operator on the z plane corresponding 
to the state which has a "momentum" p is e^°''^ ^ where a = ^ + ip. To see this, note that the weight 
of this operator on the z plane is given by the CFT result, Lq = a{Q — a) and the relation to the 
Hamiltonian is given hy Hq = Lq + Lq — Substituting a = ^ + ip and c = 1 + QQ^ into this 
expression, we obtain Hq = 2p^ — j^. This is just the energy which has an asymptotic momentum 
p. At the same time, the requirement of being a CFT has fixed the zero-point energy of the system 
io he N = In addition, since the p < Q states are identified with the p > states up to an 

overall constant, the vertex operator Va = e^'^'^ is identified with Vq_q, too. 

Taking this state-operator mapping into consideration, we are inclined to conclude that only 
states which can be written as a = ^ + ip, where p is real, exist in the theory. However, what 

^"Beyond the minisuperspace approximation, though the entire Hilbert space seems to he ® F naively, this is 
not probably true 

Usually, it is given by 2-n5[p — p'). However, the wave considered here is e^""', so 5{2p - 2p') = 5{p - p')/2. 
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happened to the cosmological constant operator e^^*^, for instance? Is it not included in the tlieory? 
This is the very pecuhar point in the state-operator mapping in the Liouvihe theory. Generahy, 
the state corresponding to the operator e^"^"^ , even if a is real, is beUeved to exist but considered 
as nonnormalizable one. Nonnormahzable as it is, there is a difficulty concerning the completeness 
of the states for example, but introducing the cut-off into (f) removes some of the difficulties. In the 
minisuperspace approximation, this is equivalent to considering the wavefunction which formally has 
an imaginary momentum. However, we do not allow every imaginary momentum state. Taking into 
account that the asymptotic form of the wavefunction in the q — > — oo limit should be dominated 
by e^*^'', the condition Re(a) < ^ is required. This is what is called the Seiberg bound p. 

Seiberg ^ has named the normalizable states (operators) as nonlocal and the nonnormalizable 
states (operators) as local. The root of this naming is the behavior of the world sheet metric (e^^*^) 
under the inserted source in the WKB (semiclassical) approximation as we will see in the following. 
In fact, the source corresponding to the nonnormalizable states can be seen as the local curvature 
singularity from the world sheet point of view. 

Leaving the canonical quantization, we next try to carry out the path integration by the WKB 
(semiclassical) approximation to calculate the Liouville correlation functions. The semiclassical 
limit corresponds to the 6 — > limit. Before doing this, let us first consider the Ward-Takahashi 
(WT) identity which can be applied to any n-point function. The definition of the n-point function 
is 

^g2ai0g2a2</, . . . ^2a^<t>~^ ^ f jy^^2a^^ ^2^2^ . . . e^^^-^e"^, (2.28) 



where the action is given by 

j d^^Va {9'''da(t>db(l) + QR(t> + ATTfie^'^) . (2.29) 

Shifting (p as <p ^ 4' ~ ^^^) '^^ can remove the // dependence in front of the Liouville poten- 
tial completely because we have made the path integral measure invariant under the translation 
as we have considered in the last section. Then using the Gauss-Bonnet theorem which states 
^ / (Pz^R = 2 — 2g, we obtain the following exact fi dependence of the correlation function on 
the genus g Riemann surface 

which is what is called the Knizhnik-Polyakov-Zamolodchikov (KPZ) scaling law '41'. 

Interestingly, if we consider the Liouville theory as the string theory, the string coupling constant 
Qs is multiplied to the genus g correlation function as gl'^^ However, looking at the way the 
power of the string coupling constant enters into the amplitude, we observe that this is just the 
same way in which the power of fjP/'^ does (without vertices). That is to say, the partition function 
of the Liouville theory does not depend independently on gs and /i, but it actually depends only 
on the particular combination //~^ = g1^~^/^. In addition, the power of the is determined as 
Hr~'^^ in the usual manner. 

Returning back to the semiclassical calculation on the sphere, we try to find the classical solution 
(pel of the equation of motion and substitute back into the integrand of the path integral so that 
we obtain the zeroth order approximation of the correlation functions. The classical equation of 
motion (or the saddle point equation) for (g^^^'^e^"^''^ • • • e^"^"^) is given by 

-dd^ - ^RQ - 2fibe^''^ + V 2ai6{z - Zi) = 0. (2.31) 
TT 47r ^—^ 



^Although for g = 0,1, log correction is needed as the partition function diverges. 
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To see the necessary condition of the existence of the real solution of this equation, we integrate 
this equation over the world sheet. Setting /x > and applying the Gauss-Bonnet theorem, we 
obtain the following inequality, 

Q-Vai<0. (2.32) 



i 



5, 



c 



Under this condition, we will obtain the real semiclassical solution. If we can solve the Liouville 
equation with source, substituting the solution into the action gives the semiclassical correlation 
functions. However, the actual calculation has been done only for the three-point function. The 
calculation is complicated and not so illuminating, so we just quote the result ISZ). Setting Oi = r]i/b 
and (e2«i0e2°2<^e2"3<^) = exp(-S'c(r/i, r?2, r/s)/^^), we find 

- (^Yl ~ log(vr^6^) - F{rji + r/2 + % - 1) - F{m + V2 - %)- 

- F{r]2 + m-m)- F{V3 + Vi-V2)+F{0)+F{2rii) + F{27]2)+F{2r,3), (2.33) 

where F{r]) = Jy^logj{x)dx. Since it is difficult to extract the physical intuition from this result, 
let us see the effect of the local vertex insertion instead. In the mean time, we will see the root of 
the local operator and the semiclassical meaning of the Seiberg bound. The solution of the classical 
Liouville equation around a vertex is easily found to be 

'''''^ " TTflb^ (1 - |z|2-)2 (2-^^) 

where /i > and a = If we regard this as the Weyl factor of the metric, we can interpret 

it as the conical curvature singularity at the insertion point, which is the reason why we call the 
operator with real a local. Since the deficit angle of the singularity is vrz^, it is necessary to have 
u > to represent the semiclassical geometry. From this, the semiclassical bound ^ > a is derived. 
Since Q ~ in the 6 — > limit where the WKB approximation is good, we find the semiclassical 
interpretation of the Seiberg bound a < ^. 

To conclude this section, we would like to make some comments on the perturbative treatment of 
the "interaction" jie^^'^ and perform the one-loop calculation of the partition function. As we have 
seen above, the Liouville theory has an exact WT identity for the dependence of the correlation 
function, so the perturbation in /i does not make sense for general /i. However, it is believed that 
when the power of ^ becomes an integer, the perturbative treatment gives the correct answer. 
This is the assumption which appears throughout this review. As the simplest application of this 
assumption, let us calculate the one-loop partition function of the c = 1 Liouville theory with a 
compactified target space whose radius is R. 

The reason of the calculability of this partition function is that the power of /i just vanishes for 
the torus partition function. Thus, from the previous assumption, we can deal with the Liouville 
field as if they were free.^^ The partition function which we would like to obtain becomes 



^1 



j [dT] j VXV(j)VbVce-^°. (2.35) 

Taking the conventional torus moduli as the fundamental region this partition function can be 
calculated as 

Z, = V^I^^\v{q)\'{^^V^r'\v{qr'Z{R,r), (2.36) 



^^To see this more explicitly, we first integrate over the zero mode of (j)- Then the non-zero mode path integral 
becomes simply free. The only contribution from the zero-mode is given by the Liouville volume. 
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where = / d(j)e~^^ = — ^log/U is the volume of the Liouville direction and q = e^'^*'^. The 
measure of the moduh is from the Beltrami differential and the next is from the ghost 

oscillator. (27ry'T^)~^ is from the integration of the Liouville momentum and the final comes 
from the oscillator of the Liouville mode. In addition, the partition function of the compactified 
boson Z{R, r) is given by 

Z(R,t) = 2-kR ^, , > exp ^ ^ . 2.37 

Combining all these, we find the oscillator contribution cancels with that of the ghost: 

The integration over r can be carried out.^^ Using the formula = ^, we obtain 

^i = ^0^(^+4V (2-39) 



12 V 

Note that this expression is invariant under the T-duality R ^ 1/R as expected. As we have seen 
from the zero-mode integration, it is appropriate to set = — ^log/i with an implicit cut-off. 
Therefore the final result becomes 

Zi = -^(^R+^yog^i, (2.40) 
which reproduces the matrix model result (|3.97j) as we will see later in the next section. 
2.4 Rolling Tachyon: Sen's Conjecture 

In this section, we briefly review the connection between the world sheet description of the tachyon 
condensation and the Liouville theory. In general non-BPS branes are unstable because of the 
tachyon living on them. Sen has conjectured that, besides the unstable vacuum, another kind 
of vacuum solution exists in the full open string field theory which has the perturbative tachyon. In 
this "true" vacuum, there exist only the closed string degrees of freedom without any open string 
excitation, and the energy difference from the unstable vacuum is simply the energy difference of 
the decaying D-brane. 

For simplicity, let us discuss this conjecture by taking the bosonic D25-brane for example. We 
mainly concentrate on the world sheet description here, so we will not discuss the SFT (string 
field theory) approach much in detail. However, let us in advance point out the major problem of 
considering the time evolution of the tachyon by using the off-shell effective potential. For instance, 
suppose that we would like to construct the tachyon effective action from the on-shell scattering 
amplitudes (which are obtainable from the first quantized perturbative string theory). From the 
simple calculation, we find that the tachyon effective action at the three point level may be written 
as 



S = I d^^x 



(2.41) 



^*The trick |42| is, instead of taking the summation over m, we can change the integration range of the moduli t 
from the fundamental region to the —1/2 < ti < 1/2 region on the upper half plane T2 > (see figure Then the 
calculation is easily done. See appendix IB. 71 
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Figure 2: The summation over m can be effectively replaced with the integration over the horizon- 
tally hatched region. 



from the scattering amplitude of three on-shell tachyons. Can we conclude from the above effective 
action, that the true vacuum exists at (/> = — ^? We could imagine, however, another effective 
action which gives the same S matrix in this order such as 



S 



-Id, 



1 

+ 2^ 



(2.42) 



If we take this effective action, the true vacuum is located at i;^ = 0. Of course the detailed study on 
the higher point functions and the unitarity fix this kind of ambiguity to some extent. Nevertheless, 
this kind of ambiguity persists in nature for the tachyon or massive modes unlike in the massless 
case. 

To give a definite answer to this problem, we should assign an off-shell formulation of the string 
theory (which is not guaranteed to be unique). For example, Witten's open string field theory |4| 
fixes the effective potential for the tachyon to be [ISl, 0E] 



V{<P) 



(2.43) 



where R = 3^^"^ /2^}^ To determine the true vacuum where (j) ^ 0, we should consider the three- 
point coupling of the tachyon to the other massive fields seriously. Only after integrating out all 
the massive fields, we will have the effective potential for the tachyon which we can extremize to 
obtain the true vacuum. Whether the energy difference of the potential agrees with the D-brane 
energy is a nontrivial question, but there is a numerical study which excellently confirms this (for 
a review, see US], [HI, HE])- 

Let us next review the derivation of the effective action based on the boundary CFT (which is 
often called BSFT — boundary string field theory). The basic purpose of this approach is to obtain 

'^^Of course, there are infinitely many momentum dependent three-point couphngs in order to reproduce the correct 
on-shell S matrix. 
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Figure 3: Sen's conjecture: the closed string vacuum is the global minimum of the effective tachyon 
potential and the open string vacuum is the extremum of the potential. The potential difference 
corresponds to the D-brane tension. 

the effective action whose equation of motion yields the condition of vanishing beta functions for 
the boundary perturbation on the world sheet. The claim is as follows. When we write the 
path integration on the disk as ( ), the partition function with the tachyon and vector background 
is given by 

Z[r,Ae] = (e'^''[^+^^'"^^^^^), (2.44) 

where dot denotes a tangential differential and e is introduced to imitate the Weyl scaling of the 
metric. This partition function is renormalizable by the power counting. Thus we should be able 
to define the renormalized partition function as 

Z[T{e),A{e),e]=Zn[TR,AR]. (2.45) 

Then the effective action [SB 1^ , [121 Enj is given by 

S = Zr + (f^Zn, (2.46) 

where (5'^ is the beta function for the tachyon. 

Performing the path integration around the static background and renormalization, we obtain 
the final effective action 



{l + T)[l + -j''''d,,Td,T] 



(2.47) 



1 \ 



flU 



where j^'^ = i+27rF j ■ have some comments on this effective action. First, since we have 
expanded around T = const, we cannot trust this action for the on-shell S matrix while it is believed 
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to be exact as the effective potential of T. It is just accidental that this effective action properly 
reproduces the three particle S matrix. Note that when T ~ e^^^^k"^ = 1, all higher derivative 
terms should contribute to the scattering amplitude. Similarly, though T = a + uX"^ is a solution 
of the equation of motion at this order, this is just an artefact of the approximation.^^ 

It is important to note that the extremum of this potential is located at T = oo and the energy 
difference from the perturbatively unstable vacuum is remarkably given by just the D-brane energy. 
In addition, if we consider the world sheet interpretation of the T = oo vacuum, this shows that 
all the scattering amplitudes with boundaries on the world sheet becomes zero, which is naturally 
interpreted that after D-brane decays into the true vacuum, there are only closed strings and no 
open string excitations in the theory. 

As a complementary method to these off-shell effective action computations, there is another 
idea that we follow the time evolution of the decaying D-brane as the on-shell dynamics of the 
tachyon. For instance, we consider the boundary action 



Shaif= I dee""", (2.48) 



or 



Sfuii= I dOcosHX^). (2.49) 



It is known (after the Wick rotation of X^) that these are exactly marginal perturbations. Since 
this interaction can be regarded as the time evolution of the rolling tachyon, it has been conjectured 
that the study of this theory leads to the understanding of the tachyon condensation. As we will 
see in section HT^ this theory is very similar to the boundary Liouville theory (in a sense it is an 
"analytic continuation" ) . Therefore the understanding of the Liouville theory is expected to result 
in the understanding of the time evolution of the rolling tachyon. 

The same notion can be applied not only to the open tachyon but also to the closed tachyon. 
However, the perturbation 

S full? =[ d^z cosh{2X^) (2.50) 



is known to be not exactly marginal but marginally relevant jHl] after we Wick rotate X^ and make 
it sine-Gordon theory. As a result this tachyon profile does not become a CFT (= on-shell). On 
the other hand, 

Shaif = I d^ze^""' (2.51) 

is conjectured to be exactly marginal. The relation between this perturbation and the Liouville 
theory will be discussed in section 16.21 but let us review the idea quickly. As has been discussed 
in the previous section, the noncritical string in d = 25 has formally h = i and there is no dilaton 
background because Q = 0. In addition, the cosmological constant can be seen as the tachyon 
background e^**^. After Wick rotating (j) as icp = X^, we can interpret this system as the rolling 
tachyon system ()2.51() . Therefore, very formally, the analytic continuation b ^ i of the Liouville 
theory describes the tachyon dynamics of the critical bosonic string if we believe the Liouville theory 
is analytic in b. The partial success and the problems are discussed in detail later in section 

^^Because this solution makes X massive, it is not a marginal perturbation. Nevertheless we can extract a useful 
information about the RG flow of the boundary field theory and obtain the effective action from this perturbation. 
This has been originally advocated in I51| . 

^^By the way, if these are really exactly marginal, they should be solutions of the BSFT equations of motion. 
However, even if we substitute this into the equation of motion, we should sum up all the higher derivative terms to 
confirm this. Even if we had known all the higher derivative terms, it would not be necessary for the beta functions 
to vanish, since the renormalization prescription could be different. 



19 



2.5 Ground Ring Structure 

In this section, we discuss the BRST cohomology of the c = 1 Liouville theory with the Euchdean 
X boson. From the famihar discussion on the critical string theory (see also section Hj. 2. 2() . we have 
a massless tachyon vertex 

Tq = cce^''^+(2-l'?l)'^. (2.52) 

At first sight, all other higher excitations are BRST exact with an experience in the critical string 
theory. However, the detailed study on the BRST cohomology reveals that this is not the case. 
For some special momenta, there exist BRST invariant physical discrete states (see e.g. [551 1561 
EZlEHlEn], innil^; iniji inni)- For a ghost number 1 sector (usual (1,1) vertex operators), we can 
construct them as follows. We prepare the special primary fields of the form 

yj,^(aX,a2X---)e2™^(^) (2.53) 

with conformal dimension J^. They form SU{2) multiplets with total spin J and Jz = m. Then 
we gravitationally dress them to obtain the dimension 1 operators as 

Vj,m(.^) = K7,™e2™^"2(j-i)0(^)^ (2.54) 

These are remnants of the longitudinal modes of the higher dimensional string theory, and as we 
will see in the later section, they appear in the Euclidean scattering amplitudes as poles whenever 
the source momentum takes an integral value. This is because the OPE of two integer momentum 
tachyons is 

g.nX-(-2+|n|)^(^)^-.nX-(-2+|n|)0(o) ^ _Lv^^^^_,^,V\^^_,^o + " " " • (2-55) 

Actually, we have one more series of the BRST cohomology classes with ghost number corre- 
sponding one to one to every Vj^m, which are discovered by Lian and Zuckerman. For example, at 
the low excitation level, we have 

Oo,o = 1 

Oi/2,i/2 = {cb + d<p + idX) {ch + 00 + idX)e'^-'^ 
Oi/2,-i/2 = {cb + d(t)-idX){cb + d(t)-idX)e-'^-^, (2.56) 

which have dimension and are BRST invariant. Furthermore we can show that dOj^m are BRST 
exact and hence the correlation function involving these states does not depend on their inserted 
points. Because of this property, we say these operators form a ground ring jSU]. The OPE of these 
operators is given by the following form (modulo BRST exact terms) 

if we have set the cosmological constat fi = 0. When we turn on the cosmological constant, the 
structure itself remains the same, but the proportional factor changes somewhat. For example, we 
have [El 

01/2,1/201/2-1/2 = ^- (2.58) 

To derive this equality (with a precise numerical factor 1), we have to utilize the exact structure 
constants of the Liouville OPE we will discuss in section 0J so we will not derive this relation here 
(see ^ni- See also (HI] for earlier study.). 
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Another important feature of the ground ring structure is that the tachyon vertex operators 
form a module under the action of the ground ring. If we take g > in (\2.52^ . we have 



C^l/2,l/2^g 
Ol/2,-l/2^g 




{q - 1)2 



(2.59) 



On the other hand if we take g < 0, we have 



Ol/2,l/2^<? 
Oi/2,-i/2^g 




(2.60) 



Though we will not discuss the ground ring structure any further, this ring structure is important 
both physically and mathematically. In the physical application, the ground ring shows a Woo 
algebra [HJI, jHS]) [00] and reveals an underlying integrable structure of the theory (which should be 
closely related to the matrix model dual description). On the other hand, the geometrical picture 
of the cohomology is beautifully exposed in [SJ, [SHI particularly when we compactify X at the 
selfdual radius. The recent applications of the ground ring to the Liouville theory and the matrix 
model dual can be found in ^S], |67j . 

2.6 Open-Closed Duality 

In this section, we review the basic facts and ideas of the open/closed duality. Since this realm is 
so vast, we refer to other excellent reviews jHHl, ISHl) lecture notes (to name a few [70], [7J, [72]) 
or original papers |22]) [Z^; [Z3] on this subject for details. 

The first idea of the open closed duality is very old. Consider a long cylinder diagram of the 
string theory. If we cut the diagram vertically, we obtain the cross-section which looks like a closed 
string. In fact, the cylinder diagram has a pole when the propagating momentum is on mass-shell 
of the closed string spectrum. Therefore, the open string knows the existence of the closed string. 
However, this is not a duality. It simply states that the open string theory includes the closed 
string sector naturally. 

However, this observation makes it possible to write boundary conditions of the open string 
theory in the closed string language, which is just the boundary states or Ishibashi states. Let us 
consider a world sheet with many holes. Formally, each hole can be represented by the closed string 
boundary states. 



where Vh is the "hole operator" and On is the suitable basis of the boundary operators and c„(r) 
is the moduli dependence (for large r, c(r) ~ e""'^). We hope in some limiting case, the above 
replacement makes sense as a closed string theory after summing up all the hole contributions. The 
proper limit is necessary, since the boundary states usually does not possess a normalizable norm 
nor definite weight as the closed string states. The remaining world sheet theory is the closed string 
theory with modified backgrounds. Look at figure |1J where in the left side, the cat's eyes, nose and 
mouth are holes where open strings have ends. After summing up those holes, we expect to obtain 
the right side figure. Cat remains but grin disappeared. 

The first and the most fundamental realization of the idea above is the Maldacena conjecture 
j7,Sj of the AdS/CFT duality. We consider the D3-branes in the flat type IIB background, on 
which we have the SU{N) M = 4 super Yang-Mills theory as the low energy effective theory. On 




(2.61) 



n 
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Figure 4: (a) the boundary effect can be regarded as an insertion of the Ishibashi states in the 
closed string language, (b) in a certain limit, we expect that the existence of the boundaries can 
be replaced with a closed string theory on a nontrivial background. This picture is taken from [75] . 

the other hand, in the closed string (gravity) perspective, the presence of the D3-branes curves the 
background and the metric becomes 

ds'^ = h-^/^i-dt'^ + dxl + dxl + dxl) + h^/^{dr^ + r^d^l) (2.62) 

where dQ^ is the metric of a unit 5-sphere and the warp factor is 

Kr) = l + ^, (2.63) 

where L is given by 

= 4TrgsN{af. (2.64) 

Now we want to decouple the gravity from the gauge (open) side. To do this, we take the r — > 
limit; then we obtain 

ds^ = ^{-dt^ + dx^ + dz^) + L^d^l, (2.65) 

where z = This describes the geometry of the direct product of AdSs and S^. 

The claim of the Maldacena conjecture is that the closed string theory on this AdSs x 
background describes the gauge theory on the D3-branes. Since the parameter identifications 
are 

9s = 9ym'2 

= 47rgsNia')\ (2.66) 

the large N with fixed A = Qym-^ limit ('t Hooft limit) corresponds to the classical type IIB 
string theory on AdSs S^. Further taking the large A limit corresponds to the classical type 
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IIB supergravity on AdSs x S^. Note that the symmetry of the both theories match, for the 
M = A super Yang-Mihs theory actuahy has a superconformal symmetry which is isomorphic to 
the (supersymmetric extension of the) AdSs x isometry group. 

The Maldacena duahty can be extended to other D-brane configurations - D-branes on conifold 
or orbifold, wrapped branes around the cycles in the Calabi-Yau space etc. These gauge/gravity 
correspondence techniques have now become a strong tool to investigate the strongly coupled non- 
perturbative physics of the gauge theory. 

Despite many efforts, however, the general proof of this duality along the line with the idea 
stated in the introductory part of this section is still missing. One of the major difficulties^^ is 
that the perturbative expansion of the small 't Hooft coupling corresponds to the small radius limit 
where the world sheet description of the sigma model becomes ill-behaved. However, in the simpler 
setup, the open/closed duality has been proved. 

The first setup [77], jTSj is the duality between a topological open string theory and a closed 
string theory (and its embedding in the physical superstring theory (Z2|)- This is sometimes called 
the "geometric transition" or "large duality" which we will very briefly review in section |H1 In the 
simplest case, the topological open A-model on the deformed conifold with N A-branes is dual to 
the closed topological A-model on the resolved conifold (see figure [51). The key provability (besides 
the fact that the theory is exactly solvable) lies in that, unlike the AdSs ^ case, we have the 
exact world sheet description (Landau-Ginzburg description) of the theory when the volume of the 
shrinking cycle t tends to zero. Of course, more ingenuity is needed for the actual proof of the 
correspondence; see the original papers. 




Resolved Conifold 




Deformed Conifold 



Figure 5: The geometric transition: the topological open A-model on the deformed conifold with 
N A-branes is dual to the closed topological A-model on the resolved conifold. 

The second setup is nothing but the Liouville theory. As is emphasized in |Sn], [HH, the 
(unstable) DO-branes in the Liouville theory is the holographic dual of the Liouville theory itself. 
The world line theory on the DO-branes is given by the (gauged) matrix model and hence, we expect 
that the matrix model ("gauge" theory) describes the dual Liouville theory ("gravity" theory). As 
we will see later, this yields the physical explanation of the longstanding question why the matrix 
model describes the Liouville theory. 

^*Of course, the presence of the RR background is the most difficult part. 

^^An alert reader may realize that this duality does not have a "proof because the duality is based on our poor 
intuition that the double scaling matrix model reproduces the discretized Riemann surface. It is even more true in the 
type matrix model we will discuss in sectional where we have no direct argument similar to the discretized Riemann 
surface. Very recently, the Kontsevich model, which describes originally the topological gravity but is equivalent to 
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To conclude this section, let us summarize what is important in the relation to the Liouville 
theory, some of which we would like to study further in the later section. The Liouville theory 
is the simplest example of the open/closed duality. The dual description of the Liouville theory 
(which is the matrix theory) yields the nonperturbative information of the theory. Furthermore, it 
is interesting to note that the topological string duality is related to the c = 1 Liouville theory on 
the selfdual circle. We will study this connection in section It is very surprising that, after em- 
bedding the topological string duality into the physical superstring theory f83], the nonperturbative 
physics of the N = 1 gauge theory is captured by the Liouville partition function. 

2.7 Literature Guide for Section 2 

The complete reference list for the earlier studies on the Liouville theory is beyond the scope of 
this review. We can find them in the earlier reviews such as j7j, jH], 0, HI- The reviews 
on the string field theory and the tachyon potential can be found in [lEj, |1ZI) |lHj- For the 
AdS/CFT correspondence, [HHl and [5^1 are the standard review articles. 



In this section, we review the basic facts about the matrix model which is dual to the noncritical 
string theory (hence the Liouville theory). Good references are (Tj, [S], [S], |S1]. We mainly 
discuss the "physical" double scaling limit matrix model, and give only a few words on the "topo- 
logical" matrix models which actually yield the same information of the noncritical string theory. 

The organization of this section is as follows. In section |H3 we review the basic Hermitian one 
matrix model in the double scaling limit which describes the c < 1 noncritical string theory (the 
Liouville theory coupled to the minimal model). In subsection 13.1.11 we introduce the orthogonal 
polynomial method to solve the theory and in subsection 13.1. 21 we check the results from the WKB 
approach. In subsection 13.1.31 we briefly discuss the integrable structure of the matrix models and 
try to interpret all the c < 1 matrix models in a unified manner. 

In section we turn to the c = 1 matrix quantum mechanics. In subsection 13 . 2 . 1 1 we derive 
the partition function of the theory, and in subsection l3.2.21 we discuss the tachyon scattering of the 
c = 1 noncritical string theory from various points of view and compare their results. In subsection 
I3.2.3[ we obtain the generating function of the tachyon S matrix which encodes all the scattering 
physics of the c = 1 matrix model (the Liouville theory coupled to a single boson). 

3.1 c < 1 Matrix Model 

In this section we solve the c < 1 string theory by the matrix model technique [HSI, |HE]) |S7j . 

We would like to define the noncritical string theory (2D gravity) as the continuum limit of 
the random lattice. For simplicity, we first concentrate on the pure 2D gravity without matter 
(c = 0). The basic strategy is that we approximate the summation over all the metric by the 
random triangulations of the world sheet. 



the physical two dimensional gravity, is reconsidered from the open string field theory perspective in |82| . They have 
given a world sheet proof of the duality between the Kontsevich model, which emerges from the open string field 
theory and the closed topological (or physical) world sheet theory in line with the argument discussed in this section. 



3 Basic Facts 2: Matrix Model 




random triangulations 




(3.1) 
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It is known that the right-hand side summation can be done efficiently by the matrix model 
technique. Later in section El we will review the physical meaning of this matrix. Let us consider 
the following matrix integral 



= I dM exp 



-N ( -trM^ + -trM^ 
2 3! 



(3.2) 



where M is an x Hermitian matrix. It is well-known that when one expands this integral in 
1 /N perturbatively, the expansion becomes the genus g expansion of the topology of each Feynman 
diagram as follows 

Z = J2N^"^^Zg{K). (3.3) 

9 

We would like to connect each of this expansion with the genus expansion of the partition 
function of the Liouville theory (2D gravity). Since the continuum limit seems to correspond to 
the N ^ oo limit, we may conclude at first glance that the only genus amplitude survives in this 
limit. To avoid this difficulty, we take the n Kc limit at the same time, which is called the double 
scaling limit, so that Zg{K) diverges. It is known that the critical point Kc does not depend on the 
genus g. The way in which the partition function diverges is well-known and as we will see later, 
it is given by 

Z,(K)~(Ke-K)(2-r)x/2^ (34) 

where x = 2 — 251 and T is called the string susceptibility whose value will be explicitly shown soon. 
Thus, in the double scaling limit, the matrix model perturbative expansion changes from the double 
parameter expansion of {1/N, k) to the single parameter expansion of fXr = N(k, — Kc)*-^"^-'''^: 

Z(^.) = E^^'%- (3.5) 

9 

Considering that in the matrix model takes the role of the string coupling gg in the Liouville 
theory, this just corresponds to the fact that the actual expansion of the Liouville theory, contrary 
to the naive double expansion in gg and fi, is a single expansion of the particular combination of 
gs and fi. The purpose of the following calculation is to find fg or its non-perturbative completion 
Z{fir) by using the matrix model technique. 




Figure 6: (a) the random triangulations of the Riemann surface can be done effectively by the 
matrix Feynman diagrammatic summation, (b) this nonplanar diagram corresponds to the genus 
one Riemann surface. 
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3.1.1 Orthogonal polynomial method 

In the double scaling limit, we can solve this matrix model completely. In this subsection, we 
review the solution which uses the orthogonal polynomials |SHj, [SI, 0. First, we diagonalize the 
Hermitian matrix M: M = U'^ KU . Then we change the integration variable from M to a unitary 
matrix U and diagonal elements Aj, (i = 1 • • • A^). This can be done either by the Fadeev- Popov 
method or by the direct calculation. Here, we take the following step: set dU = dTU and introduce 
T, and the metric can be written as 

trdM^ = iY{U\dK + {K,dT])Uf = dA^ + J2i^i - ^jf\dTij\'^- (3.6) 

hi 

From this expression, we can see that the independent elements of dM are dXi and the imaginary 
and real part of the off-diagonal elements of dTij{i < j). Then the Jacobian of this transformation 
becomes 

= 1[{X, - X,f = A\X) = (det Ar^)2, (3.7) 

i<j 

which is the Vandermonde determinant. Substituting this transformation into the original integral, 
the dependence of T drops out completely. Consequently, the integral over T (or U integration) 
simply yields the trivial factor. Dividing this factor ("gauge freedom"), we obtain '^^ 

= j dXiA^{X)e-^^^^\ (3.8) 

Note that the detail of the potential barely affects the final result in the double scaling limit as we 
are dealing with the critical behavior of the random lattice. 

Now let us introduce the orthogonal polynomials Pm(A) as follows 

dAe-^Wp„(A)P„(A) = hn6nm, (3.9) 

where the polynomials start like i-'n(A) = A" + • • • . We can see from this 

A(A) = det A|~^ = detPj_i(Ai). (3.10) 

When we substitute this expression of the Vandermonde determinant into the integral (|3.8|) . 
the integration is easily done because of the orthogonality, which results in 

N-l N-1 



Nll{h, = Nlh^ n /f -^ (3.11) 



e 

i=0 k=l 



where fk = hk/hk-i- 

In the double scaling limit, we take oo. In this limit k/N can be regarded as a continuous 
parameter < ^ < 1. Also, fk/N can be regarded as a continuous function /(^). As a result, we 
can write ^ 

-^^^ I d^(l-01og/(0- (3.12) 



^"Since there is a residual gauge freedom which corresponds to the Weyl group of U{N), further division by A^! is 
needed in fact. However this does not change the foUowing argument at all. 

■^^When we use the symmetric potential, the resulting partition function is just double as that when we use the 
generic potential. Though the physical interpretation of this fact becomes important in the c — 1 matrix model, we 
do not discuss it for the time being here. 
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In the following, in order to simplify the calculation, we take the symmetric potential V{X) and 
later we will divide the final result by 2 if needed. We notice that the following recursion relation 
for the orthogonal polynomial holds 

(3.13) 

where r„ does not depend on A. The right-hand side does not have P„ term because the potential 
is even. The lower terms also vanish owing to the orthogonality. Thus, we obtain 

d\e~^ Pn\Pn-l = rriK-i = hn, (3-14) 

which leads to fn = T~n- Similarly, by the partial integration, we can derive 

nK = j dXe-^P'^XPn = j (iAe-^P>„P„_i = r„ ^ dXe-^V'PnPn-i- (3.15) 

For concreteness, let us consider the following potential 

3V'{\) = A + 2^ + 36-^. (3.17) 

We would like to obtain r„ from this potential. First, we substitute 1)3. 13() into the right-hand side 
of (|3.15|) . Substituting the same relation several times, we finally obtain the integrations which are 
proportional to hn-i, namely f Pn~iPn~i- Dividing this by hn~i, we have 

gn = rn + -^r„(r„+i + r„ + r^-i) + ^(10 ^rr terms). (3.18) 
Then, taking the large N limit, we can write the above expression as 
= W{r) + 2r{0{r{^ + e)+r{^-e)-2r{0) 

= gc + \w"\r=rMO-rcf + ^^2r,{l + 15br,)r"{0 + --- (3-19) 

where e = 1/A^, W{r) = r + 6r^ + 30br^ and Tc is the critical point of W{r). If we further tune the 
potential and obtain the higher multi critical point, we have a double scaling limit which describes 
the (m, 1) minimal model coupled to the two dimensional gravity. 

It is important to note that, in the naive — > oo limit, (r — rc) ~ {dc— dO^^"^ ■ Thus, comparison 
of the loop result^^ with the above general argument (|3.4|) determines the string susceptibility 
r = —1/2. Now, we take the following double scaling limit, 

9c- 9 = 9ca^z 

e = l/N = a^'^. (3.20) 

where a — > 0. In this limiting procedure, we fix //^ = z^^^ = {9 ~ 9c)^^'^N ■ Note this limit 
is compatible with the general argument. For the actual calculation, it is convenient to change 
variables such that 9c — = 9c0^x and r(^) = rc(l — au{x)). For the genus amplitude, v? ~ x. 
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With this change of variables (and rescahng of x), we obtain the following differential equation 
(Painleve I equation) 

x = u'^ - -u". (3.21) 
On the other hand, the partition function can be written in this limit as 



z= /'de(i-e)iogr(o~ r 

Jo Ja~ 



dx{z-x)u{x). (3.22) 



Differentiating this expression twice, we obtain 

Z"{z) = -u{z). (3.23) 

Therefore, if we know the solution of the Painleve I equation, the 2D quantum gravity is solved. 
The perturbative solution in powers of z~^/'^ takes the form 



Vi(l-5]nfcZ-5'=/2), (3.24) 



k=l 

where Uk are all positive. Note that this expansion is only asymptotic as we expect from the string 
perturbation theory and the full solution has a one parameter ambiguity. The nonperturbative part 
of this expression will be further studied in section 

3.1.2 WKB method 

In this subsection, we review the WKB (or steepest decent) method [SHI to solve the large N 
matrix model. This may seem rather complicated and less efficient if we are only interested in the 
double scaling limit, but this method has a lot of applications including the recent Dijkgraaf-Vafa 
conjecture [2011^112], [HHlinSinSj' For simplicity we consider here only the one-cut distribution of 
the eigenvalues which is sufficient for our application to the bosonic noncritical string theory. 
Originally, we have to calculate the partition function, 

TV 

Z 



' Nl 



^/n'^A.e-^^^^//W, (3.25) 
1=1 



where the effective action is 

I ^ 1 

^^// = ]7 - ]^ El°g - ^^ l- (3-26) 

i=l i^j 

In the WKB (large steepest decent) approximation, we evaluate this by solving the equation of 
motion of the effective action and substituting back its solution into the partition function. 
The equation of motion is 



In the large N limit, we can define the density of states: 

N 

N 



=1 
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as a continuum function. Then the equation of motion becomes 

ViX) = 2P / 4^ (3.29) 
in the continuum language. As a result, the genus partition function can be written as 
Z = N^ (^j dXp{X)V{X) - j dXdX'p{X)p{X') log |A - A'| 
To solve 1)3. 29|) . let us introduce an auxiliary quantity, the resolvent: 



(3.30) 



mp) = ^(Tr^). (3.31) 
In the WKB approximation, this can be expressed as 

Wo{p)=['dX^ (3.32) 

where we assumed that the support of p{X) is on the finite interval [a, b] on the real line (one-cut 
distribution assumption). From the definition we can see 

pW = 7^(^o(A + ie) - Wo{X - ie)). (3.33) 
On the other hand, the equation of motion states 

Wo{X + ie) + WoiX-ie) = -V'{X). (3.34) 
This equation can be solved as 

(3.35) 

2 J (J Im p — w \[w — a)[w — 0) J 

where the contour C is circling around the interval [a,b]. To see this, we introduce Wo{p) = 
Wq {p) I \/ {p — a){p — b) and observe that this satisfies the discontinuity equation 

WoiX + ze) - WoiX - ie) = - ^'^^} =, (3.36) 

a/(A - a)(A - b) 

then it is easy to understand (|3.35j) holds. Furthermore, we can determine a, b by demanding W{p) 
should behave ~ 1/p as p tends to infinity, which means, 

V'{w) dw _ ^ 



c yj{w -a){w - b) 2m 

. = 1. (3.37) 



2TTi 



In this way, we can evaluate Wq by the change of variables: w = 1/ z. The resulting discontinuity 
of Wq states 

p{X) = -LV (A-a)(6-A) / ^^'^y^) 1 (3.38) 

' 4^^^ 'jc^Tii l-Xz ^{i-az)(l-bz) ^ ' 
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Figure 7: The location of the cut and integration contours. 



For example, take V = ^TrM^. This leads to the famous Wigner distribution: 



(3.39) 



Next, we take the model V = ^TrM^ + ^'TrM^ which is relevant for the 2D gravity. In this 
case, the location of the cut becomes 



6 = -a=y/^(-l + 0T48^). 
Calculating the density of states, we obtain 



(3.40) 



(3.41) 



Observing this solution, we notice that, for a general value of g, p{X) ~ Va^ — around the edge 
of the distribution a, but if we take g ^ Qc = —1/48 then p(A) ~ (o^ — A^)^/^ and this suggests the 
critical behavior of g (double scaling limit will exist). To see this, we decompose the first term as 

+ T + demand 4 = -^. 

Finally, we can substitute this solution back into the effective action. Then the partition function 
becomes 

Zo = (^J dXp{X)V{X) - J dXdX'p{X)p{X') log(A - A') 
= N'J dAp(A)(^^-log|A|) 
= (^(«V4 - 1)(9 - aV4) - I log(aV4) 
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~ N\g-g,)''/\ (3.42) 

Here, in the second line, we have used the following formula which can be obtained by integrating 
the equation of motion, 

V{X) = 2 j dX'p{X') (log |A' - A| - log |A'|) , (3.43) 

where the integration constant is determined by demanding V{0) = 0. In the last line of (|3.42)) . we 
actually mean 

Zo = co + ci{g - Qc) + C2{g- Qc? + 05/2(5 - Qcf'"^ + ■■■ ■ (3-44) 

The parts which have an integer power of {g — gc) do not show any singular behavior. Note that 
the absence of the term 0^/2 and C3/2 is nontrivial. This partition function shows the same critical 
behavior as what we have obtained in the last subsection by using the orthogonal polynomial 
technique. Thus we have reproduced the genus partition function by the WKB method as well. 

We can also derive the formula (|3.3<S|) by using the loop equation. We concentrate on the one-cut 
model again. The loop equation is most easily derived from the WT identity of the matrix integral. 



1 \n / 1 



In the large N limit, the first term can be factorized as 



1 \n //_ 1 



We decompose the second term as follows, 

Tr (j^^'i^^)) ) = W " ^'(P^ + ^'(P))) ) = NWo{p)V'{p) + Nf{p), 

(3.47) 

where f{p) is an (n — 1) degree polynomial of p which does not have a singularity. 
Then the loop equation becomes in the large limit 



Woipf = Wo{p)V'{p) + f{p), (3.48) 

which can be solved as 

Wo = l {V - x/(n' + 4/) . (3.49) 
The single cut ansatz states that the above square root factorizes as 



ViV'ipW + ifip) = M{p)^{p-a){p-h) (3.50) 

where M{p) is a regular function which does not have a singularity or cut. We have assumed a < b 
here. This ansatz means that the eigenvalue density behaves like 



p{X) ~ M{X)y/{a-\){X-b), (3.51) 
which can be regarded as a generalization of the Wigner distribution. 
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Now we can completely determine M{p) and hence Wq{p) only with this information. Since 
AI{p) does not have a singularity except at p = oo, the following relation holds, 

M(p) = i ^ = * ^ , (3.52) 

/Coo ^^^^P-W Jc^ 27np-w y/(w - a){w - b) 

where the integral involving W{z) does not contribute because W{z) ~ ^ as 2: ^ oo from its 
definition. We can see this explicitly by the change of variable z = 1/w 

M„) ^ / (3.53, 

J Co [I - pzjy'll - az){l - bz) 

Substituting this expression into the loop equation, we obtain 

Woip) = I (v'ip) - ^{p-a){p-b) i dz- -piZiL^^ ) (3.54) 



2 



Co (1 -P2:)a/(1 - az){l - bz) ^ 



We may note that the first term V'{p) is just the residue aX p = w. This observation leads to the 
final expression, 



1 



= ,3.55) 

2 J (J Zm p — w \[w — aj{w — b) J 

which is the same formula as above (|3.35|) . 
3.1.3 Integrable hierarchy 

General c < 1 Liouville theory coupled to the minimal model reveals a very elegant structure when 
we see from the integrable hierarchy point of view. In this subsection we review only elementary 
facts following [Jj, [H] (see also [MI)- For a complete description, we recommend the reader to 
consult these reviews and original papers cited therein. 

Let us begin with a one-matrix model and consider the possible generalization of the string 
equation heuristically. For this purpose, we rescale orthogonal polynomials as 



n„(A) = Pn{X)/Vhn (3.56) 
so that the orthogonality condition simplifies as 

dXe'^Unllm = Snm- (3.57) 

Then the recursion relation ()3.13|) can be rewritten as 



= QnrrJ^m- (3.58) 

In the matrix notation, Q is symmetric: = Q, and hence becomes an Hermitian operator in the 
continuum limit. Indeed, in the multicritical model, it can be written as 

2/m 

Q = 2ry2 + + r.K^dl), (3.59) 
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where the first constant part is a non-universal term. It is convenient to introduce another matrix 
A by 

= Anm^m, (3.60) 

which satisfies 

[A,Q] = 1, (3.61) 
by differentiating AH = QII with respect to A. We define antisymmetric matrix P as 

P=^-iA-A^), (3.62) 

which also satisfies [P, Q] = 1. This can be easily seen if we notice A + A^ = V'{Q) which is derived 
from = J dA^(n„nme~^). In general if V is of order 21, we have an order 2/ — 1 differential 
operator P in the continuum limit. The fundamental commutation relation [P, Q] = 1 is related to 
the Lax representation of the KdV equations. 

For the simplest example, we set / = 2 and Q = d? — u. Then the third order anti-Hermitian 
differential operator P is given hy P = — d}. Then the commutation relation yields 

l = [P,Q] = (ju'-\u"'^\ (3.63) 

which is equivalent to the Painleve I equation (|3.21j) with a trivial rescaling. 

In general, it can be shown |H7j that the general differential operators satisfying [P, Q] = 1 yield 
the string equation which includes the Liouville theory coupled to {p, q) minimal model. First, we 
take Q as a qth order differential operator 

Q = d'i + {7;g_2(x), ^ . . . ^ 2vq{x), (3.64) 

where the constants Vn correspond to various responses of the theory (e.g. Vq-2 is the specific 

heat). Then we define pth differential operator P as P = Q^'^, where Q^^'^ is a formally defined 
pseudodifferential operator and the subscript + means that we take only the positive powers of d. 
In this way, we can in principle solve all the minimal models coupled to gravity. At the same time, 
the general theorem by [HS] states that in general, P can be taken as 

P = Y,-(^ + k/q)tk+<iQ'/'', (3.65) 
fc>i 

and physically the string equation following from [P, Q] = 1 corresponds to the minimal model 
coupled to gravity with the massive deformation. Since couples to the dual operators like 
Sint = / d^ztnOn, the derivative of the partition function with respect to tn yields the corresponding 
correlation function. Also it is important to note that the dependence of the susceptibilities Vn on 
tk is governed by the generalized KdV flow (see |Hj, IHOl and references therein for a review on 
this point). In a word, the partition function is given by the r function of the generalized KdV 
hierarchy. 

The integrable hierarchy of the double scaling limit of the (multi)matrix model is a good point 
to relate them to the topological matrix model. It is known that the topological matrix model and 
the physical double scaling matrix model yield the same integrable structure and hence the same 
physical observables. The topological gravity aspect of the generalized KdV hierarchy is reviewed 
in e.g. inn, Cnni, Cni], CnH, CnSl- see also UMI, [inS] for reviews on the integrable structure of 
the matrix models. 
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3.2 c = 1 Matrix Quantum Mechanics 

In this section, we solve the c = 1 noncritical string theory (6 = 1 Liouville theory) via the matrix 
quantum mechanics [HI EI • 

3.2.1 Partition function 

As in the last section, we consider the random triangulations of the world sheet. To obtain the 
c = 1 theory, we introduce free bosons on each lattice point. First, we consider the case where the 
boson is not compactified i.e. R = oo. The partition function of the theory is given by 

V ,. 

Z{gQ,K) = Y,9f''^'^Y.^''\{ / dX,\{G{X,-X,). (3.66) 

We suppose this yields the c = 1 noncritical string theory in the double scaling limit. While it 
is natural to take G{X) = e~2^ as the Polyakov action, it is known jl()6j that the precise form 
of the propagator does not matter in the double scaling limit. Thus we here take G{X) = e"'"'^' 
for convenience. In fact, there exists a matrix model which reproduce this partition function 
perturbatively. Let us consider the following matrix quantum mechanics 



= J P$(t)exp -N J 



1 fd^V 1 K 



\2\dt J 2 3! 



(3.67) 



where, <!• is an x Hermitian matrix and k = \J N / [3. Evaluating this partition function by the 
Feynman diagram expansion, we obtain 

Z = ^a2-2^;^^^JJ I dA^ne-l^'-'^^l (3.68) 

which is equivalent to (|3.66j) up to the propagator difference. 

Rewriting this path integral into the operator formalism of the quantum mechanics leads to the 
following calculation 

= lim {f\e~^^^\i), (3.69) 

T— >oo 

which means 

lim I = -PEo. (3.70) 

Therefore, the evaluation of the partition function is equivalent to obtaining the lowest energy 
eigenvalue of this quantum system. 

In order to know the energy eigenvalue, we canonically quantize this matrix quantum mechanics. 
As in the last section, we consider the diagonalization of the Hermitian matrix 

$(t) = n\t)A{t)nit). (3.71) 

The different point from the matrix integration considered in the last section is the appearance of 
the i}{t) dependent part from the kinetic term: 

Xr$2 ^ rp^^2 ^ rp^j^^ nn'^]^. (3.72) 
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To go further, we decompose CtU^ as follows 



N 



i<3 

where Tjj is a nondiagonal generator of U (N) and Hi is a generator of the Cartan subalgebra. Since 
the Cartan part decouples from the action, these degrees of freedom are simply the gauge freedom. 
In other words, when we decompose an Hermitian matrix which has N"^ degrees of freedom into 
a unitary matrix which has iV^ degrees of freedom and a diagonal matrix which has degrees of 
freedom, there apparently exists a redundant part. Of course this is just the Cartan generator of 
U{N). 

Then we substitute this decomposition into the Lagrangian, and we find 

i i<j 

To construct the Hamiltonian from this Lagrangian, we should be a little bit careful. Naive method 
would lead to a mistake just as it would lead to a mistake if we would try to obtain the Hamiltonian 
in the polar coordinate from the naive replacement Pr — ^ —idr etc. The important point is that there 
is a Jacobian of the path integral measure which appears when we change the integration variables. 
We can obtain this Jacobian just as in the last section and it is given by D$ = "P^^ Hi c?AjA^(A). 

The way to implement this Jacobian factor into the canonical quantization has been known 
since the Pauli's era. The gist is that we should write the Hamiltonian in terms of the generally 
covariant Laplacian as in the case of the polar coordinate. The metric in this case is given by 
VG = A^(A) as in the last section, so the kinetic term of the Hamiltonian is given by 

1 1 ^ A\\)^ (3.75) 



in this coordinate 

+ 

1 (f 



Taking the fact ;^A(A) = 0^^ into consideration, we can rewrite this expression as 



2/32A(A) dXf 
Thus, the complete Hamiltonian finally becomes 



A(A). (3.76) 



where Uij is the conjugate momentum of angular variable aij. Note that if we only need the lowest 
energy state of this system, the wavefunction should possess a trivial dependence on the angular 
parameter because of the last term in the Hamiltonian, which means we can focus only on the trivial 
representation of the U (N). On the other hand, when we consider the finite temperature situation, 
we may feel the necessity of including the contribution from the non-singlet representations at first 
sight. In fact, however, we should discard these contributions for the calculation of the ordinary 

^^This expression must be totally antisymmetric with respect to A,, but only the Vandermonde determinant has 
this property. However, the degree of this expression does not match with that of the Vandermonde determinant, so 
it must vanish identically. 
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Liouville partition function as we will see.^^ In any case, the singlet wavefunction is symmetric 
with respect to the argument Aj. Then we define a new "antisymmetric" wavefunction ^'(A) as 
^'(A) = A(A)xsym(A). For this new wavefunction, the Schrodinger equation is given in a simple 
form: 

Since all the eigenvalues are diagonalized in this Hamiltonian, this is equivalent to the N inde- 
pendent fermions system with the potential U{X). Note that the antisymmetry of the wavefunction 
makes the system fermionic. The lowest energy state is simply given by occupying the lowest 
states with fermions, so the lowest energy becomes 

N 



Eo = ^e,, (3.79) 



i=l 

where is the energy of the ith excited state. 

For the actual calculation of this system, it is convenient to utilize the statistical mechanical 
method. To begin with, we introduce the density of states as 

Pie) = ^J2^('-'-)^ (3.80) 

n 

Then we can write the total particle number and energy as 

N _ 
J ~ J 

PE = I p(e)ede, (3.81) 



p{e)de 



— oo 



where fip is the Fermi energy under which the states are all occupied. Differentiating the first 



equation and setting A = it{k^ — ^), we obtain 



OA , , , , 

-^=7rp{fiF). (3.82) 

We can adjust the height of the potential freely to set the critical point to become fic = 0. Then 
we can write = —fip as a function of A. On the other hand, differentiating the second equation 
and leaving only the singular terms, we obtain 

If = (3.83) 

In this way, the knowledge of p{e) is enough to calculate the energy as a function of A and /? by 
solving these equations. Since the noncritical string theory can be obtained in the double scaling 
limit, we take N ^ oo and /? ^ oo simultaneously. In this limit, the information of the detailed 
shape of the potential is almost lost and all we can see is the neighborhood around the critical point. 
Therefore there is no problem in approximating the potential with the inverted harmonic oscillator. 
Furthermore, for simplicity, we fill both sides of the potential with fermions (which corresponds to 
taking the even potential) and divide it by two at the end of the calculation. 

^■'We will see the natural interpretation of this fact from the D-brane point of view later in section |^ 
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Taking the inverted harmonic oscihator as the Hamiltonian: ho 
density of states as follows, 



1^2 1^2^ ^g^^ write the 



p{pL) = Tr(5(/io + = — Ini Tr 

vr 



1 



ho + Pfi — ie 

The Green function for the harmonic oscillator was given by Feynman: 



(3.84) 



1 



dTe 



dTe 



x{T)=x 



x{0)=x 



UJ 



27r sinhwT 



-u [2x^ cosh ujT- 2^2] /2 sinh luT 



(3.85) 

In this case, uj = —i, so it is convenient to "analytically continue" the Euclid time to the Minkowski 
time i.e. T iT"^^. 

Substituting this into the expression for the density of states, we obtain 

dTe-'f"^^ . rC,^. , (3.86) 



dp 

dm 



1 



Tm 



vr 



sinh(r/2) ' 

after the x integration. Though this is a correct expression perturbatively in the /i"^ expansion, we 
should interpret this result as one of the nonperturbative completions for the order e~^^ correction. 
Actually, it is known that the nonperturbative terms do depend on the precise form of the potential 
far from the critical point. For example, the third order potential, which is supposed to correspond 
to the bosonic noncritical string theory, is nonperturbatively unstable. 

Expanding perturbatively in fi~^ and carrying out the integration over T, we obtain^^ 



pip) = - 



IT 



log /i+ 5^(2' 



2m- 1 



m=l 



1)^(2/3m)- 
m 



■2m 



(3.87) 



The task left is to integrate (|3.82)) and express p as the function of A. However, in hindsight, 
the final expression does not have a suitable A expansion in the double scaling limit, rather pQ is 
the actual expansion parameter, which is defined as 



A = -/iolog/XQ. 



(3.88) 



This special renormalization is related to the fact that c = 1 is the phase transition point of the 
noncritical string theory Accepting this ansatz, we find p is given by 



^ oo 



2m- 1 



log Po 



1) 



2m I 



m=l 



m[2m — 1 



■i2l3po) 



-2m 



+ 



1 



log ^0 



which can be confirmed by differentiating it directly. Integrating 1)3. 83() next, we find 



°° /'22m+l 

(2/?/io)^ log Po- - log /Uo + V — -, ■ 

.-! ^ — ' mim A 



l)\B. 



^ m{m + l)(2m- + 



(2/3/io)-"" 



1 



(3.89) 



(3.90) 



""cj — * —i is indeed an analytic continuation, but the transformation of T is actually not. Because of the it term, 
this is not a analytic continuation but just a contour deformation, so the result does not change in this procedure. 

^^Note this is the expansion in terms of not in /i. Since this is a nontrivial asymptotic expansion, we review 
the details of the calculation in appendix IB. 31 

^^In fact, there is a simple heuristic method for this calculation. ^ g^^i^^ ~ Pif^r) holds. Note this is just the 
Legendle transformation. 
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In the double scaling limit, we take the /? — > oo and /i ^ limit while fixing /3no = ^r- In this 
limit, the sphere and torus contribution (logarithmically) diverges, which is also expected from the 
continuum Liouville analysis. Up to the zero-mode factor for X (and 1/2 for the bosonic string), 
this reproduces the correct partition functions for the sphere and the torus which are calculated 
from the Liouville approach. We cannot calculate the comparable higher genus Liouville partition 
function in the continuum approach yet. 

Now we consider the case where the target space X is compact (with radius R). In this case, 
the matrix quantum mechanical expression becomes 



P$(t)exp 



2-kR 







dt 



This can be rewritten in the operator formalism as 



(3.91) 



(3.92) 



which describes the finite temperature system with the same Hamiltonian at R = oo. Generally 
speaking, the calculation for the finite temperature system becomes more complicated than the 
zero-temperature case. However, if we limit ourselves in the singlet sector^®, the calculation is not 
so difficult as it may seem. 

First, we introduce the chemical potential as a convenient prescription to deal with the finite 
temperature system in the N ^ oo limit: 



N 
J 



p{e)de 



1 



1 _)_ f,2TTRf3{€-tlp) ■ 



(3.93) 



Then, in the thermodynamical limit, the free energy (the string partition function) can be written 
as 

fIZr, 

(3.94) 



dZR 



dN 



Setting the critical point of the potential to be zero: /ic 
equation. 



0, we obtain by differentiating the above 



dA 

dp 
dA 



/■oo g 



1 



_|_ g27r_R/3(/i-e) 



-Pp, 

vr 



(3.95) 



where n = —fic and e = — e. The point is that only the density of states effectively receives some 
corrections compared with the zero-temperature case. 

Substituting the zero-temperature density of states p{e) into (|3.95|) and carrying out the inte- 
gration, we obtain 

t/2pp t/2(3pR 

e — 

t 



dA 
dp 



(3.96) 



sinht/2/?/x sinh{t/2PpR) ' 

Just as in the R = oo case, we introduce po and perform the integration perturbatively. After 
some algebra, the partition function is given by 



Z 



i2f3poVRflogpo - 2/i(i?)log/io + V 4?^^(2/3^o^) 

^-^ miZm + 1) 

m=l 



-2m 



(3.97) 



^*As we will see in sectional there is a physical ground which justifies this restriction. Practically, if we include 
the non-singlet sector correction, undesirable properties such as the breakdown of the T-duality emerge |107| . 
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where is a function oi R + R ^ and manifestly invariant under the exchange of R and R ^ . The 
actual form is given by = (2m- 1)! Er=o |2'' -2| |22(--'=) -2||gj|g^ii--2'=. This is the 
celebrated Gross-Klebanov formula jlU8j . After we introduce = PfJ'O and take the double scaling 
limit (and divide it by two), we finally obtain the all-genus partition function of the compactified 
two dimensional noncritical string theory which reproduces the Liouville computation for the genus 
zero and one (see (|2.37|) ). 

Note that this expression is manifestly invariant under the following T-duality (up to diverging 
log terms): 

fj,r — > Rflr- (3.98) 

The transformation of the string coupling constant is familiar, for the T-duality transforms the 
dilaton expectation value because of the one-loop correction. Finally, we explicitly calculate the 
R = 1 partition function where the radius is selfdual under the T-duality. This case is important 
for the application to the topological string as we will review in sectional 

Since p{nr) is given, we calculate the second derivative of the partition function via the conve- 
nient method based on the Legendle transformation 

-R,r f^V. (3.99) 



d^"^ Jq t \sinht/2 

Carrying out the integration, we obtain 

1 1 °° B 

3.2.2 Tachyon scattering 

Next we review the tachyon scattering in the two dimensional string theory. Since there are many 
good review articles 0, [2]) [Zji ^Oj on the subject, the description here will be brief. In the 
following, we derive the tachyon scattering amplitudes in three different but (should-be) equivalent 
ways: the direct Liouville calculation, the direct matrix calculation and the collective field theory 
of the Fermi surface. 

Let us consider the on-shell vertex of the two dimensional (Liouville + time-like boson) string 
theory. After Wick rotating the X direction as X ^ it, the on-shell tachyon vertex is given by 

y± = e±i^t+*^0+2<^^ (3_10l) 

which has the weight (1, 1) as it should be. The minus sign corresponds to the incoming rightmover 
and the plus sign corresponds to the outgoing leftmover. In the actual calculation, it is convenient 
to do in the Euclidean signature. This is done by 



so that the vertices become 



-iw \q\ (3.102) 



y- _^ -i\q\X+(2-\q\)<t> 
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These can be combined as Vq = e^'''^~^^'^~^'^^^'^ , which represents the incoming wave when g < and 
outgoing wave when q > respectively.'^^ 

The direct Liouville calculation is the most challenging program. We here consider the particular 
amplitude where the violation of the Liouville charge is an integer; then we analytically continue 
the result |in9j . |llflj . Of course, the calculation here is limited to the tree level amplitude. 

The setup is the following. We consider the situation where one incoming wave is scattered 
into outgoing waves whose (Euclidean) momenta are {qi,--- ,qN) respectively. The simplest 
scattering occurs if we set the momentum of the incoming wave qN+i to be 1 — so that the 
Liouville momentum is conserved without any insertion of the Liouville potential. Here we have 
also used the "energy" conservation: Yli=i^ — ^• 

Using the free field correlator, we can evaluate the A'^-point function explicitly. In addition, the 
integration over the sphere can be carried out |11H IllOj . The result is given by 

s N-2 ^ 



2 

1=1 

lim^n7(l-k.l)(|;) (3.104) 



Taking the appropriate decoupling limit, we can obtain the similar expression for non-zero (but 
integer) s = 1 — + |Q'Ar+i| with g'j > 0, i = 1 • • • A^. 



{V,,Vq, . . . Vq,^,) = 2 n - [ol,) l''^'''' (3.105) 
This form has an obvious analytic continuation for non-integer s which is given by. 

In the above formula, the pole from the integer s should be renormalized as limg^o /^^^(■s) = 
log fi. In this case, we call the process as the "bulk scattering" because the scattering amplitude 
is proportional to the Liouville volume. In this terminology, only the bulk scattering has been 
calculated in the direct Liouville approach. The other amplitudes are conjectured by the analytic 
continuation. 

We next consider the direct matrix model calculation. The natural object which corresponds 
to the tachyon vertex is given by the following puncture operator 

P(g) ~ linirl«IO(g,/), (3.107) 

where the loop operator 0{q,l) is defined as 

0{q,l) = J dxe^'^^Tre-^'^^^'l (3.108) 
^^Note that the normalization of the momentum here is somewhat different from what is used in the most of the 

other sections: g^ere = ^pthere- 
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We can easily see that the insertion of this operator into the matrix model path integral corresponds 
to eliminating the loop of length I. We naturally expect the following correspondence 



Vg ^ P{q). (3.109) 

The direct matrix model evaluation of the correlator is performed in the second quantized formalism, 
where we take the second quantized action as 

S = l dXdx^^ (-^ + ^ + ^ + ^. (3.110) 

We rewrite the loop operator in this formalism as 

0{q,l)= [ dxe*«^ / (iAe-'VV'(2;,A). (3.111) 



The calculation left is the application of the Wick theorem (at least in principle). The actual 
evaluation is highly technical, so we simply quote some of the lowest order results |2j'^'' 

{Piq)Pik)) = -5{q + k)T{l - |g|) V"! + • • • ) (3-112) 

{P{qi)P{q2)P{qz)) = S{qi + q2 + qs) Jl (r(l - kd)/^'"''/') + " " " ) ' (^.113) 

where the omitted terms are the higher loop terms (which can be obtained explicitly in this formal- 
ism). Comparing these amplitudes with the previous direct Liouville calculation, we observe that 
the extra wavefunction renormalization factor p^y^ is needed to reproduce the amplitude. Hence, 



the exact correspondence is given by 



n,) = (3.114) 



which is only confirmed at the tree level. However, the correspondence is believed to remain correct 
at the higher genus. 

Finally, let us review the collective field method which is sometimes called the Das-Jevicki field 
theory |112j . This can be obtained in various ways. Gross and Klebanov |113j have derived it from 
the bosonization of the non-relativistic fermion. Recall that the matrix model is equivalent to the 
non-relativistic fermionic system whose second quantized Hamiltonian is given by 



H = dX 



(3.115) 



1 

First, we introduce new fermionic variables and as 

^{X,t) = [e-^J""'^'''(^')+*"/%L(A,t) + e^J"°'^'^(^')-*"/%/j(A,t)l , (3.116) 

V^(A) L J 



^"Actually, there exists a very elegant graphical rule to calculate these matrix elements. We will briefly review the 
method in the next subsection. 
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where v{\) = ^ = y/X^ — 2//, which also determines a new variable r in terms of A. This makes 
the Hamiltonian almost relativistic. Then we bosonize the chiral fermions as 



1 



: exp 



: exp 



iV^ j {Us - S')dT' 
riUs + S')dT' 



(3.117) 



where S is a massless bosonic field and 115 is its canonical conjugate momentum. With these 
variables, the Hamiltonian is now 



2 



dT{Ui + {S') 



i\2 



2/i sinh T 



tadpole 



(3.118) 



where the tadpole term can be found in the literature jll3j . [Hj. We can calculate the S matrix by 
using this Hamiltonian. In this sense, S can be regarded as the space-time tachyon field (up to the 
wavefunction renormalization we will see later). 

What is the physical meaning of the Hamiltonian? This can be clearly seen from the original 
derivation of this collective Hamiltonian by Das and Jevicki jll2j . IH]. Going back to the original 
matrix Lagrangian: 



L = -Tr ( $2 + $2 



we introduce the collective density field as 

^{\t) -- 

Then the action can be rewritten as follows 



N 

E 

i=l 



5{\-h{t)). 



(3.120) 



dtdX 



1 d-,\, 



(3.121) 



In order to treat the tadpole term correctly, we consider the fluctuation around the classical solution 



vr V 



(3.122) 



where r and v have already been introduced: v{X) = ^ = y^A^ — 2fi. Substituting this back into 
the action (|3.12H) . we rederive the bosonized action (|3.118j) up to the tadpole term which is related 
to the normal ordering and renormalization needed for the collective field theory to be finite. The 
physical interpretation of the collective field theory is now clear. The bosonic field S describes the 
small fluctuation of the Fermi surface (eigenvalue density) . 

We can use this Hamiltonian to calculate the scattering amplitude to any order of the pertur- 
bation. Instead of doing that, we would like to obtain the tree level (classical) scattering amplitude 
following Polchinski ^10, (see also jll4. 1 by using the hidden symmetry of the theory (Woo symme- 
try). Given the classical equation of motion 



we have conserved quantities 



X = p, 



{-\-p)e~\ 



A, 



w 



{-\+p)e\ 



(3.123) 
(3.124) 
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Furthermore, arbitrary powers of these are conserved^^. Let us consider the following conserved 
quantity 

'^v^w'', (3.125) 
F-Fo 2vr 

where Fq is the static Fermi surface. When t tends to — oo, the rightmoving fluctuation of the 
Fermi surface is given by e+(T, t) = e{t — r) = ^/^^{Ils — drS).^'^ Evaluating the conserved quantity 
in this limit, we obtain 

u^e^'*e+(r-i), 10^26"^+*. (3.126) 
Similarly, in the i — > oo limit, we have 

v^2e~^-\ ^ e^+*e„(r + t), (3.127) 

where e_(r, t) = e{t + r) = y^(— 115 — drS). In these variables, the conserved quantity can be 
written as 

2" 



27r(m + 1) 
27r(n + 1) 



/oo 
-00 



00 
00 



This expression enables us to calculate the tree level S matrix. To do this, we consider the mode 
expansion of the incoming (outgoing) wave as 



dk 



S{T,t)= I afee-^l'=l*+*'=^ + a^^e^l^l*-*'^^ (3.129) 

where incoming k > operators and outgoing k < operators are not independent because of 
the Liouville wall. Substituting this into (|3.128|) with m = and n = iuj, we have the nonlinear 
expression which reveals the relation between incoming modes and outgoing modes. 

oo ^ / .X n-1 



/ dki---dkn{al^-akj^)---{al^-akJS{±\ki\---±\kn\-k), (3.130) 

J — oo 



where it sign in the delta function is related to whether we have chosen a creation operator or 
an annihilation operator in the braces before. Mode operators satisfy the canonical commutation 
relation 

[ak,al,] = 27r\k\S{k-k'). (3.131) 

Defining the in-states as 

•••A;„ : m) = 4^ •••4j0), h > 0, (3.132) 

and similarly for the out-states, we can calculate the tree level S matrix using the canonical com- 
mutation relation (|3.131j) . For example, the now familiar 1 ^ n amplitude is given by 

/ ^ \n-i Y(l + ik) " 

{ki---kn;out\k;in) = {^^] ^2TT5{ki + ■ ■ ■ + kn - k)T\2TTki. (3.133) 

Vv27r^/ T[2- n + ik) 

^^If we define Cm.n = v"^w^ , they constitute the generators of Woo algebra. We can easily see that {Cm,n, Cm',n'} = 
2(m'n — n'm)Cn+n' -i,m+m' -1 hold under the classical Poisson bracket. 

■^^It is important to note that t — — log(— A) and e± = ±(p ± A) in this limit. We will use this fact later in section 

m 
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which agrees with the previous calculation if we further introduce the leg factor *2 ^(Lik) 

each external leg (for the Euclidean S matrix, this becomes ~A*''''^^t^|^)- Note that this leg pole 
factor is simply a pure phase in the Minkowski signature. Therefore this factor does not affect the 
cross-section unless we prepare the superposition states of the different momenta. 

To see the origin of the leg factor, let us reconsider what we should expect as the external line 
attached to the rest of the Feynman diagram in the collective field theory. Let us recall that the 
tachyon vertex corresponds to the puncture operator in the matrix model. Then, the corresponding 
operator in the collective field theory becomes 



0(1,,) ^ /....-TV.- 



OA 



J dxe''^'' J dre-^^'-^^drS, (3.134) 



where we have used the correspondence between the matrix model and the collective field theory: 
TrO($) ~ J dXO{X)S' (X). We perform the Fourier transformation as 0(/, q') = ij dkF{k,l)kS{q,k), 
where 



F{k, l)= dre-'^M cos(A;r) 

J —oo 

S{x,t) = j dqe~ '"i'' j dksm{kT)Siq,k). (3.135) 
Evaluating this with the classical motion A(r) = y^S/Icoshr, we find 



F{k, I) = ^^.^^.^^^ i^I^^kily^) - likilV^)) (3.136) 

We need the small / limit of this function where we can replace it with 

1^1^) ^ {l^/2r^,^±—^. (3.137) 

In calculating the Euclidean Feynman diagram, every external line should include this factor with 
the propagator ^t|^ and the momentum integration over k and q. We deform the k integration 
in a special way IH]: for we pick up the pole at A; = i\q\, while for Jj^ we pick up the pole at 
k = —i\q\- This seems strange but it is actually necessary in order to ensure the convergence of the 
integral. Consequently we obtain the desired external leg factor 

-il^)MTi-\q\). (3.138) 

Finally, we must not forget the additional leg factor needed to connect the matrix model puncture 

r(kl)- 



operator with the Liouville vertex operator, T{q) = ^f^- This completes the explanation of the 
leg factor in the collective field theory. 

Let us summarize what we have learned in this (rather lengthy) subsection. There are three 
different (but supposed to be equivalent) methods to calculate the tachyon scattering in the 2D 
noncritial string theory. 

1. The direct Liouville calculation of the correlation functions of the vertex operators: this is 
conceptually straightforward but has only been performed for the tree level (special) ampli- 
tudes. 
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2. The direct matrix model calculation of the correlation functions of the puncture operators 
with the leg factor p^y^^ this provides the finite full genus answer, but the actual calculation 
is involved. 

3. The collective field calculation of the S matrix for the massless S field with the leg factor 
— ^|g|/2 ^^Hg|) . g describes the fluctuation of the Fermi surface. However this method some- 
what hides the nonperturbative nature of the matrix model. 



3.2.3 From MPR formula to DMP formula 

In the last subsection, we studied how to calculate the tachyon S matrix from the matrix quantum 
mechanical point of view. Actually, there is a very elegant graphical method to evaluate the tachyon 
S matrix even nonperturbatively. This has been done by Moore, Plesser and Ramgoolam (MPR) 
jll5j . We briefly review their philosophy and the elegant and intuitive results without delving into 
the detailed derivation. 

The main claim is the following intuitive formula: 

ScF = i^f^bo SpF ° i^b^f, (3.139) 

where tf^b is the bosonization map and ib—>f is its inverse, and Spp is the S matrix for the free 
fermion (under the inverted harmonic oscillator potential). The tachyon S matrix is related to the 
collective field S matrix Scf via multiplying the leg pole factors (see the last subsection). The 
intuitive meaning of this formula is as follows. We first fermionize the incoming bosonic collective 
field by the asymptotic fermionization formula'^'^ 

/oo 
d(bi^ + ObHfi-{u;-0), (3.140) 
-oo 

where the incoming boson is normalized as [a(a;), a(w')] = u!6{u! + lu') and a^{uj) = a{—Lu). Then 
we calculate the S matrix for the fermion. This is very easy since the fermion is free in this 
representation. Therefore the S matrix (just the reflection amplitude) is diagonal 



where 



boutiuj) = R{uj)b,n{uj) = Sbin{uj)S-\ (3.141) 



S = exp 



/•oo 



duj log R{uj)bljuj)bin{uj) . (3.142) 

~oo 

Then we rebosonize again the scattered fermion, which yields the final state. 

Thus, the only nontrivial information needed to calculate the S matrix is the reflection amplitude 
R{uj). This can be calculated by solving the quantum mechanical scattering problem. For example, 
the inverted harmonic oscillator which is restricted to the left side only^^ has the following reflection 
amplitude 

n(.) = „ /i + i.--''';"' /r(^-i(M + w)) 



^''For the nonrelativistic fermion, bosonization-fermionization is only possible in the asymptotic region where by 
suitable transformation we can treat them as if they were relativistic (see the last subsection), but for the S matrix, 
only the asymptotic region is necessary. 

•^■^This is the theory I in the language of |115| . In the modern sense, this theory is rather ad hook. We will see 
in part II of this review, how these stable (and unitary) theories emerge from the supersymmetric extension of the 
Liouville theory. 
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where we have omitted the irrelevant uj independent phase factor. 

The important corollary of the MPR formula (|3.139() is that the collective S matrix is unitary 
if and only if Spp is unitary and the bosonization map yields the complete set of states. For 
example, if we allow the tunneling amplitude which goes from the left-hand side of the potential 
into the right-hand side of the potential and only consider the left-hand side as the physical bosonic 
excitation (theory II in the language of jll5j ^. we have a non- unitary theory, which leads to the 
conclusion that the naive bosonic Liouville theory is not unitary nonperturbatively. 

Let us go into the actual evaluation of the amplitude. There is a very intuitive diagrammatic 
rule to calculate the S matrix. We just list the rule (in the Minkowski signature for definiteness) 
here. To each incoming and outgoing boson, associate a vertex in the (t, r) space. Connect points 
via line segments to form a one-loop graph. Each line segment carries a momentum (energy) and 
an arrow. Once the line hits the "reflection line" the propagator is reflected as in figure |H1 with the 
reflection factor R. These lines are joined according to the following rule: 

1. Lines with positive (negative) momenta slope upwards to the right (left), 

2. At any vertex arrows are conserved and momentum is conserved as time flows upwards. In 
particular momentum uJi is inserted at the vertex as in figure |H1 

3. Outgoing vertices at {touti Tout) all have later times than incoming vertices {tin, Tin): tout > tin- 
To each graph we associate an amplitude, with reflection factors R and it for upwards (down- 
wards) sloping direct propagators. Finally, we sum over graphs and integrate over kinematically 
allowed momenta, schematically 

S = e^±jdio Jl R{uj)R*{-Lo) (3.144) 

graph reflection 

For example, 1^2 scattering is represented by two diagrams (figure IHI); then we have 

S{uj ^ UJ1+0J2) = dxR{uj - x)R*{-x) - dxR{uj - x)R*{-x). (3.145) 

Jo JuDi 



In the actual evaluation, we can expand the reflection amplitude in the series of 1//U as 

Qfc(c^) 

k 



Then we have the perturbative expansion of the S matrix to any desired order. 

Now that we have learned how to calculate any S matrix, let us consider the generating functional 
of the tachyon amplitudes in the Liouville theory. First, we deflne the renormalized vertex operator 
as 

y± ^ rLM^i+W2y±, (3.147) 

1 [liO) 

and define the following generating functional of the vertex correlators: 

fl^F[t{i0),i{i0)] = (^(^6^0° du;tiu;)V+ ^J^^ da;iHK7 ^ (3^48) 

where ((•••)) means a sum over genus and integration over the moduli space. On the other hand, 
the matrix model duality and the MPR formula suggest that the same generating functional can 
be written as 

H^F[t{uj),t{uj)] = (o|e'^i'o°°'^^*(^)°(-^)Se'^i'o°°*»"('^)|0), (3.149) 
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Figure 8: The diagram for the MPR formula. 




Figure 9: The three body scattering calculation from the MPR formula. 
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where a{uj) is a bosonic creation operator and S is the fermionic S matrix (|^-i.l42jl . This concise 
formula was first derived in jll6j by Dijkgraaf, Moore and Plesser (DMP). Furthermore it has a 
simple compactified Euclidean analog. With a compactified radius /5, we have 



where 



5 =: exp I > ;iogiip„C"(Ui/2)C"ti/2 



(3.150) 



(3.151) 



and a„ and ipn are related by the usual bosonization formula: d(p = ipip- 

Now we take the special radius, namely the selfdual radius /3 = 1. Using the explicit expression 
for R, we can show (see |116| for the derivation) that Z{t, t) = e^^*'*^ is a r-function of the Toda 
hierarchy, satisfying an infinite set of constraints that form a Woo algebra. Surprisingly these 
constraints can be integrated to another matrix model! We are not going into the derivation here 
but just quote the final result jll7j . 

We make use of the large N x N matrix A instead of whose relation is given by the Miwa 
transformation 

tk = 4:Tr^~^ (3-152) 
where v = —i^. Then the generating function is given by 



Z{t,t) 



dM exp 



Tr ( -vM + [v-N)\ogM -v^ tk{MA'^f 



k=l 



(3.153) 



This is what is called the Woo matrix model. However we should note that this generating function 
does not include the winding mode of the theory. It is not yet known how to implement them into 
the matrix form. 



3.3 Literature Guide for Section 3 

In this section, we have provided only the minimal knowledge of the matrix model which is necessary 
to follow the arguments in the later sections, and the complete reference list for the matrix model 
is beyond the scope of this review. We can find the reference list of the matrix model in the reviews 
such as m, IE], ISl, ISl, IHH- 

While in the main text, we have mainly discussed the physical matrix models, which are derived 
from the discretization of the Riemann surface, there is another topological approach (the Kont- 
sevich model and the Penner model) to the noncritical string theory (topological matrix model). 
Surprisingly they give exactly the same result as the physical matrix models. The recent review 
on the topological matrix model and relation to the physical matrix model (emphasizing the c = 1 
R = \ model) is [l^J. The topological matrix model yields a discretization of the moduli space of 
the Riemann surface in a sense jll8j . jll9j . |12Uj as opposed to the Riemann surface itself, and it 
is a finite matrix model as opposed to the double scaling limit of the physical matrix model. 

The connection between these two different perspective^^ is curious and has caught a lot of 
attention recently (e.g. jl3j . jl22j l. The former discusses the D-instanton physics which may 

•^^Yet another formulation of c = 1 noncritical string theory has been given in |121) . where they have used the 
"normal matrix" as a building block. 
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connect c = 1, R = 1 matrix model and the Penner model (or the Woo matrix model). The latter 
proposes that the topological B model on CY3 is the right language to unify all these formulations 
of the noncritical string theory (and others). 



4 DOZZ Formula 

In this section we derive the DOZZ formula I123j . |37j and study its properties. The DOZZ formula 
is a proposal for the Liouville three-point function on the sphere which is the fundamental building 
block of the Liouville theory as a CFT. 

The organization of this section is as follows. In section 14.11 we review its original derivation 
by |SZ|) where the analytic continuation of the perturbatively calculable amplitudes are utilized. 
In section we study the reflection property of the DOZZ formula and its physical implication. 
In section we rederive the DOZZ formula by using what is called Teschner's trick |124j . where 
the properties of degenerate operators are fully utilized. This trick will be repeatedly used in this 
review to derive many other Liouville amplitudes. In section 14.41 we review the higher equations 
of motion as an application of the DOZZ formula, which may lead to the understanding of the 
integrability of the minimal model coupled to the two dimensional gravity from the continuum 
Liouville perspective. 



4.1 Original Derivation 

Though the three-point functions (or the structure constants) in the Liouville theory have not 
been calculated from the first principle, there is a proposal by Dorn-Otto and Zamolodchikov- 
Zamolodchikov. We review their derivation and its properties in this section. 

To begin with, we should note that for any CFT (on the sphere), the three-point function takes 
the following general form 

{VaAzi)Va,iz2)Va,{z3)) = | ^12 1^23 1 '^'1 ^31 1 '^^^ C(ai , 02 , «3) , (4.1) 

where Zij = Zi — Zj, A12 = A3 — A2 — Ai and Aj is the weight of Vi. 
The claim of the DOZZ formula is 



C{ai,a2,as)= 71/27(6^)6^ 



T'(0)T(2ai)T(2a2)T(2a3) ^^2) 



T(qi + a2 + 03 — Q)T(ai + a2 — a3)T(ai — 02 + a3)T(-ai + a2 + 03) 



where Va = e^"*^. We refer to appendix IA.3I for the special functions such as T function. We use 
the standard notation: 7(x) = r(3;)/r(l — x). It may be just a trivial check, but note that the 
power of n satisfies the exact WT identity or the KPZ scaling law 1)2. 3U() . 

The basic strategy to derive this three-point function is as follows. As we have seen in the 
last section, the power of /i is determined from the exact WT identity for the general correlation 
functions in the Liouville theory. Thus, in general, the perturbation of n is not reliable at all. 
However, if we adjust a or 6 properly, the power of n becomes an integer, so there is a possibility 
that the perturbative calculation is valid. Here, we "assume" that the three-point function can 
be calculated perturbatively when the power of fi becomes an integer. For the other part of 

^^This reminds us of the instanton calculation for the supersymmetric gauge theory (for reviews, see |125| . P^6 ). 
In general, the naive instanton (not fractional) calculation does not yield the answer which satisfies the condition 
suggested by the symmetry argument, but in the particular situation where the symmetry argument and the nonva- 
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the parameter region, we will define it by the analytic continuation of s = {Q — '^idij/h. In 
the actual calculation, we immediately observe the following basic fact. Since we calculate the 
perturbative Liouville theory by the Coulomb gas integral, the charge conservation yields the zero- 
mode divergence of the Liouville direction whenever the power of /i becomes an integer. We regard 
this divergence as the pole of the analytically continued three point structure constant in terms of 
s. This yields a very strict constraint on the analytic property of C(ai, 02, «3)- 

In order to study the actual structure of the poles, we try to obtain the three-point function by 
applying the "perturbation theory" , 



~ /'[P0]/,eene2--^(--)f;i^[/'d2ze2''^)"e-^^«. (4.3) 

i=l n=0 ^ 



We separate the zero mode of the path integration over </>(z) from the non-zero mode: <j){z) 
+ (t){z)^ and integrate over the zero mode first. 



(4.4) 

We assume this yields the pole structure of the Liouville three-point functions. We can calcu- 
late the residue at s = n by using the formula for the correlation functions of the Coulomb gas 
representation: 



G;Q = 5(g-Eajni^^.r'"^"^ (4-5) 

\ i / i>j 



after the elimination of the delta function (which becomes the pole instead). After a long calculation 
jl27l I128j involving the nontrivial integration which we will not reproduce here (the final result is 
summarized in (|A.14|) ). we obtain the residues of the correlator (|4.4|) . calling it G^_^^^^^^.^{zi, 2:2,-23), 

Ga,,a,,aM,Z2,Z3) = | Z12 1 '^^^ | Z23 1 '"^^^^ | ^31 In («! , 02 , Og) (4.6) 

where Yli=i on = Q ~ 

We would like to analytically continue this expression in s and determine C{ai, 02,0.3). As we 
will review later, this analytic continuation is unique if we demand the 6 — > duality |124j . Thus 
we only check that the DOZZ formula actually satisfies this relation. 

First, note that the residues satisfy the following functional relations, 

In-ijai + b,a2,a3) _ ij-b"^) l{b{2ai + 6))7(25Q:i)7(5(a2 + as - ai - b)) 

/„(ai,a2,a3) vr^ 7(6(01 + 02 + "a - <3))7(^("i + "2 - a3))7(^("i + "3 - "2)) ' 

(4.8) 



nishing instanton amplitude matches, the instanton calculation yields the exact answer. For other cases (in which we 
cannot use the naive instanton calculation), we can "analytically continue" the answer for the exact case because of 
the holomorphy of the theory. 
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To see this, we substitute the definition 

7(-62) 7(2ai6 + nb'^)-f{2a2b + (n - l)b'^)-f{2a3 + {n - l)b'^)-f{2aib)j{2aib + 6^) 



{LHS) 



and use the relation 7(x) = 1/7(1 — x). 

It is natural to assume that this functional relation holds for general s. The claim is 

C(ai + 6, 02,03) _ li-b"^) 'j{b{2ai + b))^{2bai)j{b{a2 + a3 - ai - b)) 



0(01,02,03) TT/U 7(6(01 + 02 + 03 - (5))7(6(oi + 02 - 03))7(6(oi + 03 - 02)) 

(4.9) 

It is easy to see (|4.2|) satisfies this functional relation by using the difference formula of T function 
(|A.59|) which we have derived in aopendix lA.Sl Furthermore, the fact that the DOZZ formula has a 
pole at s = n follows immediately from the structure of the zeros of the T functions. Therefore, the 
DOZZ formula indeed satisfies the desired properties at the pole s = n which have been proposed 
by the perturbative calculation. 

We have several comments on the DOZZ formula. As is remarked above on the uniqueness of 
the analytic continuation with respect to s, this formula has the following (quantum) symmetry. 



b b = b'^ 

■K^{b' 



This means that the DOZZ formula also has poles at 

sb = Q — ai — a2 — = nb + mb^^, (4-11) 

where T function indeed has a zero. This corresponds to the fact that the Liouville field theory has 
degenerate states besides V_nb/2^ namely the dual series l^_m6-i/2 ^ ^^^^ alternative 
derivation of the DOZZ formula (what is called Teschner's trick). In terms of the path integral, it 
can be interpreted as follows. When we split the path integral measure T)(j)[z) into the zero mode 
and non-zero mode, there should be a renormalization of the action which involves the Jacobian 
of the transformation (because the path integral is not free, this is nontrivial). We expect this 
generates the "dual cosmological constant term^^" 

= y cfzfie'^'^'''^'^ (4.12) 

However, this term violates the Seiberg bound as is discussed in section|2j Therefore some subtleties 
exist when we include this term in the action. 

On the other hand, this duality, with some further technical assumptions, enables us to prove 
the uniqueness (up to a constant multiplicity) of the solution of (|4.9)) |124j .^^ We sketch the proof 
here. 

The assumptions we need are the continuity of C with respect to o and the irrationality of 
6^. Suppose we have another solution of the functional relation which we call D. If we define 



■^^Since this does not actually contribute in the semi classical limit 6 0, it is appropriate to think of it as a 
quantum correction. Also, including this term in the action makes the above duality manifest. It is important to 
note that the dual cosmological constant fi does not spoil the KPZ scaling law only if it scales as /i 

^^Without this duality, there are actually infinitely many solutions of the functional relation. For instance, we can 
take any function C{a) which is defined in the interval (0, b) and satisfies C(0) = C{b) — 0. Then we define the entire 
C{a) by the functional relation itself. These functions obviously satisfy the functional relation. 
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R = D/C, R has a period b and at the same time. However, when 6^ is an irrational number, 
the function R must be a constant (which was first proven by Liouville himself! |129j ^. This 
theorem can be proven by the Fourier analysis. Thus the structure constant C is unique up to a 
constant multiplication. 

When 6^ is a rational number, though this case has important applications such as a coupling 
to the minimal model, the above proof fails. We just assume the continuity of C with respect to b 
and claim it to be unique for the time being. Besides, when c > 1, b being a complex number, there 
exists a double periodic function in this case, so the derivation is completely invalid. As a special 
case, when c = 25, b becomes pure imaginary, and the above derivation becomes a little subtle and 
we will reconsider it with special care later in section |HJ 



4.2 Reflection Amplitude 

The DOZZ formula has the following remarkable reflection property: 

C{Q - ai, a2, as) = C{ai,a2, a3)S{iai - iQ/2), (4.13) 
where S{P) is what is called the "reflection amplitude" 

^(P\ (-:.-(h^\\-^^P^b ni + 2.P/b)r(l + 2iPb) 

SiP) = -(vr/.7(6 )) r(l-2zP/6)r(l-2zP6)- ^^-^^^ 

In the 6^0 limit, this reproduces the result from the minisuperspace approximation (|2.27|) . 

Let us discuss some physical implications of this result. The first thing to note is that we 
can identify Vq-a with S{iai — iQ/2)Va even quantum mechanically, which explains the quantum 
Seiberg bound. The second thing to note is that it is unitary when P is real in the sense that 
S'^ S = {a\a){a — Q\a — Q) = I. Since S{P) represents the scattering matrix of a particle from the 
Liouville wall, this should be so. Note the condition that P is real is needed to have a normalizable 
wave to test the scattering. 

The last thing is the connection between the reflection amplitude and the spectrum (density 
of states) of the theory. At first sight, there is no connection between them, so let us explain 
this in the simpler quantum mechanics setup (see e.g. |13Uj . |131j ). Consider the one-dimensional 
scattering problem from a potential U{x), where C/(x) ^ oo as x — > oo and U{x) ^ as x — > — oo. 
The energy eigenstate of this system can be written as follows (x — > — oo) 

V'(x) ~ e^^P^ + e-2*P^'+*'5(p), (4.15) 

where 6{p) is the phase shift of the outgoing wave with respect to the incoming wave. To relate 
the phase shift to the density of states, we introduce a perfectly reflecting wall at x = —V. The 
Dirichlet boundary condition at x = — ^ quantizes the spectrum as 

4pV + 6{p) = 27r + . (4.16) 

In general situation, p and n are one-to-one, so we define the density of states as p = In this 
setup, it becomes 

1 ds(py\ 



This formula shows the connection between the phase shift (or the logarithm of the reflection 
amplitude) and the density of states of the spectrum. 
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Now let us apply this formula to the Liouville reflection amplitude, 



1 L.r 2, , -i T{1 + 2iP h)T{l + 2iPh)W 

p{P) = — [AV - - \og{-KiL'yi¥)) - « log —, -4 . (4.18) 

'^^ ' 27r V 5 p/v )) ^ \T{1 -2iP/b)T{l -2iPb) J J ^ ' 

At first sight, in the Liouville theory, it may seem that the volume is y ~ 1/26 log ;U and the first 
two terms cancel out. However, as we will see, this is not the case. Rather, the volume factor makes 
log^ log(;u/A) providing the cut-off. 

Note that the density of states possess a nontrivial dependence on the Liouville momentum P. 
How is this fact consistent with the free path integral one-loop calculation done in section [3 where 
we have treated the density of states as if it did not depend on P? The answer is simple. When we 
only consider the log /U dependent factor in the one-loop partition function, this does not make any 
difference. The integration over the P dependent density of states simply yields a finite number 
which can be absorbed into the cut-off logA.^^ However, when we treat the tadpole cancellation 
etc, we must be careful about those finite parts. We will return to this issue later. 




Figure 10: The reflection amplitude is related to the density of states. 



4.3 Teschner's Trick 

In the following, we would like to rederive the DOZZ formula by what is called Teschner's trick |124j 
which makes use of the degenerate representation of the Virasoro algebra in the Liouville theory. 
For this purpose, we can study the bulk degenerate states by the Kac formula |i:-i2j . jl,S;-ij .^° The 
Kac formula states that the degenerate representation exists if and only if the weight of the highest 

■^^At the same time, recall we have neglected the term log(J d^ze'^'"^) which can be obtained after the integration 
over the zero-mode of (j>- This may provide a certain number whose direct calculation seems impossible, which 
corresponds to the cut-off A 

'"'Since the Liouville theory is not compact nor the degenerate operators are normalizable, some of the assumptions 
needed to derive the Kac formula are not satisfied. However the equation obtained in this way is consistent and 
correct a posteriori. This is close to the spirit of the Coulomb gas representation. 
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operator satisfies 



c—1 1 , ,9 



(4.19) 



where a± = -^W^ — c± ^/25 — c). For the Liouville theory, we have c = 1 + 6Q^ and Q = b + b ^. 

For instance, setting (r, s) = (1,2), we can immediately see V_i,/2 is the degenerate representation. 
Similarly setting (r, s) = (1,3), we obtain V^h- In general, we have a degenerate representation if 
and only if " = — ^ — where {n,m) are positive integers. We can also derive the differential 
equation which the degenerate representation satisfies. For (r, s) = (1,2), this is written as 

3 







In the Liouville theory, it becomes 



2(2A + 1) 



1 



9' + r(z)) vi,/2 = o. 



For (r, s) = (1,3), the differential equation is 

2 







L_ 



-L_iL_2 + 



A + 2~"'~"" ' (A + l)(A + 2)"-^ 
and applying this to the Liouville theory we obtain 

^ + 1T{z)d + (1 + 1h')dT{z)\ = 0. 



^31, 



(4.20) 



(4.21) 



(4.22) 



(4.23) 



Note that although the equation for (1,2) state might be obtained by using the semiclassical 
equation of motion, the equation for (1, 3) state has an order 6^ ambiguity of the operator ordering 
if we attempt to derive it from the equation of motion. This method which uses the degenerate 
conformal states removes this kind of ambiguity. 

In order to derive the general three-point functions, we consider an auxiliary four-point function 
first. Because of the conformal invariance, the four-point function essentially depends only on the 
cross-ratio: 

. = ^^. (4.24) 



^31 ^42 



Then the four-point function becomes 

(144 (24)^0,3 (z3)Fa2 (^2)V;3.i (2:1)) 

_ I 1-4A2 1 |2(A3+A2-Ai-A4) I 12A1+A2-A3-A4) I |2(A4-Ai-A2-A3)^ 
— |242| F41| F43| F31| ^1 



(^,^)(4.25) 



This four-point function can be calculated either by first taking the OPE of (4,3) and (1,2) or by 
taking the OPE of (1,3) and (2,4), which is the crossing symmetry. In terms of the three-point 
function, this states 



G, 



{z,z) 



C(a4, as, a)C{Q — a,a2, ai) 



as a2 
a4 ai 



-4A2 



G. 



CXiCXsCX2C^4 



{l/z,l/z), 



(4.26) 



where we implicitly set the Zamolodchikov metric of the vertex operator to be {Q — a\a) = 1. 
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In general we cannot solve this bootstrap equation because the number of the intermediate 
states is infinite. The trick here is to set 02 = — | so that it becomes a degenerate operator. 
Thanks to the differential equation derived above, the four-point function satisfies 

1^'^^ 1 ^ ^3 Ai , A3 + A2 + Ai-A4 ^ ^, ^ _ 

which means there are only two intermediate states in (|4.26|) . a = qi + sb/2, s = ±1. Furthermore 
the differential equation determines Fg = in terms of the hypergeometric functions as 

Fs{z)=z''^{l-zfF{as,f3s,-fs,z), (4.28) 

where = Aaj+s6/2 - A2 - Ai, /3 = A„3_b/2 - A3 - A2 and 

as = -sb{ai-Q/2)+b{a3 + a4-b)-l/2 
Ps = -sb{ai - Q/2) + b{a3 - 04) + 1/2 

7, = l-sb{2ai-Q). (4.29) 




a, ± b/2 




a, = -h/2 




a, 



Figure 11: The conformal bootstrap enables us to obtain the functional relation for the three-point 
functions. 

To obtain the functional relation from the conformal bootstrap equation, we utilize the inversion 
formula of the hypergeometric function ()A.47|) . which yields the following relation 



as 02 
04 Ol 



(-) 



Y^BstFt 



t=± 



as a2 
Ol a4 



{l/z). 



(4.30) 



Substituting this relation into the crossing symmetry equation (|4.2(i|) and comparing the cross terms 
of the Fj^ and F*, which are absent in the right-hand side, we find the structure constant must 
satisfy 

C(a4, «s, «i + h/2) ^ C(ai, -6/2, Q - (ai - b/2)) 

C(a4,as,ai - V2) C{ai,-b/2,Q - {ai + b/2)) B++B+^' ^' ' 

The right-hand side of this expression is actually calculable, as i?'s are known from the inversion 
formula 



r(7+)r(/34 



r(/?H-)r(74 
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r(7-)r(/3_ 


— a-) 


T(3 )r(7 


— a—) 


r(7+)r(a+ 




r(Q;_L)r(7_i_ 


-P+) 


r(7-)r(a_ 


-/?-) 


r(a-)r(7- 


-/?-) 



- r(a.)r(7--/?-) ^'-^'^ 

and C in the right-hand side can be calculated by the perturbative Coulomb gas integral under the 
perturbative saturation assumption. First, C(ai,— 6/2,Q — {a\ — h/2)) = 1 because this satisfies 
the conservation of the Liouville charge and we do not need any insertion of the Liouville potential. 
To calculate C(ai, —b/2, Q — (ai + 6/2)), we just need one insertion of the Liouville potential: 



cfz\l-z\-^"''\z\^''' 



Q,free 



''^7(-&2)7(2ai6)7(2 + P- 2bai). ^^'^^^ 

Substituting this and the actual form of i?'s into the equation (|4.31|) . we obtain the desired 
functional relation for the structure constant after a little algebra, 

C{ai + b,a2,a3) _ 7(-6^) 7(6(2ai + 6))7(26ai)7(6(a2 + 03 - ai - 6)) 

(7(01,02,03) TT/U 7(6(01 + Q2 + 03 - Q))7(^("i + "2 - a3))7(^("i + "3 - 02)) ' 

(4.34) 

where we have shifted oi. This is the same functional relation we have already derived in 1)4. 9(1 . 
The rest of the calculations to derive the DOZZ formula are the same and we will not repeat them 
here. 

By the way, note that we can redo the same reasoning above by replacing 02 = —6/2 with 
02 = —1/(26). In this way, we seem to obtain the second functional relation which determines the 
structure constant uniquely. However this is not so automatic as it may seem. The point is if we 
replace 6 ^ 6~^, we cannot calculate C(oi, —1/(26), Q—(ai+ 1/(26))) without a further assumption. 
Of course, the natural guess is that the quantum correction provides the dual cosmological constant 
term AS* = J d? the functional integration as we have discussed above^^, but this is 

rather an assumption or a conjecture. Therefore Teschner's trick suggests the 6 duality of the 

Liouville theory, but does not prove it. Alternatively saying, to fix the ambiguity of the quantization, 
we should demand this duality to define the quantum Liouville theory. However, the general 
Liouville bootstrap suggests that the DOZZ formula is compatible with the CFT requirement, 
so perhaps the duality symmetry is the fundamental requirement for the Liouville theory to be 
consistent as a CFT. The nature of the duality in the Liouville theory has been further studied in 
dsn, [133 and [ISni- 



4.4 Higher Equations of Motion 

As an application of the DOZZ formula, we review the higher equations of motion in the Liouville 
theory, which is proposed in jl37j . The rough idea can be seen from the simplest Liouville equation 
of motion. The Liouville equation of motion is given by 

dd(j) = Tibfie'^^'^. (4.35) 
■^^It is interesting to note that /xe^'"* = iJ,S{b)e^'''''>' = ^e'^''^''''. 
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As a result, the derivative of any correlation function with respect to the cosmological constant 
becomes 

•••[/„) = ^ y (fz{Ui ■ ■ ■ Undd^iz)). (4.36) 
The integration over (Pz turns to the boundary integration which results in the KPZ scaling relation: 

• • • U^) = - ^-"-"^^/"^^^ (^i • • • (4.37) 

The purpose of this section is to obtain the higher derivative counterparts of the above argument. 
To begin with, let us introduce the logarithmic degenerate field as 

K; = ^^^« = '/'e2-^ (4.38) 

and we take a as the degenerate representations: = V^\a=a,nn- The first proposition |137j is 
that Dm,nDm,nym n '^^ ^ primary field. Here Dm,n denotes the differential operator which annihilates 



the degenerate primary operator Vm,n (like in (|4.2H) and (|4.23|) ). 

The proof of this proposition is as follows. Consider Dm^nVa in the vicinity of a = am,n- From 
the analyticity in a, we have Dm,nVa = {a — am,n)^m,n + C((a — "m,n)^), where Am,n is an 
operator of dimension (Am.„, Am,n + mn) which is no more right primary but still a left primary 
with the same dimension of the degenerate operator. Because of the degenerate dimension, 
Dm,nAm,n = '^Dm,nDm,nym n also a left primary. Since we could inverse the roles of Dm,n and 
Dm,m Dfn^nDm,nVmn primary field of dimension (A^^n + nin, + mn) . That is to say 

Dm,nDm,nym,n — -^'Ti,n^'cim,n ' (4.39) 

where dim.n — 

-{m - 1)5-72 + (n + 1)6/2. B 

m,n can be calculated from the DOZZ formula (|4.2j) 
by applying (|4.39|) to the three-point function. The direct calculation shows that it is given by 



Bm,n = (^vr^7(6^)6' 



2\. 2-262 \" T'(2am,^ 



T (2,0:Yn,n) 

n — l,m— 1 

= (7r/i7(62))" 6i+2«-2'n^(^ _ nb'^) (^5-1 + kb) (4.40) 

k=l-n,l=l-m,{k,l)=/=(0,0) 

As a possible application of this formula, |137j has considered the two dimensional minimal 
gravity theory. The {p, q) minimal model has a central charge 



CM 



1-6(6-1-6)2, (4.41) 



where 6 = y'p/q and the same 6 is used for the Liouville part. The matter primary field ^m,n has 
a conformal dimension 

A^_„ = 1 - A„,„ - mn. (4.42) 
Thus the gravitationally dressed (1,1) primary fields are given by 

Um,n = <„VW,n, (4.43) 



We have a different left and right notation from )137| . The left primary which has the same dimension as the 
degenerate operator may seem to vanish, as in the rational conformal theory, when we act Dm,n, but this is not the 
case here. It remains to be a nonvanishing left primary field. The same thing happens in the boundary operator such 
as B b as we will see in the next section. 
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where Vm,n = is the operator which appears in the higher equations of motion (|4.H9|) . Fur- 

thermore, since is the degenerate field, D*^„^>^„ = Z)^„<I>^„ = 0. If we define the joint 

operators Vmn as 

T^m,n — Dui fi (4.44) 
we finahy have the following identity for the correlation function in the minimal gravity, 

/ (fz{Um,n{z) ■ ■ ■ )mG = I cfz{'Dm,n'^m,nQ'm,n{z) ' ' ' )mG, (4.45) 

where 0^ „ = ^mvym.n and the subscript MG stands for the path integration over the minimal 
model, the Liouville field and the conformal ghost. 

The further conjecture by jl37j is that 'Dm,n'^m,n&m ni^) i^ actually BRST exact up to the total 
derivative: 

©m ni^) = dd{H.m,nHm,nQ'm n) + BRST exact, (4.46) 

where -ffm,n are operators of level mn — 1 with ghost number constructed from L„, and ghosts 
(see e.g. ;62^ for explicit construction). 

If this conjecture is true, the evaluation of any BRST closed correlation function and its in- 
tegration over the moduli space is reduced to the boundary terms. However, we expect that this 
is the case from the matrix model integrability of the minimal gravity. Indeed, the equivalence of 
the physical matrix model and the topological gravity states that the integration of BRST closed 
correlation functions over the moduli space should be reduced to the cohomological integration. 
We expect that this observation and higher equations of motion play significant roles in proving 
the integrability of the minimal gravity from the continuum Liouville approach. This has not yet 
been done, but it is an important problem and we hope it will be solved in the near future. 

4.5 Literature Guide for Section 4 

For a general review of the subjects discussed in this section, we recommend an excellent review 
jllj . In this section and the followings, we assume the basic knowledge about the conformal field 
theory. For the standard references of the CFT, we refer to jl38j . jl39 ' and ' 14Uj . 

The original proposal of the DOZZ formula has been given independently in |123j . |37j . In the 
main text, we have not done consistency checks, but of course, we have many supporting checks 
of the proposal in the literature. Besides the original checks done in jSZli where the semiclassical 
limit (see also |141| ) and the numerical conformal bootstrap are discussed, consistency checks with 
the general fusion and braiding property of the chiral part of the Liouville operators proposed by 
Gervais and his collaborators jl421 11431 11441 11451 11461 1147j have been done (those authors have 
used the similar technique to Teschner's trick). The perturbative check of the DOZZ formula can 
be found in |14Sj by applying the method in |149| . For the canonical quantization approach, see 

[1201 USD. 

With these developments, the consistency of the DOZZ formula as a CFT is finally given (with 
a mild assumption) by proving the general conformal bootstrap in |152j . which is reviewed in |llj . 
|153j and jEj. This is important because at least we have a nontrivial irrational CFT defined by 
the DOZZ formula irrespective of whether or not the CFT is actually describing the quantization 
of the Liouville action. Unfortunately, we have not been able to discuss this issue in the main text, 
so an interested reader should consult these papers. 

The higher equations of motion and possible application to the Liouville theory coupled to the 
minimal model is proposed in jl37j . The logarithmic behavior is also observed in |154j . We expect 
that this observation is the first important step to prove the integrability of the minimal gravity 



58 



from the continuum Liouville perspective. It may be possible in the near future that the integration 
over the higher genus Liouvihe correlator dressing the minimal matter is explicitly reduced to the 
topological gravity without a help of the matrix model. 



5 Boundary Liouville Theory 

In this section, we discuss the boundary Liouville theory. The Liouville theory admits two kinds of 
boundary states, the FZZT (Fateev-Zamolodchikov-Zamolodchikov |2j, Teschner |15f)l ) brane and 
the ZZ (Zamolodchikov-Zamolodchikov [HI) brane. They correspond to the brane extending in the 
Liouville direction and the one localized in the Liouville direction respectively. We review their 
basic properties here. The organization of this section is as follows. 

In section l5Tl we discuss the FZZT brane. In subsection 15. l.H we derive the one-point function 
by the boundary bootstrap method. In subsection l5.1.21 we derive the boundary two-point function. 
In subsection 15.1.31 and subsection 15.1.41 we show the bulk-boundary structure constant and the 
boundary three-point function. 

In section 15.21 we discuss the ZZ brane. In subsection 15. 2. H we derive the bulk one-point 
function by the boundary bootstrap method as has been done in the FZZT brane. In subsection 
15.2.2[ we present a unified way to view various boundary states from the modular bootstrap method, 
which also reveals the nature of the open strings propagating on these branes. In subsection 15.2.31 
we show the bulk-boundary structure constant. 



5.1 FZZT Brane: Dl-Brane 

The FZZT brane is the brane which exists in the open sector of the Liouville theory |2j, |155j . This 
brane is extending in the Liouville direction, so we can think of it as a Dl-brane on which the open 
strings have the Neumann boundary condition (if we take c = 1 and regard X as time) . 

The starting point is the Liouville action for the open sector, namely on the world sheet with 
boundaries: 

S = cfz^g (l-g-bda<t^d,<l, + l^Qm + Me'''^) + j^^ dxg^/^ + ^se"^) , (5.1) 

where K is the extrinsic curvature on the boundary. Here, we discuss only the case of the disk 
topology. The boundary interaction e^*^ is determined by the geometrical requirement from the 
power of g^^^ , and the coupling to K is uniquely fixed by the relationship between the perturbative 
expansion of the string interaction and the Euler number of the world sheet which can be counted 
by the Gauss-Bonnet theorem with boundaries: 

^f^R+^f gy^K = x = 2-2g-h. (5.2) 
4vr 7s 27r Jq^ 

In the actual calculation, it is convenient to take the upper half side of the complex plane as the 
world sheet coordinate. 

The primary fields which we would like to consider now are the bulk operator Va = e^"''^ and the 
boundary operator Bp = e^"^ . The central discussion below is to obtain the correlation functions 
involving these. The conformal weight of the boundary primary operator Bp is given by 

A^ = /3(Q-/3). (5.3) 
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We can see this from the fact that the "charge conjugated operator" (which means it has a unit 
Zamolodchikov metric with respect to the original one) Bq_p should have the same dimension as 
Bfi and that its dimension should become = when Q = 0. 

Moreover, since the path integral measure is invariant under the change of variable: (j){z) 
(j){z) — ^ log fj, the exact WT identity for the correlation functions holds, 

iV^^...V^„B,,...B,J = ^W-2E,«.-E,ft)/2.^ (/fl^ . (5.4) 

Note the power of n, which was Q — ai for the sphere, but now becomes Q — 2 a-i — Pj for 
the disk. This is because the Gauss-Bonnet theorem requires the "charge" of Q to be proportional 
to the world sheet Euler number. 

Solving this boundary CFT amounts to determining the following correlation functions in prin- 
ciple. 

1. Bulk one-point function (FZZ) [2]. 



2. Boundary two-point functions (FZZ) j^J. 

{B^,''^x)B^,^^'^^m = &^, (5.6) 



where we have introduced the Chan-Paton Hilbert space so that we can think of the possibility that 
the vertex insertion changes the boundary condition to that of attaching to the other D-branes. /ii 
and ^2 here denote the different cosmological constants (the expectation value of the tachyon field) 
on each brane. 

3. Bulk-boundary structure constant |156j . 

{yM)B,{x)) = (5.7) 

4. Boundary three-point function |157j . 

We will derive these constants in the following. We can obtain them in principle by the analytic 
continuation of the perturbative treatment which is valid when the Liouville charge is "conserved" 
up to the perturbation of the Liouville potential. However this is cumbersome in practice. Instead, 
we use Teschner's trick for this purpose. The trick has been already used in the last section to 
derive the DOZZ formula. The crucial point of Teschner's trick is to insert the degenerate operator 
into the correlator we would like to calculate, which yields the functional relations constraining 
the structure constants. With the dual relation which can be obtained from h b~^, we find the 
solution is unique. 

5.1.1 Bulk one-point function 

In order to obtain the bulk one-point function, we consider the following auxiliary two-point func- 
tion, 

G-b/2,a{^,x) = {V_,/2iz)VUx)). (5.9) 
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Figure 12: The basic structure constants for the boundary Liouville theory, (a) the bulk one-point 
function, (b) the boundary two-point function, (c) the bulk-boundary two-point function, (d) the 
boundary three-point function. 
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To calculate this two-point function, we use the z ^ x OPE. Since belongs to the degenerate 

representation, its OPE with any operator begins only with the two primary fields such as 

V_„2V^ = C+[V^_„2] + C-[V^+„2\. (5.10) 

To prove this, note the more general correlator satisfies 



= ^ (^^' + ^(^)) ^-f/2(^) ■■ • • • )• (5.11) 

Taking the z ^ zi limit and substituting the general OPE relation 

^-6/2(^)^.(^1) ~ (^ - zi)^^'-^--^-'^/^Vo^, + • • • , (5.12) 

we obtain the second order equation for A^/. The solution of the equation yields a' = q ± 6/2. 

Next, we would like to know the fusion coefficient C±. Fortunately (or deliberately), since the 
mismatch of the Liouville charge conservation is just the integral multiple of what can be provided 
by the perturbative treatment of the Liouville potential, we can calculate this by assuming the 
perturbative calculation saturates the amplitude. Considering the Zamolodchikov innerproduct 
between the OPE and the "charge conjugated" out state, 

C+ = (V^Q-„+V2(oo)F_5/2(l)Kv(0)) 

= {VQ_a+b/2{oo)V_i,/2{l)Va{Q))Qjree 

= (^(0)oo2^— "/^ = 1, (5.13) 

where in the last line, we have normalized our result properly. Under the same normalization, we 
obtain 

C_ = (FQ_,_,/2(00)F_b/2 (1)14(0)) 

= d2^(FQ_,_,/2(oo)e2'"^(-)^_,/2(l)l4(0)) 
^7(26a-l-62) 

= 7(-fe^)7(2fea) • ('-^^^ 

Collecting these pieces of information, we can determine G_;,/2,o &s follows 

G-b/2,a = |^_-|4A. [C+U{a - b/2)J^+{r]) + C_C/(a + b/2)J^^{r,)], (5.15) 

where we have introduced the 5L(2,R) invariant cross-ratio: 

(z — x)(z — x) , , 

V=) r0z (. 5.16 

[z — X)(Z — X) 

Since the whole two-point function obeys the second order differential equation, we can calculate 
^±i'n)- This is essentially the hypergeometric function whose precise form was calculated by BPZ 
jl,S8j ■ and it is written as 

^+(r,) = i]"^{l-T]y^'/^F{2ab-2b'^ -l,-b'^,2ab-b\r,) 

^„(ry) = r?i+^'-°^(l-r/)~^'/2^(-62,l-2a6,2 + 62_2a6,?7) (5.17) 

On the other hand, to calculate the same correlation function, we can also do it by expanding 
the bulk operator by the boundary OPE. Since the intermediate states have only two primary fields. 
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the degenerate operator V-hi2 has only two OPE expansion with respect to the boundary operator, 
namely, i?o and -B_b. Particularly, if we concentrate on the coupling to -Bq, the fusion coefficient 
with respect to is of course the one-point function C/(a) and the fusion coefficient with respect to 
^-6/2 is given by R{—h/2^Q) which can be interpreted as the innerproduct between K_;,/2 a-nd the 
"charge conjugated" boundary operator Bq. This bulk-boundary structure constant R{—b/2,Q) 
can be calculated perturbatively because the charge conservation is violated by just the integral 
multiple of b. Assuming the perturbative saturation, we obtain 



R{-b/2,Q) = -22^1>B J dx{V^,/2{i)Bb{x)BQ{^))Qjr 

27rij.BTi-l - 262) 



r(-62)5 



(5.18) 



The coupling to the descendant is also determined as above. Solving the differential equation, we 
obtain 

G~W2,a = ''^~|^_-|4A. [B+g+{v) + B-g-{v)], (5.19) 

where 

g^{rj) = ry"^(l-77)-^'/2^(_52^2a6 -262-1, -2^2, 1-r/) 

g_{rj) = 7/°^(l-7?)i+3^'/2^(i+ 52^206,2 + 252, 1-7?), (5.20) 

and the information available so far states = U{a)R{—b/2,Q). 




v_ 
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- b/2 + a ^ b/2 + I 
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Figure 13: The auxiliary bulk two-point function can be calculated in two different ways. 



Comparing the two different calculation for the same two-point function: (|5.15|) and (|5.19jl . the 
functional relation for U{a) can be derived. In order to do that, we rewrite J-± in terms of Q±. 
Using the inversion formula for the hyper geometric function ()A.46|) . we can rewrite J-± as 



r(2a6-62)r(l + 262) 
r(l + 62)r(2a6) 

r(2 + 52 - 2a6)r(i + 252) 

r(l + 62)r(2 + 262 - 2ab) 



0+iv) + 



r(2a6-62)r(-l -262) 



T{2ab - 262 - 
r(2 + 62 



l)r(-62)^ 
- 2a6)r(-l 



-iv) 

- 262: 



r(l -2a6)r(-62) 



G-iri). (5.21) 
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Substituting this and comparing the term proportional to G^{rj), we obtain the functional relation 
for U{a): 



r(-62) ^ ^ r(-l-262 + 26Q) ' ' ' 7(-62)r(26Q) 

after substituting C- and working with some algebra. 
The solution of this functional relation is given by 



U{a) = 7(7r^7(62))W-2°)/2fcr(26Q - 62)r f^-l-i) cosh(2a - Q)7ts, (5.23) 
\ b''' J 



where, instead of yU^, we have introduced a new parameter s: 

,2 



cosh^ nhs = ^ siuTT^^. (5.24) 



We sometimes use the related quantity a: 



,2 



cos^ (27r6(o- - Q/2)) = ^ sinvr^^ (5.25) 

The calculation for showing that this quantity satisfies the functional relation (|5.22)) is straightfor- 
ward. For instance, after dividing the both sides by U{a), use the formula cosh(a — 5) + cosh(a+6) = 
2 cosh a cosh 6, and we have cosh7r6s. Then, writing this as V sin7r62^ we cancel this term with the 
remaining factor r(l — 62)r(62) = sin(7r52)/7r. The rest of the calculation is simply the application 
of the r function formula. 

Let us comment on the properties of this solution. The solution is invariant under the dual 
transformation b — > b~^, ij, jl, s ^ s, fiB — > P-B (the last transformation for fiB is defined 
such that s is invariant under this transformation). With the same reasoning as in the DOZZ 
formula, this solution is unique up to an overall normalization factor. The overall normalization 
is determined by the requirement that the residue at 2a = Q — nb reproduces the perturbative 
calculation. 



5.1.2 Boundary two-point function 

Next, we proceed to the determination of the boundary two-point function by Teschner's trick. 
Although the basic strategy is the same — we derive the functional equation from the OPE of the 
boundary degenerate operator, there is a difference concerning the boundary degenerate operator. 

For example, it may seem that we have a null vector if we take the boundary operator B_nb/2 
for a positive integer n because the central charge and the conformal dimension suggest so from 
the Kac formula. However, when we take n = 1, we find from the semiclassical (6 0) analysis, 

T{x) = -\<g + ^<^.. + T^{j^iiy? - /x)e2^^ (5.26) 
and consequently, the left-hand side does not vanish as follows, 

+ }?T^ e-'^l^ = TTb^iTTfilb^ - /i)e3^<^/2. (5.27) 

Since we are dealing with nonnormalizable states, this kind of peculiarity could happen. Therefore, 
we cannot use the n = 1 degenerate state. However, the n = 2 degenerate state Bt% can be used 
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because this satisfies the following third order homogeneous differential equation (we have labeled 
its cosmological constant by s instead of /ib), 

+ 2T{z)d + (1 + 2b'^)dT{z)^ B% = 0. (5.28) 

The intuitive reason why the third order differential equation is valid is that B'^J^^ can be regarded 
as the limit of the bulk degenerate operator VL(,/2 to the boundary. Since the bulk degenerate 
operator satisfies the corresponding differential equation we expect the boundary limit obeys the 
similar equation unlike the n = 1 case.^^ Using this degenerate operator, we can derive the fusion 
formula: 

B'_%Bf = c+ [Bp^,] + CO [Bp] + c [Bp+,] , (5.29) 

which is based on the same reasoning as in the one-point function. 

Let us consider the auxiliary three-point function (i?i*^(xi)i?|* {x2)B^^j^{x3)). First, comparing 
the result from the xi X2 OPE with that from the xi X3 OPE, we obtain 

d{P + b\s,s')c-{/3) = c+{/3 + b)d{/3\s,s'). (5.30) 

We set c+ =1 because this fusion coefficient can be calculated from the zeroth order perturbation 
theory. For c_, since the charge non-conservation is 2, we can calculate this, under the perturbative 
saturation assumption, as the sum of the the bulk first order perturbation contribution and the 
boundary second order perturbation contribution. The former contribution is given by 

= -nj d2z(e2^^(^)<(0)i?i'r(l)i?^Vfe(°«))Q,/- 

r 11 -zi^''^ 

and the latter contribution is given by 

ct = f f rfxidx2(e^^(-)e'"^(-)<(0)5i'r(l)5gi^_,(oo))Qj,ee 



^Y.'^! j (5.32, 



^3 

Performing the integration, we obtain 



c-{(3) = Ajj^smlTrb— ^ ^ sm Trfe— 



2 



, 2i3 + i(s-s')\ / ,2/?-i(s-s')\ . 
X sin Trb— ^ ^ sin nb— ^ ^ Io{/3) (5.33) 



where ^ 

= _2ll±lir(l - 2b(3)T{2b(3 - l)r(l - 6^ _ 2b(3)T{2b(3 -6^-1). (5.34) 

TT 

Substituting this into the functional relation, we have to solve 



^This can be directly seen semiclassically by using the equation of motion. 
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As usual, enforcing the dual relation b ^ b^^ makes the solution unique up to an overall normal- 
ization. Using the special function Ti,{x) and Sh{x) which have been introduced in appendix IA.31 
we can write the solution as 

inf,^{b^)b'^''yQ-'^y'^n{2p - Q)T,\Q - 2/3) 

^^1^' ' > SkiP + i{s + s')/2)Sb{P - i{s + s')/2)Sk{P + i{s - s')/2)St{f3 - i{s - s')/2) ^ ' > 

To check this, we use the difference relation of Ti)[x) and Sb{x) (four sins are from the shift of 
Si,. Since each Ti,{x) is shifted twice, we obtain four F functions, which reproduces Io{P)). The 
normalization of the two-point function is determined by the "unitarity" 

d{(3\s,s')d{Q - P\s,s') = 1. (5.37) 
5.1.3 Bulk-boundary correlator 

We consider the bulk boundary correlation function. We present the final result 11561 first. We 
introduce the Fourier transformation of R{a,f3,s), calling it R{a,l3,p), as 

1 

R{a,f3,p) = - dse'^^'PR{a,(3,s), (5.38) 

2 J-OO 

then the result is given by 

X'5b(p + ^ )Sb[P + ^ )Sb{-p + ^ )Sb[-p + ^ )• (5.39) 

Let us sketch the proof. As we discussed before, S_fe/2 does not satisfy the fusion rule of 
the degenerate operator. However FZZ [2] conjectured that i?!'^^*'' does satisfy the second order 
differential equation. Actually the two-point functions which can be obtained independently from 
this conjecture are consistent with the result of the last subsection. Here, we just assume this 
conjecture and set 

B'_:lf^'Bf''^' = [S;'!',/,] + c± [5;'^;/,] , (5.40) 

where we have set the fusion coefficient to be 1 as usual in the case where the Liouville charge is 
conserved. c± is calculated perturbatively and given by 

c± = 2l^-—^y\il-2bm2bP-b'-l) 

X sm7rb{P^ib{si + S2)/2)smirb'^{p^ib{si- S2)/2). (5.41) 

Now, consider the auxiliary three-point function {Va{z)Bp{xY'^' B_iji2{yY' , where s±s' = ±i6. 
Using the conformal invariance, we can map the upper half plane to the disk of a unit radius. Then 
the three-point function can be written as 

{V^{z)Bp{xY''B_„2{yY'T-''-'' 

= (x - z)- A,3- A_b/2 _ A/5+A_,/2 _ A^-2A<,+A_,/2 _ ^)-2A-i,/2 



'*''The meaning of the unitarity is as follows. We regard this relation as {f3\P){Q — /3\Q — /3). If we realize 
\Q — = 5*1/3), the above relation means SS'' = 1. S can be interpreted as the reflection amplitude of the open 
string state. Note that the S matrix is diagonal in this representation. 
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X {VUO)Bp{ir Btl/Mf''"^ (5.42) 

where r/ = . We would like to derive the functional relation taking the 77 — > 1 OPE. At 

first sight, we cannot solve R from this equation because we cannot evaluate the left-hand side 
directly. The trick is that when r/ approaches from the upper and lower, the answer is different so 
that we can obtain the closed equations (in other words, there is a monodromy and B is not local 
with each other). 
The equations are 

= Ria, (3 - 6/2; s')G^Av)e''''^^^ + c- (/3, s, s')i?(a, /3 + b/2; s')G^^Q_p{7j)e'-''^'^"''^'^ 
= R{a, (3 - b/2- s)G^,p{e-^^'7j)e-'-"'/^ + c_(/3, s', s)R{a, (3 + b/2- s)G^^Q.p{e-^^\)e~'-'^^-Py\ 

(5.43) 

where G is given by the hypergeometric function as 

G«,/j(r/) = 7?''"(1 - 7?)^^F(6(2a + (3 - Q - b/2),b{(3 - 6/2), 6(2/3 - 6), 1 - r?). (5.44) 

Solving this equation, we finally obtain R. The answer has been given at the beginning of this 
subsection. 

5.1.4 Boundary three-point function 

We present the boundary three-point function here. The result is |157j 

^(Q-/33)/32/3i 

Tb{2Q -p,-(3^- Ps)Tb{P2 +(33- PMQ + P2-f3i- /?3)rb(Q + P3 - Pi - P2) 

n{2Ps - Q)rb{Q - 2p2)rb{Q - 2(3i)rb{Q) 

X (vrM7(fc^)fc^-^^')^^--^^-^-^/^^ !'i^' ^ " ""'ll'^fi + ^3 - ^3 - ^1) 

^ ^ ^ ^ Sb{(32 + (J2-(T3)Sb{Q + (32-(T3-a2) 

1 r°° , SbiUi + t)SbiU2 + t)SbiU3 + t)Sb{U^ + t) 

^J-^oo Sbin+t)SbiV2+t)Sb{V3+t)SbiQ + t)' ' 
where we have used the notation: 



Ui = <Ti+a2-(3l, Vi = Q + -CT3 +/33 

U2 = Q - (71 + (T2 - Pi, V2 = 2Q + a2-(J3- Pi- Pz 

U3 = P2+Cf2-Cf3, = 2(72 

Ua = Q - P2 + (T2 - (T3- (5.46) 

See 1)5. 25p for the relation among a, s and fiB- 

We will not delve into the detailed calculation here, but the basic strategy is the same. We use 
the conformal bootstrap method to find the functional relation which can be derived by inserting 
the degenerate operator B_b- 



5.2 ZZ Brane: DO-Brane 

Zamolodchikov brothers showed \^ that in the Liouville theory there exists a DO-brane which 
is localized in the Liouville direction. We call it the ZZ brane. Semiclassically, this boundary 
condition corresponds to the solution of the Liouville equation on the disk which describes the 
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Poincare disk metric (or the Euclidean AdS2 metric on the upper half plane). The solution of the 
classical Liouville equation: A.ip = 2R~'^e^ is given by 

(Im2;)2 ' 

which means ^ oo at the boundary.^^ Another explanation why the DO-brane is localized in 
(/> ^ oo is that there is a linear dilaton background so that the brane tension which is inversely 
proportional to the string coupling constant becomes smaller as the brane goes into the deeper 
region. The purpose of this section is to understand the quantum description of this boundary 
condition. 



(5.47) 



5.2.1 Bulk one-point function 

As in the FZZT brane case discussed in the last section, we consider the one-point function which 
is given by 

The basic strategy is the same as before, so we consider the auxiliary two-point function iy_}ji2{z)Vct{x)). 
We expand this in two different ways and compare them to obtain the functional relations which 
constrain U{a). First, using the bulk OPE, we obtain 

<^-V2,a = |^La;|4A„ [C'+?7(a - 6/2).^+(r/) + C_C/(a + V2)^-(??)] (5-49) 

Second, using the boundary OPE, we obtain 

G-,/2,a = ' |^U|4A. + B-g-{v)] (5.50) 

These equations are almost the same as those obtained in the last section. The only difference 
is B~{a). If we assume that our results reproduce the Poincare disk metric semiclassically, the 
physical distance between the two point will diverge in the limit Imz 0. Then we expect, from 
the cluster decomposition theorem, that the two-point function factorizes to the product of the 
one-point functions of each operator. Since the surviving intermediate state on the boundary here 
is the identity only, we expect 

B-{a) = U{a)U{-h/2) (5.51) 

to hold.^^ Substituting the inversion formula for the hypergeometric function, we obtain the func- 
tional relation for U (a) which states 

T{-b'^)U{a)U{-b/2) _ [/(a -6/2) -KiiTil + b'^)U{a + b/2) ^^^^^ 



r(-l- 262)r(2a6-62) r(2a - 262 _ i) (2a6 - 62 - l)r(-62)r(2a6) ' 



"'^Note that the Liouville equation originally describes the constant negative curvature metric. In the semiclassical 
limit 6 — > 0, we identify ip = 2h(p and = A-K/xb'^. 

'"'More precisely, it is U{a)U{—b/2)D{0) from the correspondence with the FZZT brane discussed above. While 
wc take the innerproduct between the boundary operators to be (Q|0) = 1 in the last section, in this case we have 
set D{0) = (0|0) = 1. This is because wo cannot define the natural charge conjugation of the boundary operator in 
this boundary condition unlike the FZZT boundary condition. 
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The solutions (after demanding the 6^1/6 dTiahty as usual) of this equation are labeled by 
two positive integers m and n and can be written as 

sin(7r6"^(5) sin(7rm6~^(2a - Q)) sin(7rfeQ) sin(7rn6(2a - Q)) r:o\ 
"''"^'^^ ~ sin(7rm6-iQ)sin(7r6-i(2a - Q))sin(7rn6Q) sin(7r6(2a - Q)) ^ ' 

where the fundamental solution Ui^i{a) is given by 

= r(2 + 62-2Hr(l + 6-2-2a/6)- ^'-'^^ 

Since the functional relation here is nonlinear unlike the ones treated so far, it is not obvious (at least 

to the author) that there are no other solutions. In any case, we can check these solutions satisfy 
the functional relation. For example, we transform all the gamma functions into the trigonometric 
functions by the formula r(l — x)T{x) = ^^^^^ ; then we can see the both sides of the equations are 
equivalent. 

Although many solutions labeled by (m, n) exist, only m = 1 survives in the 6^0 semiclassical 
limit. This fact suggests that the m ^ 1 solutions are difficult to interpret as the quantization 
of the Poincare disk. Among other solutions, it is believed that the (1, 1) solution has a special 
meaning. Its remarkable property is vanishing of Bf-^ (a) , which means that this boundary couples 
to the bulk only through the identity operator (and its descendants). This is very interesting. If 
we regard these boundary conditions as the DO-brane localized in ^ — > oo, it is natural to consider 
the (1, 1) state as the ground state of the DO-brane and other states as the discrete excited states. 



5.2.2 Boundary states and modular bootstrap 

The one-point function obtained above is normalized as Ujn,n{^) = 1- Though the superficial 
reason is that the functional relation is nonlinear and determines the normalization uniquely, the 
more fundamental reason is that we have used the cluster decomposition theorem to derive the 
functional relation. Clearly, for the relation = (1) to hold, we should have (1) = 1. In some 

cases, however, we would like to know the unnormalized one-point function which is not divided by 
Wunnormalized- the following, we consider this case. 

For this purpose, we use the open/closed correspondence of the cylinder diagram. First, we 
define the open Virasoro character as 



Xp{r) = 




(5.55) 



On the other hand the character for the (m, n) degenerate representation is given by 

Xm,n(r) = . (5.56) 

The modular transformation of this character to the exchange channel is given by 

/oo 
Xp{t) sinh(27rmP/6) sinh(27rn6P)dP, (5.57) 
-oo 

where r' = — 1/r. Especially the modular transformation of xi,i which corresponds to Ui^\ can be 
written as 

/oo 
Xp{q) sinh(27r6P) sinh(27rP/6)ciP. (5.58) 
-oo 
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Then we can see this cyhnder amphtude from the closed channel exchange point of view as 



Xi,i(t')=/ ^i,i{P)^i,i{-P)Xp{q)dP = {l,l\q^\l,l), (5.59) 
where the "wavefunction" for the (1,1) state is given by 

Comparing this with the normalized one-point function Ui^i{a) (|5.54|) . we find that the normaliza- 
tion is different for the a independent constant. From the derivation above, we should regard (|5.60() 
as the unnormalized disk one-point function which is not normalized by {\) unnormalized- To fix the 
{P dependent) phase of the wavefunction, we have required the wavefunction to satisfy the bulk 
reflection property (|4.13|) . which completely determines the unnormalized disk one-point function 
up to truly meaningless P independent total phase. This wavefunction can also be seen as the 
expansion coefficient of the boundary state by the Ishibashi states 

/oo 
^i,i(P)(P|(iP, (5.61) 
-oo 

where the Ishibashi states |158j are defined as 

{P\q^\P') = 5{P - P')XP- (5.62) 

From this (1,1) wavefunction, we can obtain the {m,n) wavefunction. The P dependence of 
the one-point function derived above suggests 

sinh(27rmP/5) sinh(27rnfeP) 
smh[2-KP/b) smh(27roi-^) 

up to an over all normalization factor. To confirm the normalization to be correct, we compare 
(|5.6l'{j) with the open loop diagram which can be obtained by the modular transformation 

Xm,„(T)= / '^nUP)'^iA-P)Xp{q)dP = {m,n\q-\l,l), (5.64) 

which shows that the open/closed duality works with this normalization. Note, as a bonus, we 
have learned that the open string spectrum which stretches between (1, 1) brane and (m, n) brane 
contains only the (m, n) degenerate state. This is the interpretation of the (m, n) brane from the 
CFT point of view. 

Similarly we can obtain the wavefunction for the FZZT brane, which is given by 

*,(P) = 2-'/^r(i + 2ap)r(i + 2,pm co.(2„p) , (,.„-.p/>^ 

—2mP 

This expression is of course proportional to the previous FZZT one-point function 1)5. 23() . The 
exact normalization can be determined as follows, consider the general non-degenerate character 
with P = s/2, 

/oo 
Xp{q) cos{2TTsP)dP (5.66) 
-oo 
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This can be interpreted as follows 



/oo 
^i,iiP)^s{-P)xp{q)dP, (5.67) 
-oo 

which means that the open string stretching from the FZZT brane with the boundary parameter 
s to the (1, 1) ZZ brane is the nondegenerate state with the momentum P = s/2 whose weight is 
then A = ^ + 4- 

Now, using the above boundary states, we can obtain the spectrum stretching between various 
branes considered so far. For example, the partition function between (m, n) and (m', n') brane 
becomes 



/oo 
-oo 



min(m,m') — 1 min(n,7i') — 1 

= ^ ^ Xm+m'-2k-l,n+n'-2l-liQ'), (5.68) 

k=0 1=0 

which is just the fusion algebra of the degenerate representations. In this way, we can obtain 
the operator contents of the (m, n) ZZ brane. They consist of the finite degenerate operators. 
Furthermore we can obtain the density of states of the FZZT brane by calculating the cylinder 
diagram 

/oo 
^s{P)'^s'{-P)xp{q)dP 
-oo 

/oo 
piP')XP'iq)dP', (5.69) 
-oo 

where the density of states is 



/oo 
^,{P)^,,{-P)e-^'''^^'dP 
-oo 



2cOs(st)cOs(g^t) ^_2niP't dt 

, sinh(6t) sinh(t/6) 2ti' ^ ' ' 

This expression has a divergence as i — > which signals that the YTIZIY brane is extending along 
the direction (on the other hand we can see that the wavefunction for the ZZ brane vanishes as 
P ^ which means that the ZZ brane localizes in the direction). If we properly regularize this 
expression we should have p ~ ^log(/i) + Pr{p), where Pr{p) is finite. Instead of doing that, we 
consider the relative density of states here which is defined as 

Prel{P, S, s') = p{P, S, s') - p{P, Sref), (5.71) 

where the reference boundary parameter Sref has been introduced. From the discussion in section 
14. 2| we have a nontrivial consistency check about the relationship between the (relative) density of 
states and the boundary two-point function: 

/X i d /d(P\s,s')\ 
pUP.^.,') = ---,o,(^-U^^y (5.72) 

Substituting ()5.36|) into the left-hand side and using the integral formula for the logarithm of the 
double sine function ()A.71|) . we can see that the relation actually holds. 
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However, the change of integration order in (|5.(i9j) is not legitimate if s is pure imaginary jl55j . 
In this case, we deform the contour of the modular transformation formula as 

Xa{q') = V2 [ d/3e^-("-T)(/3-§);^^(5), (5.73) 
Jr+m 

where r is in the range r > max(|cr+|, |cr_|, ^) with a± = i(s2 ± si) G R. Now we can change the 
integration order, but if we deform the integration in the density of states to the original range 
^ + zR, we have other contributions from poles in Sb, which yield the discrete spectrum. The 
discrete spectrum is unitary only if |c7-i-| < Q, in which case, the discrete spectrum is just the (1, 1) 
degenerate state. On the other hand, if |cj-i-| > Q, the nonunitary {m,n) degenerate states appear 
in the spectrum. There is no discrete spectrum when \a±\ < Q/2. 

To conclude this subsection, let us make some comments on the boundary states and spectrum 
of the open modes. 

First, as has been noticed by Martinec |159j . the (m,n) boundary states are formally related to 
the FZZT boundary states as 

\m, n) = |FZZT; s(m, n)) — |FZZT; s(m, —n)), (5-74) 

where the boundary parameter s{m,n) is defined as 

— + nbj . (5.75) 

It is interesting to note that the boundary cosmological constants for s{m, ibn) have actually the 
same value 

f,Bim,n) = {-ir^^^;t^. (5.76) 

This is possible when s takes the pure imaginary value. In a sense, we can make different FZZT 
branes of the same boundary cosmological constant by adding (m, n) ZZ branes, which is one of the 
fundamental reasons why we have the additional discrete degenerate spectrum in the open strings 
stretching between the FZZT branes with an imaginary boundary parameter s. This viewpoint 
and its application to the boundary perturbation theory has been further developed in |16r)j (see 
also jIBl) and ^67^ for the discussion on the nature of the monodromy). 

Second, for the future application, we consider the spectrum of the open string which stretches 
between the ZZ branes when c = 1 with a time-like X boson which has the Neumann boundary 
condition. The mass formula for the (m, n) degenerate state is given by 

^totai ^ _{n + mf^ 

which means that the ground state becomes more tachyonic with increasing m or n. While the 
dynamics of (1, 1) tachyon will be further studied in the later section, the physical meaning of the 
remaining "heavy" tachyon is rather mysterious. 

Let us further study the spectrum on the (1, 1) brane. In the two dimension, the oscillator 
partition function becomes 

Z = qH''r,{qf{l-q)^=q^o^l-q) (5.78) 



''However see section IbIbI for the nonperturbative contribution from these states. 
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Because of the nature of the degenerate state, the partition function looks non-unitary. The low 
energy on-shell spectrum consists of a tachyon whose mass is (—1), a time-like vector, the ghost and 
anti-ghost whose energy is zero (recall no ghost decouples). Since the dynamics is one-dimensional, 
it is not obvious whether this has a deep meaning or not. It is important to note, however, that 
there is no degree of freedom which moves the ZZ brane in the direction, which guarantees that 
the ZZ brane is fixed in the (j) oo region. 

Finally let us consider the spectrum of the open string stretching between the FZZT brane with 
boundary parameter s and the (m, n) ZZ brane. The character is given by 

m— 1 n— 1 

^n.AP)-^s{-P)xp{q)dP= Yl Yl Xis+iik/b+ib))/2{q'), (5.79) 

fc=l-m,2«=l-n,2 

where Y12=i-n 2 denotes the summation over the set k = {—n + 1, —n + 3 • • • , n — 1}. However, 
the right-hand side shows that the mass (weight) of the open string becomes imaginary unless s is 
pure imaginary. Even in that case, the mass is tachyonic. This further shows the difficulty of the 
physical interpretation of (m,n) ^ (1, 1) branes. The only meaningful possibility may be the (1, 1) 
brane. When we take c = 1, the open string state between the FZZT brane and the (1, 1) brane 

2 

can be either tachyonic or massive, which is given by m = 
5.2.3 Bulk-boundary structure constant 

The bulk-boundary two-point function on the ZZ brane is derived by Ponsot |164j . We review his 
derivation and result here. The bulk boundary two-point function on (m, n) brane is given by 

z — z " 0\z — x\ 1^ 

where the notation here is /3 = —ub — vb~^ with positive integers {u,v) which corresponds to the 
{2v + l,2n + 1) degenerate operator. Note that the notation is just for the convenience and B/^ 
has nothing to do with any exponential operator of the Liouville field. Also, recall that the (m, n) 
boundary state has only u < n and v < m operators in the spectrum. For simplicity we concentrate 
on the (l,2ii + 1) operator here (for more general cases, see jlMj l. The direct derivation of the 
two-point function is as follows. 

Consider an auxiliary bulk two-point function {V_ub/2^a) ■ This auxiliary two-point function 
can be calculated in two ways: by taking the OPE of the two bulk operators first or by taking the 
boundary OPE first. Equating the B^^b contribution of the both calculations, we obtain 



^ C(a, -u6/2, Q -a + uh/2 - kb)Um,n{oi - uh/2 + kb)Fa_ub/2+kb-ub/2 



k=0 



-ub/2 -ub/2 
a a 



= Rm,n{a, -ub)Rm,ni-ub/2, -ub)Dm,n{-ub) . 

(5.81) 

Almost all the structure constants in ()5.81|) have been calculated. Thus Rm,n{(^^ —ub) is calculable 
from the expression above. First, the three-point function with ai + a2 + = Q — kb \s given by 

fe^"i'"2,«3j ^^(_52); l[ ^^^^{2a^h + m)^{2a2b + lb^)^{2a^b + lb^y ^ ' ' 



**At first glance, there is a contradiction witli tlie generalized no ghost theorem [1621 However, the situation 

here just corresponds to the exceptional cases considered there. 
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Finally, the fusion matrix Fa-ub/2+kb-ub/2 



is the transformation matrix be- 



from the (pre) DOZZ formula (|4.7j) . Second, the one-point function Um,nic() is given by (|5.5:-{|) . 
Third, Dm,n{—ub) and Rm,n{—ub/2, —ub) can be set to one as long as the corresponding operator 
exists in the boundary spectrum (otherwise zero). 

-ub/2 -ub/2 " 
a a 

tween t channel conformal block and s channel conformal block. For the simplest case, we have 
derived it from the inversion formula of the hyper geometric function. In principle, we can redo the 
same procedure to obtain the degenerate fusion matrix. In practice, it is easier to obtain it from 
reading off the residue of poles of the known general results. The general fusion matrix has been 
found in |152j . which we are not going to derive here. It is given by 



F'a-ub/2+kb,-ub/2 



a a 



-ub/2 -ub/2 ]=TJr(bQ + ub^ + a-mr] n2ba-ub- + {l + m 
l\ + ^ ' ' 1 i r(26a + /62)r(6Q + Ib^) 

-A- T{bQ + (j - l)62)r(26Q - 26a + ub"^ - 2kb'^ + {j - l)b'^) 



.^^ T{bQ + u62 - j62)2r(26Q - 26a + n62 - jb"^) 



(5.83) 



Combining these factors, we can calculate Rm,n{oc-,—ub). The result can be also expressed in 
somewhat different form as (perhaps up to factor ir'^) 

-Rm,n.(a, -ub) = 

6 sm(7rm6 ^Q)s\\i[T:nbQ) 

xr(26a - 6^)r(2i,-'a. - 1 - i,-) TT r(2M - iQ -f-^^>f )^^Q+f + 

^ ' ^ ' j}^ T{2ba + ub^ -{j + l)b^)T{bQ + jb^) 

X sin7rm-6~^(2a — ub — Q) 

, ^ , Vr sin7r6(2a — u6 — Q + 76) sin7r6(— u6 + 16) \ 

sin 7rn6(2a - ub - Q + 2kb) TT ^ — ■ (5.84) 

^ -Ln sin7r6(2a + j6)sin7r6(Q + j6) I ^ ^ 

k — J — / 



X 



We can check that the expression above becomes zero whenever u > n. Since there is no such 
boundary operator in this case, this is obvious physically, but the actual cancellation occurs after 
summing over k and it is nontrivial. This yields a further consistency check on the spectrum of the 
(m, n) boundary operators. 

Finally we note that the above expression is shown to satisfy Hosomichi's proposal |156j . 
Roughly speaking, if we Fourier transform the two-point function of the FZZT brane with respect 
to the boundary parameter s as 

/oo 
e^^"Pi?,(a,/3)ds (5.85) 
-oo 

and perform the further transformation 

/+ioo 
sin(27rnp6) sin(27rmp6~ "^)i?(a, P,p)dp, (5.86) 
-ioo 



''^The former is simply the normalization convention of our boundary operators. Note that the nontrivial reflection 
amplitude does not exist in this case. The latter is considered to be the 'no screening charge case' which means the 
case where the spin just adds up with the coefficient f . The author would like to thank B. Ponsot for clarifying this 
point to the author. 
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then we can obtain the two-point function on the (m, n) TIL brane up to the factor 



-(^/.Td.^))"^^" 'fX^^r'-f^L nvrnQm- (5.87) 

sm(7rmo ^Q)^va.[T\nbQ) 

Using the exphcit formula of the Rs{a,f3) H5.39() . we can reproduce the direct result in this way. 

To conclude this section, let us list the remaining structure constants which have not been 
derived yet. 

• Boundary two-point functions. However, on the same brane, they are trivially set to one 
(unless zero because of the weight mismatch). On the different branes, they can be nontrivial 
(though we think it is natural to have one also in this case). 

• Boundary three-point functions. Knowing these constants will certainly improve our under- 
standing of the {m,n) ^ (1, 1) ZZ branes. 



5.3 Literature Guide for Section 5 

The general boundary conformal theory was pioneered by Cardy |165| 11661 These ideas were 

applied to the boundary Liouville theory in [^, |155j . Besides the various consistency checks done 
in the original papers, the comparison of those amplitudes reviewed in the main text with the loop 
gas approach |16S| I169| I17()j to the two dimensional gravity has been done in jl7H IT^ . 

Before the work of ZZ [3], the pseudosphere geometry was studied in ^51 1172j . While the ZZ 
brane is the most natural brane existing in the irrational CFT with a continuum spectrum from the 
open string perspective^'^, the geometrical interpretation of the pseudosphere is surprising. Though 
we have not treated in the main text, the direct way to see its connection is to calculate correlation 
functions on the pseudosphere by the background field path-integral, which means that we expand 
the Liouville field around the classical pseudosphere background as a perturbation in b. In their 
original paper they have verified that the calculation reproduces the (1, 1) brane solution up to 
the two loop order. The three loop calculation has been done in |173j . 



6 Applications 

In this section, we review (only a few) applications of the bosonic Liouville theory. Some of them 
are taken from the recent developments and some of them are older ones. Since the realm of the 
subject is so vast, we omit the detailed derivation of the many statements in this section. The 
reader can find them in the original papers. Even without details, we cannot review all the related 
works in the main text. We will list other works in the literature guide section. The organization 
of this section is as follows. 

In section IHTTl we revisit the matrix model as a holographic (gauge/gravity) dual of the open 
string theory on the unstable ZZ branes, which provides us a new interpretation and insight of the 
old matrix models. In section IFT^ we discuss the time-like Liouville theory which is obtained from 
the analytic continuation of the Liouville theory to c = 25. In section 1^31 we discuss a close relation 
between the topological string theory and the Liouville theory. After reviewing the basic properties 
of the topological string theory, we will see that the Liouville theory coupled to the c = 1, R = 1 
compactified boson can be described by the topological string theory via various dualities. 

^"The author feels that one cannot imagine any other simple possibility of the open spectrum satisfying the Cardy 
condition with only the conformal symmetry. 
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In section HTH we return to the matrix model description and discuss the decaying D-brane in 
the two dimensional string theory from the matrix (and Liouville) point of view. In section 16.51 
we discuss the two dimensional black hole which is closely related to the Liouville theory. The 
dual matrix model and the brane in this model are also discussed there. In section we discuss 
the nature of the nonperturbative effect encoded in the matrix model partition function from the 
continuum Liouville perspective, where the ZZ type branes play an important role. In section IHTTl 
we discuss the connection between the branes in the minimal model coupled to the two dimensional 
gravity (Liouville theory) and the degenerate Riemann surface. 

6.1 Matrix Reloaded 

In section 131 we have shown that the closed Liouville theory can be described by the double scaling 
limit of the matrix quantum mechanics. There, we have given the interpretation that the c = 1 
Liouville theory emerges in the continuum limit of the free-boson on the discretized world sheet. 
However, the new physically deeper interpretation of the matrix quantum mechanics has been 
proposed recently by McGreevy and Verlinde [H^ (see also (HO], ^\ for an earlier argument). We 
would like to review the idea quickly. 

The idea is that we regard the matrix quantum mechanics as the quantum mechanics of the 
tachyon field which lives on the unstable DO-branes (ZZ branes). As is discussed in sectional 
the ZZ branes have a tachyon which transforms as an adjoint representation of the Chan-Paton 
gauge group U{N). Its effective action is given by 



where the kinetic term has been gauged since the ZZ branes also have a non-dynamical gauge field. 
This action yields clearly the (gauged) matrix quantum mechanics! From the open/closed duality, 
we expect that the open string dynamics of the DO-branes describes the pure closed string physics 
(here, the Liouville theory) in an appropriate limit. The appropriate limit is nothing but the 
double scaling limit. Recall that the double scaling limit means the simultaneous limit of (7s ^ 
and N ^ oo with the fixed Fermi level fi.^^ In this limit, the physics of DO-branes completely 
decouples from the closed string, namely "gravity". Thus, this observation yields the foundation 
that the effective action on the DO-brane is the decoupled tachyon system above (the Maldacena 
limit!). In fact, since the Liouville theory is given by the double scaling limit of the tachyon matrix 
quantum mechanics, we can say that the open/closed correspondence of this system is proved in 
some sense. 

Before considering the physical implication of this new interpretation, we would like to comment 
on the tachyon potential. While the field theory on the DO-branes is generally unknown, the DO- 
branes considered here have a free Neumann boson whose spectrum is well-known. The open 
spectrum is given by the tachyon 1 and the (non-dynamical) gauge field X^. Since the gauge field 
does not have a kinetic term in the space of dimension one, the actual effect is simply truncating the 
states of the matrix quantum mechanics onto the gauge invariant states. As we will see later, this 
has an important meaning which gives the strong evidence of the open/closed duality. However, 
the problem is the tachyon potential. Around T = 0, it is given by the tachyonic (—1 in our unit) 
mass term from the tree level spectrum, but the higher form of the potential is difficult to obtain. 
In principle, we can calculate the perturbative S matrix from the boundary correlation functions, 

^^By the way, as long as we fix /i, the physics does not change if we change N or Qs- This is caUed the "new 
duahty" in |HJ. 

^^The subtlety concerning the ghost has been discussed in the previous section. 
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but the evaluation of the effective potential is rather difficult. It is natural to assume the boundary 
CFT type effective potential which has been reviewed in section [2 (Actually, we expect T = 
becomes the time-like CFT). In any case, in the double scaling limit, the detailed shape of the 
potential fortunately does not matter. 

Let us list evidence and comments about this duality, some of which we will discuss further 
later in this section. 

• The gauging of the tachyon by coupling to the world line gauge field plays a significant role 
when we consider the partition function of the compactified theory. As we have seen in 
section ^ the matrix quantum mechanics does not describe the continuum Liouville theory 
unless we restrict the spectrum to the gauge invariant sector. Otherwise the T-duality becomes 
ruined for example. We will discuss the physical interpretation of including the twisted sector 
later in this section in relation to the two dimensional black hole. As for the Liouville theory, 
the gauging of the matrix quantum mechanics naturally solves this problem. 

• From the discretized surface point of view, it is ambiguous whether we should take the parity 
even potential or the more general potential which does not preserve the parity. Empirically, 
the matrix-Liouville correspondence chooses the general potential (or we should divide the 
final answer by two in the parity even case). However, the proposal here naturally yields the 
left-right asymmetric potential, so this is indeed consistent with the Liouville theory choice. 

• As we will see in part II of this review, there is stronger evidence of this kind of duality. 
The same reasoning also applies to the supersymmetric extension of the Liouville theory. 
Particularly the matrix model dual for the M = 1 super Liouville theory coupled to c = 1 
matter has been proposed in Takayanagi-Toumbas jl74j and Douglas et.al. ^Hl- The idea 
is that we regard the matrix quantum mechanics of the tachyon on the unstable DO-branes 
which exist in the (type-OA or type-OB) super Liouville theory as the dual description of 
the parent super Liouville theory. In fact, it can be shown that the one-loop super Liouville 
partition function and the proper scattering amplitudes are exactly reproduced from the 
matrix quantum mechanics which is different for OA and OB. 

• While closed tachyon fluctuations become the collective excitations of the Fermi surface, the 
extra addition of an eigenvalue corresponds to the addition of an unstable DO-brane into the 
theory in this new interpretation. Actually, the matrix model description of the decay and 
the Liouville theory direct calculation match |175j . jl76j . jll4j as we will see later in this 
section. In particular, the emission rate of the closed string and the final state distribution 
beyond the lowest order are given by the semiclassical matrix quantum mechanics. 

• Let us rephrase this in the string field theory language |177j . jl78j . The DO-brane quantum 
mechanics is in a sense an open string field theory because we treat the theory fully quantum 
mechanically (not only on mass shell). The new interpretation of the duality states that the 
open string field theory does know the closed string theory as the collective field theory of 
the DO-brane Fermi surface. In this sense. Sen's conjecture is marvelously realized in the 
Liouville theory though the open string field theory is the "holographic dual" of the closed 
string theory. It is important to note that the rolling tachyon can be regarded as the rolling 
eigenvalue of the fermion. In the later time, this can be interpreted as the disturbance of the 
Fermi surface, i.e. the closed string background. The tachyon matter jl79j is just the closed 
tachyon coherent states and conserves the energy. We will see this issue more closely in the 
following sections. 
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The somewhat mysterious leg factor now has a new interpretation. It appears just in the 
decaying amphtude of the DO-brane. 

From the correspondence discussed above, the open-closed string theory with the space-filling 
(FZZT) Dl-branes should be described by the suitable matrix vector model |159j . jl75j . The 
candidate action is 



/oo r / 1 \ 1 1 

dt Tr i-{Dt<^f + + -{DtV^DtV + -mW + gV^<^V 



(6.2) 



where y is a complex vector (fundamental representation of U{N)). From the spectrum of 
the DO-Dl string in the last section, we observe that oc and can be either tachyonic 
or massive. In order to obtain the double scaling limit, g should be tuned appropriately. 
This model has been studied in |18nj . |181j . |182j . |183j . |184j (some of which consider the 
fundamentals to be fermionic though), however, the qualitative comparison with the exact 
FZZT result is still lacking. 

• While the double scaling matrix model has been reinterpreted as a holographic dual theory 
of the bulk Liouville theory as we have seen so far in this section, there is yet another matrix 
model which describes the noncritical string theory equivalently well — the Kontsevich matrix 
model. Very recently, [S^ has given a dual explanation of this matrix model as an OSFT 
on the FZZT branes in the c = —2 string theory. Their explanation resembles the world 
sheet proof of the gauge/gravity correspondence in [75], [ZHl- Also in jl22j . the reason why 
the double scaling matrix model and the Kontsevich model describe the same physics is 
studied in the topological B-model point of view. Essentially, the same CY space is dual to 
the compact B-brane physics which yields the double scaling matrix model and, at the same 
time, dual to the noncompact B-brane physics which yields the Kontsevich model. We cannot 
review these very exciting results any further, so we refer to their original papers. 



6.2 Time-like Liouville Theory 
6.2.1 Open case 

As we have stated in section |21 if we perform the analytic continuation of the Liouville theory to 
c = 25, we obtain the time-like CFT. Particularly, since this system seems to represent the half 
S-brane solution of the rolling tachyon, this is an interesting application of the Liouville theory 
to the time evolution of the theory including the tachyon. In this subsection, we would like to 
concentrate on the boundary Liouville theory and discuss its analytic continuation |185j . jl86j .^^ 
The time-like boundary Liouville theory we would like to analyze is given by 

Stbl = -^ j d^zdXBX + iiB j dxe^. (6.3) 

On the other hand, c < 1 space-like boundary Liouville theory (with /i = 0) is given by 



(6.4) 



^^When the mass becomes too tachyonic, the Dl-Dl string has extra tachyonic states which break the unitarity 
(see the arguments given in section I?). 2. 2^ . It would be interesting to see what happens in this dual matrix vector 
model. 

^■^The closed Liouville theory is a well defined theory (at least for the Liouville sector) at all orders of the string 
coupling. On the other hand, the open boundary Liouville theory actually has a divergence in the moduli integral at 
the higher genus. Therefore, we need to change the background via the Fischler-Susskind mechanism [1871118^ . 
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unstable D-brane 



closed tachyorii 



\y = l/g 



Figure 14: The schematic picture of the decaying D-brane and the closed tachyon excitation from 
the open string field (= fermion) perspective. 

Thus the formal analytic continuation b ^ i and Wick rotation X = lead to The reason 

why we call it "formal" is that it is not trivial at all whether we can analytically continue the c < 1 
Liouville theory to h ^ i. Actually this "analytic continuation" has an ambiguity which seems to 
correspond to the different choice of the vacuum states in the time-dependent quantum theory. 

We here consider the bulk one-point function and the boundary two-point function each of which 
has a specific physical significance. The former can be interpreted as the interaction between the 
closed string states and the boundary (brane) states. In the space-like Liouville theory (c < 1), the 
latter can be interpreted as the reflection amplitudes. This goes as follows. In the minisuperspace 
approximation, the zero-mode wavefunction is given by 

%{<P) ^ e+'P^ + Rb{p)e-'Pt ^ ^ -cx), (6.5) 

where (j) is regarded as space and Rh is what is called the reflection amplitude which can be read 
off from the boundary two-point function as 

Rb{p) = db{Q/2 - ip). (6.6) 

Intuitively, we can imagine the process where an incoming wave e*^*^ reflected from the Liouville 
potential becomes an outgoing wave with the phase shift (or S matrix) Rb{p). Note that we have 
required that the wave should damp as (/> — > oo in order to obtain this wavefunction uniquely. Now 
we try to "analytically continue" this to b ^ i. Wick rotating the coordinate as (p ^ —iX and the 
energy as p ^ —iuj, we obtain 

^U^) ^ e-^"^ + di{uj)e''^^, X ^ -CX), (6.7) 

where di{uj) is given by 

d,{u) = (e-^-^e-*-^)TBL, (6.8) 
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in this analytic continuation procedure. To see the meaning of this amphtude, we consider the 
Wick-rotated zero-mode Schrodinger (Wheeler-DeWitt) equation which becomes 



I ■ - .X , AT 1,-2 



+ 2ijLBe^ +N -l+f]^{X)={), (6.9) 



where A'^ is the level of the excitation and p is the spatial momentum. This has, in general, two 
asymptotic solutions in the X ^ oc region, namely the positive frequency solution oc g-^^/^-Ziv^e^/^ 
and the negative frequency solution oc g-^/4+2«v^e''''^ , However, the analytically continued solution 
only has the positive frequency solution in the X ^ oo region because the original solution had 
only this type. This corresponds to choosing the "out vacuum" condition in the time dependent 
string theory. On the other hand, in the X — oo region, the out vacuum wavefunction can be 
written as the superposition of the positive and the negative frequency solutions. The coefficient is 
nothing but the Bogoliubov coefficient. Thus the physical meaning of the disk two-point function 
di{Lj) is 

d^iio) = ^, (6.10) 



where we have introduced the standard Bogoliubov coefficient notation |185j : ip^* = apil)'^^ + fipil^"^* , 
il)"^^ = aptpp"^^ — Pptp'^p* . This enables us to understand the pair production of the string mode in 
the rolling tachyon background. 




Figure 15: The analytic continuation of the Liouville scattering yields the Bogoliubov coefficients. 

Let us start the actual analytic continuation with the bulk one-point function U{a), where we 
encounter no difficulty or subtlety. From the result obtained in sectional the one-point function is 
given by 

U{a) = 7(7r^7(62))W~2°)/2fcr(26Q - b'^)T (^-^-l) cosh(2a - Q)7ts. (6.11) 
\ b b'^ J 

Considering the limit — > and b ^ i which corresponds to s — > oo, we have 

lim lim U(a) = 71(2^^^)^*" — -i -. (6.12) 

b^i s^oo ^ ^ V sinh(27rQ) ^ ^ 
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Let us check the correctness of this procedure by comparing this result with what can be obtained 
from the boundary perturbation of the time-hke boundary Liouville theory which we have reviewed 
in appendix IB.4I Of course the perturbation theory can be used only to evaluate (e~"^) for a 
positive integer n. This can be calculated as 

i 

= |z-zr'^'/VB(2vrrr(n + l)r(-n), (6.13) 

where we have used J dxe~"'^~'^'^ = T{—n) as the zero-mode integration. Analytically continuing 
this result for general momentum, we expect to obtain 

(e-^-^(z))TBL = \z- zr^^"(27r^B)'-- . . I , (6.14) 

I smh TTUJ 

which is the same amplitude we have obtained as the analytic continuation of the boundary Liouville 
theory. 

Then we consider the analytic continuation of the boundary two-point function, which is a little 
bit subtler. Prom the 6 < 1 result in sectional we have 

^'"l ' ^ s,{(3 + i{s + s')/2)S,{(3-i{s + s')/2)S,{P + i{s-s')/2)S,{/3-i{s-s')/2)- > 
Taking the s = s' — > cxo limit, we obtain^^ 

The problem is that Ti,{x) is not defined in the b ^ i limit. In fact, Th{x) has a simple pole at 
X = —mb — n/b for positive integers n and m. In the b ^ i limit, it is easy to see that infinitely 
many poles accumulate to the integer multiple of i. Therefore (|6.16|) appears to be meaningless at 
first sight. 

Nevertheless, we can formally transform (|6.16|) so that we obtain an integral expression which we 
can interpret physically by choosing the proper contour. The existence of the contour dependence 
is because we are dealing with the time-dependent theory. From the formula found in appendix 
HA.3|) . we have 

Th{2u; - Q) 1 



^,. T{2co/b-l/b^) 

T^{-uj/b + l)T^{-buj) 



y^(^.)^2^/6^2fe^-i/fc^+6^ r(2^/6 - i/6^)r(2^b - 1 - 5^)r(-2^/b + i)r(-2^fe) ^ ^^^^^^ 



where 



m,n>0 

We have used the infinite product formula (|A.62|1 for the function found in appendix IA.3I with 
= mb + n/b. 

®^For simplicity, we consider one kind of brane or a diagonal element of the several kinds of branes. However, the 
inclusion of the off-diagonal elements does not affect most of the following argument. Note that s — s' is finite in the 
H —* Q limit. 
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To give a precise meaning to the Yi,{uj) in the b ^ i hmit, we first take b = if3 with real /3 and 
then we take /? — > 1 hmit. In this hmiting prescription, Yi,{uj) keeps to be a pure phase jl85j . The 
actual analytic continuation keeping this property can be found in the original paper. Omitting 
the detailed calculation, we present the final result 

Yi{uj) = -e'^^'^\ (6.19) 

where the phase is given by 



1 r°° dr sin(4u;r) - 2 sin(2u;r) 

2 Jo ~ sinh2(r) 



Therefore, the whole two-point function is now analytically continued to 

, , , (27ru)2^'^e^^ 

4 cosh [ITLO) 

The remarkable property of this expression is that this reproduces the result of the minisuperspace 
approximation in the large to limit |185j (though it is not clear at least to the author why the 
minisuperspace approximation becomes better in the large to limit). Note that we would have had 
a different result which does not reproduce the minisuperspace approximation if we had taken the 
limit of Y{ijj) from the other side. 

Thus the analytic continuation of the space-like boundary Liouville theory to c = 25 time- 
like boundary Liouville theory has a subtlety concerning the analytic continuation of the special 
functions. In addition, there is no physically satisfying principle how to remove the ambiguity of 
the analytic continuation procedure for three- or higher multi-point functions. 

6.2.2 Closed case 

Let us now consider the analytic continuation of the bulk Liouville correlation functions to c = 25 
jl89j . jl9Uj . The time-like Liouville action which we would like to study is given by 

Stl = ^ j d^z {-^dXBX + 47r/ie2^) . (6.22) 

We would like to understand the theory from the analytic continuation 6 — > i of the space-like 
Liouville theory 

S = ^J d^^Va (g^'^dackdi^cf + QR(t> + 471^6^''^) (6.23) 

as in the boundary Liouville theory considered in the last subsection. Here, we specifically focus on 
the two-point function and the three-point function. As we will see, the two-point function can be 
analytically continued without much trouble, but the three-point function has many subtle points. 
Let us first study the two-point function. For c < 1, the two-point function is given by 

(.24) 

Setting b = ij3, we take the /3 — > 1 — limit. Then, we have 
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Since the first term diverges in this hmit, we introduce the renormaUzed cosmological constant as 
fijl = \fj,'y{—p'^)\. Fixing the value of hr, we can now take the /i— >0, — hmit: 

d(c^) ^ -{TTfiRre-^'^, (6.26) 

which reproduces the minisuperspace amplitude |189j .^^ 

Let us go on to the three-point function. The c < 1 result is given by the DOZZ formula 



C(ai, 02, as) = vr/x7(6^)6^ 



r(0)T(2ai)T(2a2)T(2a3) ^g^?) 



T(ai + a2 + as — Q)T{ai + 02 — a3)T(ai — a2 + as)T{—ai + 02 + 03) 

Along the same line of reasoning and calculation, Strominger and Takayanagi |189j proposed the 
following expression for the b = i three-point functions 

^g2ic.iXg2ic.2Xg2ic.3X^ ^ C[uji, 002,003) (6.28) 
where the obvious conformal factors are suppressed and the structure constant is given by 
Cst{uji,oo2,u;3) = (7r^ij)*^^-"^e2--x 



X exp 



00 







dr 1 
r sinhV/2 



2 ,~„ I X^/„;„2~, 



Sm LOT 



(6.29) 



where uijs are defined as 



1 



= 2('^l +"^2 +W3), OJi = -{-UJl + UJ2 + 

^^2 = ^(wi - W2 + ^^3), 0)3 = ^(^1 + ^2-^^3)- (6.30) 

The first factor comes from the prefactor of the DOZZ formula and the exponential factor comes 
from the careful evaluation of the 6 — > z limit of the Upsilon functions. The puzzle of this formula 
appears when we take the naive limit loi — > 0. We expect this reproduce the two-point function 
derived above. However this does not hold. The fact that the correlation functions with i02 7^ 1^3 
survives in this limit is especially puzzling, for this breaks the conformal invariance. 

In |19Uj . Schomerus has made an attempt to solve this puzzle. His strategy is basically as follows. 
When we take the 6 — > i limit, the obvious obstacle is the nonexistence of the r^. However, the 
functional recursion relation itself does not suffer from this subtlety. Then we solve the recursion 
relation for the pure imaginary b, which is unique if we demand the dual relation at the same time. 
This corresponds to solving the "Liouville theory" whose central charge is less than 1. Now we 
can take the limit 6 ^ z as we take the limit 6 ^ 1 in the usual DOZZ formula. The limit exists, 
but it is different according to whether we consider the Euclidean continuation or the Minkowski 
continuation. 



^''While the renormalization of the LiouviUe potential is also needed for 6 = 1, the physical interpretation in b = i 
seems not so clear to the author. Particularly, in the open case, the boundary cosmological constant never needs to 
be taken infinitesimally. Note that the value of the boundary cosmological constant does have a physical meaning for 
the full S-brane (/is = 1 corresponds to the no tachyon vacuum). This may or may not result from the fundamental 
difference between the open string tachyon and the closed string tachyon. 
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In the Euclidean limit, we have the Runkel- Watts theory jl91j as a limit of the unitary minimal 
models. In the Minkowski limit, the essential difference from the Strominger-Takayanagi proposal 
is the additional factor 

P{ui,L02,i^3) = ^l + e(cD)J]0('^i)^ , (6.31) 



where we have introduced the step function 

G(x) = 



— 1 for X < 
+ 1 for X > 0. 

This factor does not make difference if all the tOj are positive. Remarkably the factor solves the 
puzzling issue stated above as it gives zero unless uj2 = in the wi — > limit. Can we obtain 
the correct reflection amplitude in this limit? This seems difficult, for the identity operator is not 
the simple a — > limit of = e^'^^ as in the Runkel- Watts theory. However, we can read off the 
reflection amplitude from the behavior under loi — > —toi, which yields ^(0;) = (7r/iij)^*'^e~^'^^ as 
desired. 



6.3 Topological String Theory 

6.3.1 Topological sigma model, topological Landau- Ginzburg model 

The easiest construction of the topological theory is twisting the supersymmetric theory. Since the 
action of the supersymmetric theory is invariant under the fermionic transformation, the change 
of its spin makes it a scalar BRST invariant theory. In addition, the energy momentum tensor 
can be represented as the anticommutator of the SUSY generator, which follows from the SUSY 
algebra. Therefore, the energy momentum tensor is automatically BRST exact, which guarantees 
the topological nature. In the following, we twist two dimensional (1, 1) supersymmetric theories 
to make topological world sheet theories. If we couple these twisted theories to the (topological) 
gravity in some sense, they become topological string theories. 

First of all, we consider twisting the supersymmetric sigma model (see e.g. |192| 1193] ). In this 
case, there are two different ways to twist the theory. What we call the A-model is given by the 
following action 




(6.32) 



where is (1,0) form and is scalar as fields on the world sheet. We take CY3 as the target 
space. The supersymmetric (BRST) transformation is given by 

Sxi = Sx' = q 

The action is BRST invariant up to the surface term from the general argument of the supersym- 
metric theory. This can be rewritten in a manifestly BRST invariant way as 

S = it f (fz{Q,V] + t f ^*{K), (6.34) 



(6.33) 
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where V = gfj{ip\dz<j>' + dz(p^ipl)- The total derivative term is the pull back of the Kahler form of 
the target space which is given by 

j '^*iK) = j d^zig,jdz<p'd,<P^ - g-d,<p'dz<j^). (6.35) 

This depends only on the Kahler class of the original target space and the degrees of map from the 
world sheet. Therefore, the contribution is simply from the world sheet instanton. The remarkable 
feature of this model is that the physical amplitudes do not depend on the complex structure of 
the targetspace at all (Indeed the variation comes only from the BRST exact term {Q^V}). On 
the other hand, the dependence on the Kahler moduli is determined from the world sheet instanton 
contribution. 

Similarly, if we twist the left and right fermions on the world sheet differently, the twisted theory 
becomes what we call the B-model. The action is given by 

S = 2tj dFz {^gijdA'd,<l,' + ivHD^pi + D,pl)g-^^ + iO.iD.pl - D^pl) + R^-f^plp^-JOug'''^^ . 

(6.36) 

Its BRST transformation is given by 

5</)* = _ 
5(f)'^_ = ia-rf 
5rf = 60, = 

5p^ = -ad(j)\ (6.37) 

The action can be rewritten in a manifestly BRST invariant form. Defining V = g^j{pl,dz(p^ + 
p\dz(j>^), we obtain 

S = itJ d^z{Q, V} + tW, (6.38) 



where W is given by 



W = Jdh (^-e^Dp' - '-RijfjP' A p^rfdkg'''^^ . (6.39) 



We can see that the B-model does not depend on the Kahler moduli but only depends on the 
complex moduli of the target space. 

The other model we would like to discuss is the Landau-Ginzburg model |194j . Using superfields 
X% we have the following action 

S = j d^zd^eX^X^ + j d^zd^eW{X) + c.c. 

= j d^z{\dx'\^ + \diW\^) + {p'd^lJ^ + p'O-f' + p'didjWp) + '^''did-jWip'^), (6.40) 

where we have considered the B-model so that -0 is a world sheet scalar and p is a world sheet 
one-form. The BRST transformation is given by 

6x' = + 

= -diWf 

= diWg^ 

5p^ = -dx' 
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5 pi = -dx\ 
6x' = 



(6.41) 



This model is not a CFT even at the classical level, but the energy momentum tensor is BRST exact. 
Therefore, the correlation function does not depend on the two dimensional metric. Then, rescaling 
the metric as 5 — > X'^g, we can see the path integral localizes at the points where dW = 0. As a 
result, any correlation function can be evaluated at the extrema of W. The nontrivial contribution 
we should evaluate in the path integral is simply the one-loop determinant. However, this cancels 
out almost completely except the zero-mode because of the supersymmetry. From the evaluation 
of the Gaussian integral J d^x* exp(— |A5jVFp), the contribution from the bosonic zero-mode x'f is 
given by 

= X-^''{HH)-\ (6.42) 

where H is the Hessian of W. On the genus g world sheet, the number of the fermionic zero-modes 
are g for each p and one for each ip from the index theorem, so their contribution is given by 

Zf = X^'^Hm. (6.43) 

Combining them, we finally have the total contribution from the zero-mode: Z = H'J^^. Applying 
this calculation, we can easily obtain the correlation functions on the world sheet with any genus. 
Assuming one superfield for simplicity, we can write them explicitly 

where the integration contour is a large circle which encircles all the poles. Intuitively speaking, 
W" can be regarded as the operator which inserts a handle into the world sheet. 



6.3.2 Landau- Ginzburg model for c = 1 Liouville theory 

Let us consider the c = 1 Liouville theory compactified on the circle whose radius is ii = 1. The 
first claim here |195l I196j is that this theory is equivalent to the Landau-Ginzburg topological 
string theory with the superpotential W = —pX~^. This superpotential is singular, but we can 
also regard this theory as a twisted Kazama-Suzuki SU{2)/U{\) coset theory with level k formally 
analytically continued io k = —3. The primary fields of this Landau-Ginzburg theory can be 
written as X^~^ . On the other hand, the (physical) primary field of the Liouville theory coupled to 
the c = 1, R = \ compactified boson can be classified by the integer momentum k because the X 
space is compactified and the momentum becomes quantized. Then the proposed correspondence 
is Tfc = X^~^ up to leg factors. The claim is that the correlation functions (scattering amplitude) 
calculated from the Landau-Ginzburg theory are the same as those obtained by the matrix model. 

By using the basic facts about the Landau-Ginzburg theory that we have introduced in the 
last subsection, let us see the simplest example. Consider the tachyon three-point function on the 
sphere (T^^T^j 7^3)0. The previous result ()6.44|1 yields 

j = (^fci+fca+fcs.o- (6-45) 

Though this example seems almost trivial, it is generally known that these calculations reproduce 
the matrix model results |195[ I196j . In addition, the loop calculations can be basically done by 

^^However, the leg factor always diverges when ii = 1, so it is natural to define the renormalized operator whose 
leg factor is omitted as Tk = X''~^ . We have done the same renormalization in the DMP formula. See 13.1471 1. 
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using the handle operator which we have introduced in the last subsection. However, to perform the 
integration over the moduli space properly, we should introduce the contact terms. Furthermore, 
we should change the picture of the vertex operator with the negative momenta k in order to pick 
out the correct gravitational descendant which is necessary to integrate over the moduli space. 
Considering all these, we can show that all correlation functions including the partition function 
are the same as those from the matrix model calculation at any loop. However, the derivation of 
the contact term from the first principle is still lacking, so we will not delve into the detail any 
further. 

Assuming this correspondence, we would like to show |199j that the c = 1 Liouville theory can 
be understood as the topological B-model on a certain CY3 via the correspondence between the 
Landau-Ginzburg theory and the topological string on CY |193| . As we will see later, the duality 
chain enables us to calculate the partition function of the topological string on this CY3 exactly, 
which matches the all-order matrix model calculation. This means that we have proved the Liouville 
Landau-Ginzburg correspondence indirectly. Since the critical dimension of the topological string 
is 3, we consider the following superpotential 

GiX) = -Xq^ + Xf + Xi + Xl + Xj. (6.46) 

The addition of massive fields does not change the behavior in the IR from the Landau-Ginzburg 
point of view. Therefore nothing has changed as long as we consider the behavior of Xq. If we 
attribute the U{1) charge as go = —2, qi = 1, (z / 0), then the superpotential G{X) has a charge 2. 
Since we would like to gauge this U{1) charge, we further introduce a new field P whose charge is 
—2 in order to cancel U (1) anomaly. This gauged super symmetric theory has the following potential 
which can be obtained from the direct dimensional reduction of the d = 4 superQED: 

U = + |Gp + WV^Gp + {Al + ^i) |^4|p|2 + 4|xo|2 + \x,\^^ , (6.47) 

with the D term condition 

D = -e^ ^-2(|pp + |xoP) + l^il^ - ■ (6-48) 

where r is the F.L parameter and A2, A3 are from the second and third component of the 4(i vector. 

Let us first consider the r ^ case. In this case we have the vacuum condition p = 0, 
A2 = A3 = and J2i=i l^iP ~ 2|xoP = r, so G{X) = 0. Since the fluctuation becomes massive 
unless this condition is satisfied, the IR theory is on G{X) = 0. Further division by the U{1) gauge 
symmetry of X suggests that they are naturally regarded as the inhomogeneous coordinates on 
WCPI2 1111- That is to say, this theory is just the sigma model on the toric CY3. In addition, 
from the condition Yli=i l^iP ~ ^IxqP = r and the fact that the metric of the sigma model is given 
by the pull back of the original fiat metric (though the renormalization makes it flow into the Ricci 
flat one), we can see that the size of the CY manifold is given by r. The actual form of the CY3 
can be seen as follows. Fixing Xq = 1^^, we obtain 

l = Xf + xl + X| + X| . (6.49) 



^*On the very intuitive level, this can be explained as follows. Just as we practically carry out the supermoduli 
integration by the picture change in the superstring calculation, we replace the integration over the moduli space 
with the calculation of correlation functions in Witten's topological gravity [1971 119?J) by the picture change. 

Since Xq is the singular point of the potential, it is infinitely far away in the field space. Therefore, there is no 
obstruction to suppose Xq 7^ 0. 
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This is the deformed conifold whose original singularity is Ai. 

On the other hand, by studying the behavior when r <C 0, we can show this theory is equivalent 
to the Landau-Ginzburg theory with the superpotential G{X). To see this, we first note that the 
vacuum is given hy Xa = A2 = A3 = with a = 1 • • • 4 and xq ^ 00 with finite \p\ in this limit. 
Considering the fluctuation around the vacuum solution, we obtain the effective superpotential 

W{X) = {p)G{X) (6.50) 

if we ignore the massive excitations. 

The important point here is the fact that the B-model does not depend on the Kahler moduli 
at all. However, the F.I. parameter r is the size of the manifold in the sigma model perspective, so 
this is just the Kahler moduli. We can also see explicitly that the F.I. term is indeed a BRST exact 
term in the gauged non-linear sigma model action. Therefore, although this gauged theory looks 
different in the different r limit, these are equivalent as the B-model. This proves the equivalence 
of the B-model on the deformed conifold and the topological Landau-Ginzburg theory with the 
superpotential Xq^ . Combining this fact with the Liouville Landau-Ginzburg correspondence, we 
can see the following Ghoshal-Vafa conjecture jl99j "The c = 1, R = \ Liouville theory is equivalent 
to the topological B-model on the deformed conifold." to be plausible. 



6.3.3 Gopakumar-Vafa duality 

Let us pause here for a moment and review the Gopakumar-Vafa duality j2L)Ul I2U11 l2U2j briefly. To 
begin with, let us see the partition function of the A-model topological string more closely. The 
partition function with g > 1 \s defined as 



3g-3 
k=l 



5.51) 



where ^ is the Beltrami differential and G~ is the supersymmetric current. From the BRST (SUSY) 
algebra, we regard the supersymmetric current as the antighost b of the bosonic string. The index 
theorem states that the complex dimension of the target space should be three in order to absorb 
all the fermionic zero-modes only by these insertions. This shows that the critical dimension of the 
topological string is three. 

Using the duality between M-theory |2U11 l2U2j . Gopakumar-Vafa^'^ calculated the partition 
function of the topological A-model whose target space is the resolved conifold. For > 0, we have 



^23-2 



2C(2g - 2) 
(27r)2<^-2 (25-3)! 



X9 



n=l 



2g—3—2-iTns 



(6.52) 



where Xg is the (virtual) Euler characteristic of the moduli space of the genus g Riemann surface 
whose precise value is given by Xg = 2g(2g-2) • ^ which is the deformation 

parameter (Kahler moduli) from the conifold. Similarly, the lower genus calculation shows 



1 



N 2 o 1 



°° g-27rns 



n=l 



(6.53) 



and 



i^i = ^« + ^log(l 



-2ns 



)• 



(6.54) 



^Recently Ooguri-Vafa |78| gave the purely world sheet derivation of this calculation. 
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The Gopakumar-Vafa duality claims that this closed A-model partition function (and other 
physical quantities) transforms into the open A-model on the deformed conifold. This is also called 
the "large N duality" because of the natural connection with the AdS/CFT (or gauge/gravity) cor- 
respondence. From the AdS/CFT point of view, the rough idea is as follows. We consider wrapping 
topological A-branes (which becomes D6-branes in the superstring embedding) on the in the 
deformed conifold. Taking into account the fact that the gauge theory living on the branes should 
be topological, it is given by the U{N) Chern-Simons theory on the S^. In addition, Witten [2031 
conjectured that this topological open A-model decouples from the closed sector completely. This 
fact is equivalent to the automatic Maldacena limit from the AdS/CFT perspective. Furthermore, 
since the size of S^ does not affect the topological A-model at all, we can take the conifold limit 
freely. Now, from the AdS/CFT analog, the gravity dual should correspond to the closed topolog- 
ical string theory in the deformed background without branes. The claim of Gopakumar-Vafa is 
that it is the closed A-model on the resolved conifold. The parameter correspondence is given by 

s = iX 
X 

9s = ij^, (6.55) 

where A is the 't Hooft coupling of the gauge theory. 

To check the duality, we compare the partition function of the Chern-Simons theory. Since the 
Chern-Simons theory has been solved, this comparison is possible. The partition function of the 
Chern-Simons theory is given by 



N~l 



I n 



2 sin 



N + k 



N- 



(6.56) 



where the renormalized 't Hooft parameter is given by A = . We can see the actual equivalence 
of the partition function by expanding this expression and performing the resummaion. 

The particular point to which we would like to pay attention is the nonperturbative contribution 
of the Chern-Simons theory to its partition function. This is the part where we cannot write the 
contribution as the 't Hooft (or Feynman) diagram, and it corresponds to the lowest order in s for 
each genus. For g > 1, the nonperturbative part is given by 

" 2g{2g -2)s^9-2- (^-^^^ 

Fo,n.p. = y log(s) (6.58) 

i^i,n.p. = -^log(s), (6.59) 

respectively. Actually this is from the measure factor of the path integral in the Chern-Simons 
theory. When we expand the path integral around A = 0, the residual global gauge freedom is U{N). 
Therefore, the measure factor contribution to the partition function is essentially log(Vol([/(iV))). 
The volume of the group was calculated by a mathematician i204j , which is given by 



For g = 0,1, it is given by 



and 
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where G2{x) is a kind of double gamma function whose defining property is G2(x + 1) = T{x)G2{x), 
^2(1) = 1. In our notation, this is essentially the inverse of Ti,{x) with 6 = 1 (times (27r)^/^).^^ 
The logarithm of this expression can be expanded asymptotically as 

log G2 (iV + 1) = — log iV - - log N--N' + -N log 2vr + C'(-l) + 2gi2g -2)N^9-2 ^ (6.61) 

which clearly explains the nonperturbative part of the partition function of the Chern-Simons 
theory. 

6.3.4 Relation to the Liouville theory 

Contemplating on the previous result, we notice that the partition function of the c = 1 Liouville 
theory on the R = 1 circle (|;-i.l()()jl has a striking resemblance to the logarithm of the volume of the 
U{N) group which represents the non-perturbative contribution to the gauge theory. We would 
like to consider the duality which connects these. 

The duality between R = 1 Liouville theory and the topological string theory has already been 
discussed. It is given by the B-model on the deformed conifold. Now, we apply the large N conifold 
transition here. Then the closed B-model on the deformed conifold should be equivalent to the open 
B-model on the resolved conifold (holomorphic Chern-Simons theory on CPi). In fact, this is just 
the mirror symmetry of the A-model large transition. However, note that this duality is stronger 
in the A side because the mirror of the deformed conifold on B is the s ^ limit of the A-model on 
the resolved conifold. Hence, by the mirror symmetry, the s — > limit, i.e. the nonperturbative 
part of the A-model, reproduces the partition function of the closed topological B-model on the 
deformed conifold which yields the Liouville partition function. 

Though the above statement may sound very complicated, the gist is that the Liouville partition 
function is given by the log of the U{N) group volume from the chain of dualities. By the way, 
according to the Dijkgraaf-Vafa proposal, we can argue, without resorting to the mirror symmetry, 
that the partition function of the closed string on the deformed conifold is given by the Gaussian 
matrix model (which is not the c = 1 matrix quantum mechanics). Since the usual matrix model 
is defined with the division by the U (N) volume, its log naturally gives the Liouville partition 
function. In addition, the Dijkgraaf-Vafa correspondence yields the more general matrix duals of 
the conifold deformations. It is interesting to see whether these deformations can be understood 
from the c = 1 Liouville language. See e.g P H I122j for a recent discussion on the subject. 



6.4 Decaying D-brane 

Generally, D-branes in the bosonic string theory are unstable. The on-shell description of the 
unstable D-brane has been reviewed in section |2I We would like to apply this technique to the 
branes existing in the Liouville theory. Though the method can be applied to both the ZZ brane 
and the FZZT brane, we consider the decay of the (ZZ) DO-brane here anticipating the relation 
between DO-brane decay and the rolling fermion from the top of the potential jl75j . jll4j . |207j .^^ 

^^Note that b — 1 means c = 1 in the Liouville theory, which seems to indicate the relation to the c = 1 Liouville 
theory. 

®^The exact mirror of finite s is also known I2U5| . |206| . In this case, the B-model theory becomes the matrix model 
with the unconventional measure factor, which becomes sin(Aij) after the diagonalization. 

^''However, note that the classical probe eigenvalue has been discussed in I5T1 to be described by the decaying 
FZZT brane with a special boundary parameter. See also |176| . |2U8| for a related discussion. 
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The idea is very simple. Let us assume that the decaying DO-brane boundary state is given by 
the direct product of the ZZ brane boundary state and the roUing tachyon boundary state fi3] . 
210^ : 

\B) = \B{t)) \ZZ). (6.62) 

Then the emission rate of the closed string in the one-loop approximation can be calculated via the 
optical theorem, which is given by 

/■oo 

N = 21mZcyiinder = ^\A{E)\^ , (6.63) 

where A{E) is the on-shell decaying amplitude given by the innerproduct between {E = 2P\ {P\ 
and the D-brane boundary state. 

Now, we start by constructing \B(t)). For definiteness we take the boundary tachyon profile 
as that of the half S-brane |211j . j212j . i.e. Ae^ . In order to obtain the corresponding boundary 
state, we calculate the partition function of the deformed theory with 6S = f dtXe'^ except the 
zero- mode contribution. Splitting = + X^, we have 



{l)haifs = I dx^ exp ( -Ae-'° / dte^' ) ) , (6.64) 

J \ \ J J I freeXO 

where we have assumed that this theory can be defined perturbatively. The perturbative expansion 
yields 

The non-zero mode path integral is just that of the free field, so it can be directly performed as 

/ free,X -f--': y 2 y 



e 

/ free.X 

Kj i<j 
65 



The integral over fs can be carried out |212 



^'^ dti dtn "("-!) -i-T . 2 f^i \ I ta 



2tt 2tt 



Therefore, we finally obtain 

In order to obtain {e^^'^°)halfS = (-^1-^(0)) perform the Fourier transformation, which yields 

dt ^e*^* = e-*^i°s(2-A)_!L.^. (6.69) 

l + 27rAe* sinhvr^; ^ ^ 

See also the time-like Liouville calculation 1)6.12(1 . On the other hand, the amplitude from the 
Liouville part is given by 

Al = -^isinh(2vrP)/.-^^^^|gy, (6.70) 



Alternatively, we could take the S-brane profile A cosh X'^ with the Hartle-Hawking contour, which provides the 
same result |2U9| . See also |2U7| for a discussion on the various contours and their physical differences. 

^^Making use of the Haax measure dU, we can write 1 — voic/^jv)) / ~ ^ lYli where A(i) = 

n.<, 2sin('i^' ^ 
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from the calculation in section El where we have defined the renormalized cosmological constant as 
fir = vr//o7(&^)i — > 1- Combining these, we obtain 

A = At{E = 2P)Al{P) = 2V^fe-^-^i°s(2^^)e*'^(^). (6.71) 

Note that we have reproduced the proper leg factor 6*"^*^^^ Since it is a pure phase, the emission 
rate is not affected. Now, we can calculate the emission rate and energy, 

— \const\\ (6.72) 

which diverges logarithmically in the infrared and ultraviolet. In addition, the emitted energy 
diverges linearly (because the emitted energy is given hy E = J dE\const'\^) . Note that the final 
state produced by the decay is a coherent state of the form 

1^) ^ e^"^"^^''|0). (6.73) 

If Sen's conjecture is correct, the decaying D-brane energy changes into some different form. The 
above lowest emission rate calculation indicates that it becomes closed string tachyons. However, 
the result has an apparent divergence. We will see in the following the nature of this divergence 
from the matrix quantum mechanical point of view. Anticipating the result, we will see that the 
quantum treatment of the D-brane cures the divergence. The divergence here is just from localizing 
the eigenvalue at a point, whose energy should be divergent in the quantum mechanics. 

Let us move on to the matrix model calculation. The useful picture to keep in mind is figure 
1161 The tachyon scattering is described by the collective excitation of the Fermi surface and the 
DO-brane is described by the excitation of the eigenvalue. In the later time, the decaying DO- 
brane approaches the Fermi surface and can be regarded as the fluctuation of the Fermi surface. 
This is the intuitive picture of the rolling DO-brane into the closed tachyon background from the 
matrix quantum mechanical point of view. Note that we have used here the wave packet picture 
deliberately to ensure the semiclassical picture. 

Suppose we would like to add a new rolling eigenvalue (DO-brane) to the matrix quantum 
mechanical system. From section 13 this is described by the relativistic (right) chiral fermion field 
operator (similar consideration can be done for the left part) 



iy/iT j lis — S' dr' 



3.74) 



Single fermion states are obtained by acting with the operator on the filled Fermi sea. However, if 
we consider the wave packets which have very small overlap with the Fermi sea, we can effectively 
treat them as acting on the Fock vacuum. The state ^'ij(r, t)|0) can be expanded by the bosoniza- 
tion formula (|3. 117)1 as the superposition of the incoming tachyon states or the outgoing tachyon 
states. We are interested in the outgoing expansion. Using the mode expansion H3.129|) and the 
semiclassical S matrix elements ()3.130|) . we obtain 



27r^'R(i-r + log|)|0) = exp 



1 dk 





dkf- dkne'^^''^ 

00 



^ I ^, ^ \ ^ : (at — ai., ) ■ ■ ■ (al — au ) : (5(± I fci I • • • it I /c^ I — /c) 



|0), (6.75) 
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The semiclassical description of the fermionic eigenvalue from the bosonic collective field has a small subtlety. 
See |213| for a recent discussion on this point. 
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Figure 16: (a) the scattering of closed string tachyons can be interpreted from the collective field 
perspective as the transformation of the collective in-field into the out-field, (b) the decaying 
D-brane can be regarded as the excitation of the fermion (matrix eigenvalue). In the later time 
(t oo), the excitation of the fermion can be regarded as the collective excitation of the Fermi sea 
and hence the closed tachyon final state. 
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where e*^*^'^) = — 2*'^e and t — r = — log |. The lowest term is given by 

|0). (6.76) 



exp 



l ' jem)al 



-oo 



Recalling that the collective field S and the tachyon T differs by the leg pole factor, this is the 
same final state calculated from the continuum Liouville field approach (|6.7I-{|) . 

What about the rest of the terms in the expansion? If we only keep terms with all creation 
operators, the amplitude corresponds to the disk diagrams with any number of tachyon vertex 
operators. That is to say, it describes the multi-particle decaying process. Note this is a predic- 
tion from the matrix model, and whether this amplitude can be obtained from the Liouville disk 
amplitude is an interesting open question. Furthermore, terms with both creation and annihilation 
operators have more than the inserted vertices. These terms are naturally regarded as the 
contribution of the world sheet with many boundaries. Since the closed S matrix has been treated 
semiclassically, the contribution of the world sheet with handles has not been considered above. 
For a more detailed argument, see the original paper |114j . 

Though the matrix model calculates the higher order effects, the situation does not seem im- 
proved at first sight because the emitted energy remains infinite. As we stated above, however, this 
is a wrong setup quantum mechanically. This issue has been studied in jl75j . jll4j . j214j . Actually, 
the appropriate wavefunction should be multiplied to the chiral fermion creation operator. For 
example, if we consider the definite energy state, we obtain 

I dre^^^'-^^^nit - r)|0) = J dre^^^'-^^e''^ ^ 2^^-''''-''^l^r>\o) ^ (6.77) 

which simply projects the final state onto a definite energy state. Therefore, the energy conservation 
is manifest. The lesson from here is that it is necessary to treat D-brane quantum mechanically in 
order to obtain the proper rolling tachyon energy which should be finite. 

Let us finally consider the effect of (unstable but) static DO-brane on the scattering amplitudes. 
In the matrix model language, this corresponds to the localized eigenvalue at A = 0. By the 
collective field method, the effective change in the Hamiltonian is shown to be 

H=^p'-h' + ^ + t,. (6.78) 

See |114| for the derivation of this Hamiltonian. Intuitively speaking, the extra eigenvalue (fermion) 
produces the repulsive effect which is the Calogero-Moser type. The equation of motion under the 
potential is 

# . . 2 



^A-A-^=0 (6.79) 



which can be solved exactly 




X = aJcosli^{t-a) + b, b = — 1-Wl-^ , (6.80) 



where a and a are integration constants. From this explicit solution, we can calculate the time delay 
of the scattering. Concentrating on the large (negative) A region where we can write r = — log(— A), 
the time delay between the given x and back can be calculated from the above explicit solution as 

t'-t = 2T + log (6.81) 
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Using the relation €± = it (p it A) A in the large A region, we have 



eAt + T) = ^^l-^. (6.82) 

In order to obtain the S matrix elements^^, we use the relation e_(t + r) = e+(t' — r) which 
follows from the definition of t' (i.e. at the time t' , the particle is located at A but with the minus 
momentum as opposed to the incoming particle). Then, substituting (|6.81j) and (|6.82|) . we obtain 
the non-linear relation between incoming and outgoing waves: 



e_ (t + r) = e+ (^t + r + log(^ {t + r)2 + 2)) (6.83) 

We can obtain the S matrix by expanding e as has been done in section |31 The surprising conse- 
quence is that the S matrix is modified only at the order g'^, which means that the disk amplitudes 
with any on-shell closed vertex operators are actually zero. It is an interesting open question 
whether this property can be derived from the continuum Liouville field approach. The vanishing 
of the one-point function can be explained as follows. Since the Neumann X direction forces the 
energy and momentum of the on-shell vertex operator to be zero, the vanishing property of the 
one-point function on the ZZ brane in the p — > limit makes the whole amplitude vanish. For the 
T-dualized version of this conjecture, see section (particular Iv around the equation H6.152|) ). 

6.5 2D Black Hole 

In this section, we review the physics of the 2D black hole and its relation to the Liouville theory. 
6.5.1 5L(2,R)/C/(1) coset model 

Witten |215j has discovered that the S'L(2, R)/C/(l) WZW model admits the semiclassical proper- 
ties of the 2D black hole and he proposed that a string theory propagating in this exactly solvable 
CFT describes the string theory in the 2D black hole. Here, we briefly review this string theory 
and its connection with the Liouville theory (or, strictly speaking, a certain kind of 2D noncritical 
string theory). 

To begin with, we introduce the gauged WZW model. The action for the ungauged 5'L(2,R) 
WZW model at level k is given by 

Swzw = d'zVhh'^hvig-'dagg-'d.g) + dhe'^'Hr{g-'dagg-'d,gg-'d,g), (6.84) 

where g is an element of the S'L(2,R) and i? is a three dimensional manifold whose boundary is 
given by the world sheet Riemann surface. We would like to gauge the following U{1) subgroup of 
the global symmetry of this theory g — > agb^^: 

a = b-^ = h = l + iea2. (6.85) 

To do this, we introduce a connection field Ai which transforms under the gauge transformation as 
5Ai = —die. Then we replace the ordinary derivative with the covariant derivative so that the space 



^^Alternatively we can just use the MPR formalism here. We will use this formalism to obtain the loop scattering 
amplitudes of the same model in the different context in section riO.il 
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dependent transformation e{z) becomes a symmetry of the theory. As a consequence we obtain the 
gauged action 

k f - 

S gauged = Swzw + - / z{Aiv{ia2g-^ dg) + Ati{ia2dgg-^) + AA{-2 + tv{- a2g(T2g'^))) . (6.86) 

We fix the gauge by imposing the Lorentz (Landau) gauge condition, so we demand d"'Aa = 0. 
This can be solved in the two dimension as 

A. = dX 

A = -dX. (6.87) 

Substituting this into the action and picking up the ghost action from the Jacobian of the change 
of variables from ^ to X, we obtain the following gauge fixed action 

Sgf = Swzw + ^ J (fzdXdX + ^ J (fz{BdC + BdC), (6.88) 

where the ghost system is a spin (1,0) fermion system. In addition, since the gauged U{1) is 
compact, X is compactified on the circle of radius ^/k (after rescaling the kinetic term as a con- 
ventionally normalized boson). To obtain this action, we have used the global transformation of g 

So far, the treatment has been exact in the quantum mechanical sense. However, to see the 
connection between this action and the 2D black hole, it is better to do the different gauge fixing. 
Since the following gauge fixing is semiclassical, we should understand the procedure is exact only 
in the limit A; — > oo. The gauge fixing is done by requiring the following form of the group action 

g = coshr + sinhr f smO \ (6.89) 

y sm 6 — cos a J 

After substituting this into the above action (|6.86)) and performing the Gaussian integral, we obtain 
the gauge fixed action 

S = - j (fz{drdr + tanh^ rdOdO), (6.90) 

where the determinant of the Gaussian integral has been neglected. Therefore we can see that the 
semiclassical SL(2, R)/C/(l) WZW model is equivalent to the nonlinear sigma model whose metric 
is given by 

ds^ = k{dr'^ + tanh^ rdO'^). (6.91) 

However, the consistent condition for the string background requires the one- loop Ricci flatness of 
the target space, and this metric does not satisfy this condition. To overcome this difficulty, we 
should recall the neglected determinant of the Gaussian integral over j4, which probably provides 
the dilaton background. We determine the induced dilaton background by requiring that the one- 
loop Einstein equation R^j^y = —2V^Vy<^ should hold. Then the dilaton background is given by 
$ = 2 log cosh r. Of course, the procedure stated above is valid only semiclassically and higher 
corrections are needed when k is small which may drive us from the 2D black hole description. 

By the way, to obtain the Minkowski version of the above metric, we rotate 6 as = it and 
take the periodicity for t to be infinite. Thus the Minkowski metric becomes ds"^ = dr"^ — tanh^ rdt"^ 
which indeed has a (Minkowski) black hole property after extending the coordinate system. From 
the gauged WZW model point of view, this corresponds to the gauging of the noncompact U{1) 
subgroup. Dijkgraaf-Verlinde-Verlinde |216j has studied this semiclassical equivalence quantum 
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mechanically by using the minisuperspace approximation. Though it is interesting, here we will 
not delve into the detail any further. 

Returning to the SL{2, R)/C/(l) WZW model, we try to obtain the correlation functions of the 
theory. Since the direct use of the action is inconvenient, we introduce the free field (Wakimoto) 
representation of the algebra j217j . We first introduce a (1,0) /37 superghost system and a Coulomb 
gas free boson as follows 

S= [ (fz (-d(t>d(t> + —0 + -ipBj + Pd^)] , (6.92) 
J \TT 47r vr / 



where the background charge is given by = -^zji- Using this action, we define the following 
current 

J+ = i(3 

Js = Pi + ^9(1) 

J_ = -iPj'^ -i^jd(l) + ikd'y. (6.93) 

Via the free field OPE (for our convention, see appendix I A. we can check the following current 
algebra 

z 

J3(Z)J±(0) = ±^ + ... 

z 

k 

Mz)MO) = -^ + --- (6.94) 

which indeed yield the level k SL{2, R) algebra. The energy momentum tensor of this theory can 
be calculated by the Sugawara construction (or we can directly calculate it because they are free) , 

T = -pd-f - {d(t)f + Qd'^<i). (6.95) 

The central charge is given by c = 

Now we would like to define the vertex operator in order to calculate the correlation function. 
Since S'L(2,R) does not have a finite dimensional unitary representation, there might be some 
difficulties. Requiring that the Casimir J3 and = — ^( J+ J_ + J_ J_|_) + J3 J3 have a real eigenvalue, 
we find that the corresponding vertex operator is given by 

T,Uz) = 7^— e-2Q^^ (6.96) 

where j takes the same value as in the Liouville momentum, namely j is real or j = —^ + ip where 
p is real. Furthermore m takes a real value but the available values are determined by a given j. 
For example, for j = — ^ + ip with real p, we can take any real m, but for real j, we have two 
different representations. One is the highest or lowest representation with j + m ox j — m integer 
respectively, and the other is the supplementary series with neither j + m nor j — m integer. The 
conformal dimension of this operator is given by 



'Our convention is = <ji/2, — (T2/2, — 10-3/2 and J± = Ji ± iJ2. 
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However, this is not the end of the story. While the eurrent algebra and the vertex operators 
represented by the free field indeed provide the correct OPE of the current algebra, most of the 
correlation functions turn out to be zero if we calculate the actual correlation function. This is 
because of the "momentum" and ghost number conservation from the zero-mode path integral of 
the boson and the ghost. To remedy this difficulty, we take the screening charge trick. We add the 
following term to the action 



SS 



= Q = J (fzJ{z) = J (fzppe^^'l', (6.98) 



whose weight is one and this does not spoil the differential equation which the current algebra 
should satisfy (Knizhnik-Zamolodchikov equation). This can be shown by the following OPE 

J3{z)J{w) ~ reg 
J+{z)J{w) ~ reg 



J_(^VH - (6-99) 

Inserting this term into the correlation function, (at least as long as the charge nonconservation is 
given by the integer unit) we can render them non-zero. 

Now we are ready to write down the action of the free field (Wakimoto) representation for the 
5L(2, R)/Z7(l) model. After gauge fixing by the Landau gauge, it is given by 

S= [cfz (^{da(l>f + ^^<f> + -iPB^ + m + Mppe^^^+ 
7 \47r 47r TT 

+ -^{daXf + -{BdC + BdC) + -{hdc + bdc) \ , (6.100) 

47r TT TT J 

where X is compactified on the circle of radius s/k. For this whole action to be conformally 
invariant, the total central charge should vanish, which yields the condition A; = | and Q = 2. 

The BRST symmetry of this theory comes from the diffeomorphism of the world sheet and the 
gauged U{1), whose BRST charge are given by 

QDiff = j>c{z)(Tmatter + \n)j 

Qf^W = ^ dz) (^Js + iVkdXy (6.101) 
The BRST invariance under U{1) determines the physical vertex operator as 

Vjm = 7^-"*e-2'2^''^eW^. (6.102) 



Moreover, the usual diffeomorphism BRST invariance and the compactness of X requires 

2 

^3' 



2 

2j + 1 = ±-m 



•m = — -(ni — 712/2), (6.103) 



where ni and n2 are integers. 
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At this point, we would like to see the (semiclassical) relation between this free field represen- 
tation and the sigma model whose target space is the 2D black hole. To do so we bosonize the 
P'y ghost. This can be written as /3 = idve™~'^ , 7 = e"~™. Then the vertex operator for the 
screening charge becomes V = iQye^'"-^+'^Q'i> (for the left moving part). Now, using the fact that 

[Q^W ^ B] = idv + ^d(t> + iVkdX (6.104) 

holds, we can rewrite the vertex operator for the screening charge as 

y ^ ^-u+iv^-u+iv (^Q^ ^ i^/k^X^ (^Bcj) + i^kdX^ 6^^'*' (6.105) 

up to BRST exact terms. However, since the bosonized ghost u and v always appear as the 
combination —u+iv, the both contribution cancel in every contraction of these operators. Therefore 
we can ignore the factor in practice. Then the action becomes 

(6T06) 

This action can be seen from the noncritical string point of view (recall Q = 2.) as the 2D string 
perturbed not by the cosmological constant (tachyon) but by the discrete state operator. 
On the other hand, we can regard this as a sigma model whose metric is given by 

G,, = l + ^e^«^ 

Gxx = l-Mnke^^^. (6.107) 

In addition if we introduce 6 = X + if {(/}), /'{(j}) = ^2^37 ^ ~ log cosh r we reproduce the 
semiclassical black hole metric (|6.91j) which has been introduced by Witten. We have two comments 
here. First, the last transformation needs a quantum correction. Second, the transformation to the 
sigma model is given by the "complex" transformation which seems a little bit strange. However, 
if we stick to the Minkowski signature, this is not a problem as we can see from the way i enters 
the game [2T8] . 

Let us move on to another interpretation of the 2D black hole or SL(2, R)/{7(1) model. FZZ 
|219j and Kazakov-Kostov-Kutasov (KKK) |22nj conjectured that the model is also equivalent to 
the sine-Liouville theory. We first introduce the sine-Liouville theory and show several pieces of 
evidence of this equivalence. The action of the sine-Liouville model is given by 



S= — [dh 
47r 7 



{dackf + {daXf + QR^ + 47rAe^<^ cos Vk{XL - Xr)] , (6.108) 



where = and 6 = ^ as in the above case. Similarly X is compactified on the circle of the 

radius ^/k. As in the Liouville theory Q = 2 is the critical dimension. The corresponding vertex 
operator is given by 

^^See appendix lA. II for our conventions 

^''The direct proof can be given for the supersymmetric extension of this duahty, which we wiU review in the later 
section fT^ It is also interesting to note that the claim l|6.1()6|l and l|6.1()8|l describe the same physics is the bosonic 
analog of the conjectured duality in the N = 2 super Liouville theory. See section Fl 1.21 and 112. 31 
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where, with the given integers ni, n2, m and m, the momenta are 

PL = ^ + n2Vk 

PR = ^-n2Vk. (6.110) 

We would hke to see the equivalence of the two-point functions (V^imi V^2m2) the sphere. If 
we take m = fh, the conservation law enforces mi = —m2 and ji = j2. We first calculate this two- 
point function in the free field representation. The ghost conservation, with consideration of the 
anomaly on the sphere, or the conservation of the zero-mode of (p which gives the same condition, 
leads to 

(V,-™(l)V,-_„^(0)) = /y-'^y-"^e-2«-'''^e2^™/^^^(l)7J'+'"y+'"e-2«^''^e-2^"'/^^(0) 



X M"/3/3e^'^'^(oo) 



1^ 



d'zpfSe' 



(6.111) 



where s = 2j + 1 and we have fixed three points by using the SL{2, C) invariance of the world 
sheet. Since the contribution of the be ghost is trivial, we have not apparently included. Although, 
this expression is only meaningful when s is an integer, the pole at the integer s is believed to be 
given by this expression as in the Liouville theory. Because this expression is given in terms of 
the free field, the calculation is straightforward. The result is given by 

(F,- „(1)V,- _„(0)) = (-7rM7(g2))^^(i + j _ m)j{l + j + m)sj{l - s)j{-Qh) (6.112) 

Now we concentrate on the 7(— Q^s) term. Since this term is proportional to r(l — ^ry)) it has a 
pole at 

2j + l 



1 - f-j = -n, (6.113) 

where n is a positive integer. Around the pole, the amplitude can be written as 

/V mv. (n^\ (-^Mj{^,)rT{-2j - l)r(j -m + mi +j+m) 
{V,MW^,^mm - ^ ^ _ + 2)r(-, - m)Tim - j) ' ^''^'^^ 

On the other hand, we consider the sine-Liouville calculation. Performing the path integral over 
the zero-mode of d), we obtain 



_\s'p( — s') ( e'''PLXL+iPRXR-2jQ(l>^ipLXL+iPRXR-2jQ(l> 




where s' = If we take s' to be a positive integer, there exists a pole from r(— s'). This 

is the same condition (|6. 113(1 calculated from the free field 5'L(2, R)/C/(l) model. The rest of the 
path integral is free and we can explicitly confirm that the residue at the pole is also same. 

Similarly, the match of the three-point function has been discussed in the literature j219j . j220j . 
|221j . The explicit calculation shows that they match exactly. In addition, the equivalence of the 
spectrum of the theory has been calculated there. 

So far, we have only considered the case where the integral screening charge saturates the 
violation of the charge conservation. This restriction has enabled us to calculate the correlation 
functions by using the free path integral. In more general situations, the "analytic continuation" 
which corresponds to the DOZZ formula and Teschner's trick is needed (see e.g. |221| ). 
'''"'We can explicitly see this by integrating over the zero-mode of 4>. 
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6.5.2 Matrix model dual 



Let us consider the matrix model dual of the 2D black hole which is quantum mechanically given 
by the 5L(2, R)/[/(l) coset model |22U| . The matrix model we will consider here is the direct dual 
of the sine-Liouville theory which we have discussed above to be equivalent to the 2D black hole. 
Taking Q = 2, the action of the sine-Liouville model is given by 

S = ^J(fz [{dacj))^ + {daXf + 2RcP + Xe^'f' cos ^^i{XL - Xr)\ . (6.116) 

Since we know the matrix model dual of the Liouville theory in detail, we regard the sine-Liouville 
model as the perturbation of the usual 2D Liouville theory. The perturbed action is 

S = ^J(fz ^{dacpf + {daXf + 2R(b + fie^'f' + Ae^^"'')'^ cos r{XL - Xr)] , (6.117) 

where r is the radius of the compactification circle. If we set r = 3/2 and = 0, we reproduce the 
sine-Liouville action. As usual, we can derive the exact WT identity governing the power of the 
Liouville coupling fj, and A. Shifting (j) ^ (j) — ^ log //, we observe the genus g partition function can 
be written as 

Fg = ij^-^SFjx^^-^). (6.118) 



First, we consider the unperturbed action. Then the partition function is given by the Gross- 
Klebanov formula^^ whose derivation was reviewed in section IHl 

1 / 1 \ °° 

Fifi, X = 0) = -L^^logf,--(r + -Uogf, + rJ2 f^'^''Cg{r) + 0(e-2-^) + ©(e'^-/^), (6.119) 

^ '^^ 9=2 

where the precise form of Cg{r) can be found in section IHl (see equation (|3.97j) ). The omitted term 
is the asymptotic completion of the series. 

For the perturbed partition function, the above argument for the exact WT identity suggests 
the following expansion 

Fo(A,/i) = -^/x^log/i + /x^Ao(2:) 
^i(A,/^) = (^r + ^^ogfi + Aiiz) 

Fg{X,fi)=rfi''-''3Agiz), (6.120) 



where we have defined the actual expansion parameter z = — lXfj.~ . Clearly ^^(0) = Cg{r). 
Note that the 2D black hole limit corresponds to z ^ oo, so this perturbative expansion is not 
useful (or the existence of the limit is not a priori apparent). 

The matrix model dual of this perturbed theory has been conjectured to be the twisted finite 
temperature matrix quantum mechanics. The partition function is given by 

ZAr = e^= /"pQexp(l + ATr(17 + f7-^)) / PMexp - / dt(-M'^--MA 

(6.121) 

^^The first term has an extra minus liere because of tlie Legendle transformation. Tlie string partition function 
can be obtained by reversing the sign of the first term. 
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where we have imphcitly taken the double scahng Hmit. is a Unitary matrix which represents the 
twist or the vortex in the time evolution. This matrix quantum mechanics looks complicated. For 
the actual evaluation of this matrix integral, we refer to the original paper. The net result of :22(3j 
is summarized in the following differential equation (often called the Toda differential equation) 
which the free energy of the matrix quantum mechanics should satisfy 



-4sin2(±ajF(;u,A) 



1. (6.122) 



The initial condition of this differential equation is given by the Gross-Klebanov formula. By 
solving the Toda differential equation, we can in principle obtain the perturbed partition function. 
Then we hope that the black hole limit will exist. Actually the black hole limit z — > oo exist when 
1 < r < 2, so we can find the partition function of the 2D critical black hole in this way. 

Let us see some of the limiting solutions of the Toda differential equation. First, the perturbative 
solution of the genus partition function is given by 

FoiX) = log ^ + r/.2 f; ^((r - 1)/^^-'A^)"S4^^4tTT (^.123) 

2 ^-^ n\ llnll — r) + l) 

n=l 

On the other hand, the partition function in the black hole limit is given by 

F(A, ^ = 0) = -]{2- rf{r - 1)^ - log(A^) + • • • . (6.124) 

4 48 

Relating the sine-Liouville parameter A with the black hole mass M by the formula M = X^{r- 1)^ 
which can be obtained from the comparison of the free field calculations, we have finally reached 
the matrix model conjecture for the partition function of the 2D black hole (with r = |) 

1 13 

F = --M-—logM + ... . (6.125) 

The validity of this formula has been discussed in the literature. Especially, the torus partition 
function agrees with the continuum calculation j22()j . 

6.5.3 Branes in 2D black hole 

Recently in |222j . exact boundary states of the D-branes living in the 2D black hole are proposed. 
We will review their proposal without a derivation. We have three kinds of D-branes in the 2D 
black hole (or S'L(2, R)/C/(l) coset model), namely the DO-, Dl- and D2-brane. Since we are in the 
Euclidean signature, the DO-brane means the point-like brane in the space and so on. See figure 

czi 

The one-point function (<I>nin2 is the vertex oprator introduced in ()6.102|) with the right-hand 
part) on the DO-brane is given by 

^o_^ fb^Y siuT^b^m , ^fc^tF(-j + ^)F(-j-- 



^ -"^^ '^^"^ " "^H2j V2vrsinvr62^ ^ \l) r(-2j - 1) 

sinvrft^ sin7r62m(2j + 1) F(l + 62)z.^+^ 1 
^sin7r62m sin7r62(2j + 1) r(l - 62(2j + 1)) _ -|fei^„2+'^"i"2 



(6.126) 



where \? = Q'^ = and z^b = p|^_^_^:2| have been introduced, m is a positive integer parameter 
which characterizes the nature of the DO-brane. Note the resemblance between this DO-brane and 



102 



the ZZ brane in the Liouvihe theory. It would be interesting to see whether this brane describes 
the matrix model dual of the 2D black hole which has been reviewed in the last section, just as is 
the case in the Liouville theory. 

The second brane is the Dl-brane which descends from the AdS2 brane in H3, where H3 is the 
Wick rotated version of S'L(2,R). The one-point function is given by 



r(i + j + f )r(i+j-^- 



x(e-'-(2i+i) + (_i)"ie-(2j+i))r(l + b\2j + ^ , (6.127) 

where r and 9 parameterize the Dl-brane. 

The final brane is the D2-brane which expands along the whole space. The one-point function 
is given by 

{<^n,n^z,z)), o„,oi«M l^r(j + i + ^) +r(j + i-^) ) 

(fc/2)i/4r(2j + l)r(l + b\2j + 1))^.^'+^ J , (6.128) 



X 



where the parameter a takes values in the interval [0, f (1 + b'^)]- In order to introduce two diff'erent 
kinds of D2-branes consistently, the parameter a must satisfy the following condition: 

a-a' = 2tt- — - (6.129) 

with an integer m. The physical meaning of this restriction and the nature of the parameter a 
have been studied in j222j . By studying the open spectrum stretching between these two kinds of 
branes, we can interpret m as the extra DO-brane charge attached to the D2-brane. This reminds 
us of the FZZT brane with an imaginary boundary parameter which has an interpretation as the 
superposition of the FZZT brane and the ZZ brane. However, we should note that the D2-brane 
boundary state here is not so simple as the superposition of these branes. 



6.6 Nonperturbative Effects 

The matrix model calculation gives not only the perturbative string coupling gg expansion of the 
Liouville theory, but also (one of) its nonperturbative completion(s). This is because the matrix 
model calculation yields a finite answer while the expansion in Qs or is only the asymptotic series 
and not convergent. In this section, we would like to show that the nonperturbative contribution of 
the matrix model comes from the ZZ brane in the continuum approach |224j . j225j . This strongly 
supports the general observation that the D-brane plays an important role in the nonperturbative 
effects of the string theory. It also suggests that the nonperturbative completion by the matrix 
model mnmHI, Hini is very plausible. 

To see the nature of the nonperturbative effects, we take c = model for simplicity. The matrix 
model prediction is summarized in the Painleve I equation 

u\^,) - ^u"{fx) = fi, (6.130) 

^''in the dual sine-Liouville model, some results on the possible brane solutions have been obtained in (228) . where 
W algebra plays an important role. 
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DO-brane Dl-brane 




Figure 17: The branes in the two dimensional Euchdean black hole. 



where we are using the convention which corresponds to filling the only half side of the Fermi surface. 
The string partition function is given by Z"{^) = —u{fi), where fi is related to the coefficient of the 
Liouville potential up to a multiplicative normalization. This equation has an asymptotic solution 
u = y/Jl + • • • , but it is not unique. Let us take another solution u which is different from u but 
has the same asymptotic behavior. Then the difference between the solutions e = u — u satisfies 
the differential equation e" = 12ue. Substituting the asymptotic form of u, we obtain 

-=rV^+..., (6.131) 

where r is a parameter which expresses the nonperturbative effects. In this case it is given by 
r = — 2\/3. Thus the nonperturbative effects can be written as 



3^3 



er^e-—''\ (6.132) 

On the other hand, considering the instanton effects of the D-brane, we find the nonperturbative 
correction can be written as e ~ e^*''* from Polchinski's combinatoric argument j23()j . Comparing 
these, we find the prediction for r, which is given by 



ati _ _ati (6.133) 



-'disk 



The important point from the calculational perspective is that this combination does not depend 
on the multiplicative normalization of /i. 
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However, since it depends on the overall normalization of the partition function (because the 
denominator is square root and the degree is different from the numerator), it is more desirable 
to compare this factor with the theory which has a sequence of parameters. Fortunately, the 
prediction of r from the multi-matrix model which corresponds to the 2D gravity coupled to the 
unitary minimal model is known. For the pth minimal model whose central charge is c = 1 — ^j^^pjy, 
the parameters which show the nonperturbative ambiguity of the partition function are known |228j 
to be labeled as 

?'m,n = -4sm sm — — , (6.134) 

p p + 1 

where m and n are positive integers. Let us compare this result with the Liouville theory. 

Since the source of the nonperturbative correction is supposed to be D-branes, we first consider 
the contribution from the D-brane in the minimal model. The D-branes in the minimal model are 
well-known |167j and correspond to the boundary states labeled by two positive integers (m,n), 
whose disk partition function is given by 

I sin ^ sin 

^ (6.135) 



sm p sm ^ j 



1 5 
2 



respectively. 

Next, we consider the disk contribution from the Liouville direction. The candidate brane is 
the ZZ brane. The ZZ brane also has two positive integer parameters (m,n). However, the brane 
which contributes to the leading nonperturbative effects is only the basic (1, 1) brane in hindsight. 
Whether the other branes contribute to the higher correction or not is an interesting question which 
requires a further argument.''^ In any case, the contribution from (1, 1) brane is 

d 

-Q^Zdisk = Zm,n X (6.136) 

To calculate this quantity, we need the unnormalized one-point function which is not divided by 
(1). From the result in section |S1 we find 

where C is a constant which we will determine by comparing it with the matrix model calculation. 
Substituting the actual form, we obtain 

Now, we move on to the calculation of the numerator. This is essentially the two-point function 
on the sphere (V{,Vb) sphere- To avoid the subtlety concerning the SL{2, C) gauge fixing, we first 
calculate the three-point function and then we integrate the result by —fi. The three-point function 
is given by the DOZZ formula, 

(VbVbVb) sphere = b'^ [tT fi]'-' [j{b')r' j{2 - fe-^). (6.139) 

Integrating this, we obtain 

{VbV,)sphere = [vr^7(&')]'"-S(6')7(l " (6-140) 
1 vro 



'As we will see later, at least the (l,n) branes contribute to the c — 1 Liouville theory. 
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Combining these results, we can calculate r from the continuum theory, which is given by 



TTm vrn 

rm,n = -2Csm sm — — . (6.141) 

p p + l 

If we have taken C = 2, this reproduces the matrix model prediction. Note that it is nontrivial 
that C does not depend on p, n, and m. 

We next consider the nonperturbative effect for the c = 1 Liouville theory. Following j224j . |225j 
we consider the sine-Liouville perturbation of the Liouville theory which is given by the action 

S = ^ j cPz \^{dacl)f + {daXf + 2R(I) + iie^^ + Ae^^"^)-^ cos R{Xl - Xr)\^ , (6.142) 

where R is the world sheet curvature and R is the compactification radius. As has been studied in 
the last section, the partition function is given by the solution of the Toda differential equation 



2' 1 



-4sin^(-5^)F(^,A) 



1 (6.143) 



whose initial condition is given by the Gross-Klebanov formula (|3.97|) . Note that the Gross- 
Klebanov formula admits nonperturbative effects of order 0{e~'^'^^) and 0{e~'^'"^^). Let us consider 
the effect of A perturbation for these nonperturbative effects. Interestingly, the A correction to the 
first kind of nonperturbative effects is actually none. This is because the nonperturbative correction 

AF = ^ C^e-^'^"^ (6.144) 

n=l 

provides an exact solution of the full equation (|6.143j) . Thus this kind of correction is not modified 
by the A perturbation. On the other hand, the second type nonperturbative effect has a A correc- 
tion. To see this, consider the non-perturbative correction e(p,,y) ~ e~^^^y\ where y is the actual 

2 2 

expansion parameter y = /i(Av^ — l)«-2 = z«-2. Substituting the asymptotic expansion and the 
nonperturbative correction e(/i, y) into the Toda differential equation (|6.143|) . we obtain the form 
of the nonperturbative correction f{y). Setting the initial condition lim;s^^o fkiv) = ^irRk, we find 

/fc(y) = 2TTkR + 4sin(7ri?A;)/i"^A + • • • . (6.145) 

Can we interpret this nonperturbative effect from the continuum Liouville point of view? The 
answer is yes. Actually, the kth correction comes from the (1, k) ZZ brane. The matrix model 
prediction for the quantity r is given by 



Tk = 6.146 

V- log/i 

On the other hand, from the Liouville analysis, the disk partition function for the X boson is given 
by 

ZNeumann = 2-^/^VR (6.147) 

and the disk one-point function of the Liouville theory is given by 



(V'i(0))i,fc = -lirnA;^^^^. (6.148) 
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The two-point function in the denominator can be calculated as 

Combining all these factors, we reproduce correctly. We can also compare the 0{X) term. To 
do so, we first define the dimensionless quantity p as 

Pk = lim M^E^. (6.150) 

Then the matrix model calculation predicts p = —2^/2sm{k7rR). On the other hand, the Liouville 
counterpart is given by 

{cos{R{XL-XR)))x{V,_n)^l,k) 

(6.151) 



-{cos{R{Xl - Xii))V^_R cos{R{Xl - Xr))V^ 

— H) sphere 
2 2 

Straightforward calculation reveals that this reproduces the matrix model prediction correctly j224j . 

We have two comments in order. First, the same nonperturbative effects could have been 
obtained by the {k, 1) brane instead of (1, fc) brane, for there is no difference between them when 
6 = 1. Whether {k,l) brane makes sense quantum mechanically (of course not semiclassically) 
is an intriguing question. Second, the nonexistence of the A perturbation in the (l,A;)x Dirichlet 
boundary nonperturbative effect (D-instanton correction) predicts a remarkable property of the 
disk amplitude, i.e. 

[ d^ze^'^~^^'f'cos{R{XL- Xr})) ) =0. (6.152) 

J ) I {1, 1) X Dirichlet 

Though this is trivial when n is odd, it is a nontrivial statement even for n = 2. The T-dual version 
of this statement is that the closed tachyon scattering amplitude on the (1, A;) disk is zero, which 
we have addressed in the previous section l6^ as a conjecture. 

6.7 Branes and Riemann Surfaces 

In this section we closely follow the discussion of |67j . and we review their interpretation of the 
FZZT branes and the ZZ branes in the Liouville theory coupled to the minimal model ("minimal 
gravity") as certain integrals over the degenerate Riemann surfaces. 

To begin with, let us review the ground ring structure of the {p, q) minimal gravity (see also 
j231j . Very recently j232j has discussed the boundary ground ring structure). The tachyon is 
defined as an on-shell vertex operator: 

Tr,s = CC^r,sVf3^,,, (6.153) 

where ^r,s is the minimal model (r, s) primary operator and Vg^^ = e^^'''"'^ is the corresponding 
Liouville dressing whose Liouville momentum is given by 

p + q-rq + sp (R^r,A\ 
2Pr,s = ^ , rq-sp>0. (6.154) 
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The ground ring structure is given by 

Or,s = Hr,sHr,sQr,s, (6.155) 

where 0r,s = $r,sK»rs '^^d Hr^s is defined in H4.46() . It is easy to see that the Liouville momentum 
of Or,s is given by 

p + q-rq- sp i k«n 

2ar,s = ■ (6.156) 



The ring structure can be summarized as follows (see IB7_ for a derivation, but in principle we can 
calculate them from the Liouville and minimal model OPE). Set the fundamental objects x and y 
as 

X = ;r^0i,2, (6.157) 

where we have normalized the dual cosmological constant as fl = fx^^^^ = ^'^^^ which is slightly 
different from the other part of this review. Then the ring elements are expressed as 

q{r-\)+p(s-l) , , , , , , 

Or,s = Ur-l{y)Us-l{x), (6.158) 



and the relations 



U,-iix) = 

Up-i{y) = 0, (6.159) 

where Ur^i{cos9) = ^^^^P are the Chebyshev polynomials of the second kind. It is important to 
note that the tachyons form a (nonfaithful) module under the ring structure (see also section . 
which means 

Tr,s = fi^-'Or,sTi,i = fl'^^^V^Ur-l{y)Us^l{x)Ti,l. (6.160) 

Since there are only (p— l)(g — 1)/2 tachyons in contrast to {p—l){q — l) ring elements, the following 
additional condition on the module exists, 

(C/,_2(x) - C/p_2(y))T,,, = 0. (6.161) 

It is easy to see that the condition (|6.161j) with the condition (|6.159|) is summarized as 

(T,(x) - Tp{y))Tr,s = 0, (6.162) 

with the Chebyshev polynomials of the first kind Tp{cos6) = cos{p9). 

The next ingredients are branes in the minimal gravity. The FZZT brane in the minimal gravity 
is written as 

\a-k,l) = Y, r dPcos{2nPa)^^^^^p£^Mff^\P)\k',l'). (6.163) 
i^,i^,J~oo y/ S{1,1; k' ,1') 

Here, the wavefunction ^{P) and S{k, I; k' , I') are given by 



^(P) = ^,b'^ nl + 2^Pb-^)T{l + 2iPb) 

S{k,l;k',l') = (-l)'=''+fc''sin(^)sin(^), 

q p 



(6.164) 
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and \P) are the Liouville Ishibashi states and \k,l) are the minimal model Ishibashi states. These 
branes are actually not independent. We can show (GTj that 

= > cjH — (6.165) 



holds up to BRST exact states, where {m',n') runs over 

m = -{k-l),-{k-l) + 2,--- ,k-l 

n' = -(/-l),-(Z-l) + 2,--- ,/-l. (6.166) 

The ZZ brane is subtler because of the rationality of 6^. Particularly, for the higher degenerate 
ZZ branes, we should be more careful about the subtraction of the degenerate module (see e.g. |58j). 
for the subtraction done in section is now overcounting. The careful analysis shows, however, 
independent branes can be labeled by the degenerate states label l<m<p— 1, 1 < n < q — \ 
with mq — np > as in the usual ZZ branes. They call these (p — l){q — l)/2 branes as principal 
ZZ branes. The explicit boundary states can be written as 

\m,n) = Y,[ dPsmh{'^^^^)smh{2TTnPb)'^*{P)^yS{l,l-,k',l')\P)\k',l'). (6.167) 
k',i' -^""^ 

It is also interesting to note that the principal ZZ brane has the following one-point functions for 
the ground ring operator: 

{Or,s\m,n) = Ur-i (^(-l)"cos^^ Us-1 (^(-l)'"cos^^ (l|m,n), (6.168) 

which is consistent with the ring multiplication rule and shows that the principal ZZ branes are 
eigenstates of the ring generator 

x\m,n) = Xm,n\nT-,n') = ( — 1) cos \m,n) 

Trmq 

y m, n) = ym npi, ra) = (— 1) cos m, n). (6.169) 

P 

With these preparations, we can state the following geometrical interpretation of the FZZT 
branes and the ZZ branes in the minimal gravity proposed in [HZj (see also |161j ). With some 
rescaling of the cosmological constant, we can easily show from the result in section |S1 that the 
partition function on the disk with the FZZT boundary condition satisfies 



d^gZ = y/icosh ^vrcjw- 

l^B = v^cosh ^na^J^^ . (6.170) 

This equation can be rewritten as 

F{x,y)=Tg{x)-Tp{y)=0, (6.171) 

d Z 

with X = ^ and y = . The equation H6.171|) defines a degenerate Riemann surface whose 
singularities are located at {p—l){q — l)/2 distinct points. Surprisingly, the singularities are located 
just at the positions of the principal ZZ branes (|6.169|) . 
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The disk partition function of the FZZT brane and the ZZ brane now have a geometrical 
interpretations on the degenerate Riemann surface H6.171|) . The FZZT disk partition function is 
given by 



Z{^ib) = / ydx, (6.172) 



which follows directly from the definition of x and y. On the other hand, the principal ZZ brane 
partition function is written as 

Zm,n = fi'^ i ydx, (6.173) 

where Bm,n is a cycle through the singularity {xm,n,ym,n)- This is the direct consequence of the 
relation (15.741) and the above FZZT brane's result. 



6.8 Literature Guide for Section 6 

The observation that the matrix model dual of the Liouville theory is the holographic dual of the 
ZZ brane is first made in and it is further developed in [SJ, |176j . jl75j . The connection with 
the string field theory is emphasized in jl77j . jl78j . On the other hand, the Kontsevich matrix 
model is proposed to be dual to the open string field theory of the FZZT brane in the c = — 2 
theory in [H21- In |122j . the equivalence of the description from the double scaling matrix model 
and the Kontsevich matrix model is studied from the topological string perspective. 

The time-like Liouville theory is studied in |185j . |186j . |189j . The relation between the 

topological string theory on the conifold and c = 1 Liouville theory has been studied in jll7j , jl95j , 
|196j . The decaying D-brane in the two dimensional string has been studied in |175j . |114j . |2n7j . 

uni, nnn. 

The string theory on the two dimensional black hole has attracted much attention not only 
because the theory is tractable but also it is a good toy model to understand the physical properties 
of the quantum black hole. After the seminal work by Witten j215 '. much work has been done on 
the subject including ^T^, 1233], EIZl, [231, I23S1, 12111, M, For a review, see e.g. [23ZI, 

j238j . j239j . |24L)j . On the matrix model dual side, the contribution of the non-singlet sector has 
been studied in |l()8j . |l()7j . j241j . and the connection with the gravitational sine-Gordon model has 
been studied in j242j . j243j . While the conventional Liouville theory is not a two dimensional black 
hole as we have seen in the main text, |244j has discovered that the two dimensional topological 
black hole {M = 2 twisted S'L(2, R)/C/(l) model) is equivalent to the conventional c = 1 Liouville 
theory, which also reveals the topological nature of the c = 1 Liouville theory. 

The parent theory of the two dimensional black hole is the S'L(2,R) WZW model, which is 
closely related to the AdSs. Since the string theory on AdSs is related to some CFT2 from the 
AdS/CFT correspondence, there have been many studies on the subject (note that unlike in the 
AdSs case, we do not necessarily have the R-R flux background, so the string theory is more 
manageable). Some references are |21S], M, |21ZI, M, M, M, [221], M, M, M, 
I2SS1, UMI, I2SZ1, USE], HHH, UnOl- The brane in the AdSs has been studied in [211], [212], 

[203], mi- 

The study of the D-brane decay from the boundary CFT was initiated by Sen [331 11791 12641 . 
More detailed discussion on the D-brane decay can be found in |265) , [266' , '267' , "2111 , |268j , [212] , 

[SS], [2M], [210], [211], [2Z2], [213], [211], [^, [211], [213, [HH], [229|, [2HI], [2H2], 

[283] . [283] . [Tm] . [285] . [286] . [287j . [288] . 

Other topics which we have not covered in the main text include 
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• The time dependent two dimensional background from the matrix model point of view, j289j . 

po] . uni], [Ml- 

• The application of the recent development of the Liouville theory to the quantum Riemann 
surfaces, [Ml, M, M (see also [223, M, M)- 

• The application to the three dimensional quantum gravity, j3UUj . |3Ulj . 

• A nonperturbative formulation related to Gromov-Witten and instanton theories, j3L)2j . j3L)3j . 



Part II 

Supersymmetric Liouville Theory 

The Part II of this review deals with the supersymmetric extension of the Liouville theory. In this 
part a' = 2 unless otherwise stated. 

7 J\f = 1 Super Liouville Theory 

In this section, we discuss the M = 1 supersymmetric extension of the Liouville theory focusing on 
the bulk physics. The organization of this section is as follows. 

In section 17.11 we review its basic setup and the properties of the theory as an SOFT. In 
section ESI we obtain various bulk structure constants of the theory including two-point functions 
(reflection amplitudes) and three-point functions. In section 17.31 we derive the torus partition 
function of the c = 1 (two dimensional type noncritical) string theory. 



7.1 Setup 



The M = 1 super Liouville theory can be introduced by the quantization of the two dimensional 
supergravity 30-^, j3n5j as we have reviewed in appendix IB. II 
Its action is given by 



1 



(fzdedOD^D^ + 2i/i / d^zd9d9e 



3* 



+ 2ifj, 



d^z 



ibFe^'f' + h^^ije^ 



(7.1) 



See appendix l A. 21 for our superfield notation. After eliminating the auxiliary field F by the equation 
of motion, we have 



int 



(7.2) 



Note that eliminating F introduces contact terms in the correlator. In practice, however, we can 
simply neglect contact terms such as : e'"^ in general correlators jlllj . j3()6j . j3()7j . Therefore as 
long as we stick to the superconformal properties at every step, we do not need to take care of the 
contact term problem for the time being (in any case, we do not have any chance to use the : e^*^ ■? 
term below). 

Although the relation Q = h + \/b has been confirmed in the superfield formalism in appendix 
IB. II we would like to check it again in the component formalism here. To see this, let us calculate 
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the conformal dimension of the interaction term and confirm that it is a marginal perturbation. 
For the weight of the iptpe'"^ term to be (1, 1), we demand 



2 2 V 2 2 



which leads to Q = 6+1/6. Recall that we use a' = 2 notation here in contrast to the bosonic case 
in part I of this review. On the other hand, the dimension of : e'"^ :^ becomes 

A(: e^^ :2) = 2^ (| - ^) 2, (7.4) 

which is also (1,1) if we take Q = 6 + 1/6. It is important to note that the normal ordering is 
necessary to obtain this result correctly. 

The stress energy tensor and the super conformal current of this theory is given by 

T = -^{d(j)d^-Qd'^(t> + i;d'ip) 

G = i{ipd(l}-Qd^), (7.5) 

and its central charge is c = |c = | + 3Q^. 
The super conformal algebra is written as 

[L,n, Ln] = {m- n)L,n+n + J^i'^^ " m)Sm-n 
{Gr,Gs} = 2Lr+s + ^{4.r^ - l)6r,-s 

[LmjGr] = ^ Gm+ri ('''•6) 

where r, s takes an integer for the Ramond algebra and a half integer for the Neveu-Schwarz algebra. 

Let us move on to the operator contents of the super Liouville theory. For the primary states 
of this theory, we introduce the following notation. For NS-NS primary operators, we have just 
Va = e"*^ whose weight is Aq = ^{Q — a). To construct R-R operators, we first introduce the left 
and right spin operators (we follow the notation of |3U8j ^ as 

^(.).^(o) - ^"^'^ 



2 

^^mm - (7,7) 

Then we define the left and right part of the R operator as follows 

e± = a±e"<^(z) 

e± = a±e"<^(z). (7.8) 

The R-R operator itself is defined as 

Q'f{z,z) = a'a'e''^{z,z), (7.9) 

where e and e take either + or — . Let us assume here that and commute with fermions and a~ 
and a~ anticommute with fermions. Then commutes with fermions and O^^ anticommutes 
with fermions. 
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In the free case (// = 0) , the normahzation of the spin field is given by 

{a^^{z)a^^)free = i\z\-'/\ (7.10) 

while other correlators vanish because of their grassmannian nature. Then the dimension of the 
R-R operator Qa'^{z, z) is jq + ^{Q — a). 

As in the bosonic Liouville theory, the vertex operator which has the same dimension has to be 
identified. Anticipating the result of the next section, we have 

ee-ef = D{a)eQ^_-:, (7.11) 
where the reflection amplitudes D(a) and D{a) can be obtained from the two-point functions 

{VaMWaM) = \Z12\-^^''^[S{P1+P2)+D{ai)d{pi-P2)] 

i{Qt^izi)@^H^2)) = {etH^i)Qt^i^^)) = \zi2\-''^"^-'/'D{ai)6{p,-p2), (7.12) 

with the standard Liouville momentum notation a = ^ + ip. 

In order to make use of the (supersymmetric version of) Teschner's trick, we need to know the 
degenerate operators in this theory. The supersymmetric version of the Kac formula |,S()9j . j^lOj . 
j311j states that the degenerate operators appear if and only if the condition 

ara,n = ^{Q - mb - nb~^) (7.13) 

satisfies. In addition, for R operators, m + n must be odd and for NS operators m + n must be 
even. The simplest and trivial example is (1, 1) degenerate operator, namely NS identity. The first 
nontrivial and most useful degenerate operator is the (2, 1) degenerate operator, which is given by 
the R operator ^ . It satisfies the following equation 

[l-i - ^J^G_iGo) e\ = 0. (7.14) 

In the later sections, we heavily utilize this operator to derive the various structure constants as 
we have done in the bosonic Liouville theory. 

7.2 Bulk Structure Constants 

In this section, we review the derivation of the supersymmetric counterpart of the DOZZ formula. 
That is to say, we derive the various three-point functions in the super Liouville theory. The 
formula has been proposed in j312j and j313j by using different methods. The former uses the 
analytic continuation of the pole structure as in the original derivation of the DOZZ formula which 
we have reviewed in section 14.11 and the latter uses Teschner's trick which we have reviewed in 
section U3J Here, we follow the argument given in |3n8j in which Teschner's trick is used. 

First, we derive the two-point functions (or reflection amplitudes). In this simple setup, 
Teschner's trick works quite well and we can learn the basic strategy which we will repeatedly 
use. For this purpose, we assume that the OPE between the (2, 1) degenerate operator ©^^2 ^^'^ 
a general primary operator yields just two primary operators 

®tt/2Vo. - c^e:\/2 + C-e-^^,/2- (7-15) 
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As in the bosonic Liouville theory, we can determine C+ and C_ via the free field method. We 
have C+ = 1 because there is no need for the perturbation. On the other hand, we need one super 
Liouvihe insertion to calculate C_ as 



C- = (eQ:„„,/2(oo)e++2(0)l^,(l) j dh[-2i^^b^i;^e''^{z)])free 

= /,vr62^(^h(l-6a)7(6a-^), (7.16) 
where we have used the formula HA.13|) and the free field correlator for the spin field^^ 

(a±±(zi)aT^(z2)^^(z3)>/ree = (zi)^^^ (Z2)#(z3)>/ree = ^ 1^12 1 1^13^23 1"' • (7.17) 

Similarly with the more general spin, we have 

Substituting the reflection property (|7.1H1 . we obtain the following functional relations 

D{a) = C-{a)D(a + b/2), D{a - b/2) = C^{Q - a)D{a). (7.19) 

With further assumptions, i.e. the unitarity and the b — > b^^ duality, the solution of the above 
functional relations is uniquely fixed as 

bQ^^Q^ r(6(a-f))r(6-i(Q- f)) 



D{a) = -(/ivr7(— )) ^ 



2 r(-5(a-^))r(-6-i(a-^)) 
Dia) ^ (,.,(^))^^(f + ^("-p(f + ^"(-p. (7.20) 

^ r(i-6(a-§))r(i-6-i(«-f)) 



We can obtain the same functional relations, hence the consistency check if we consider the degen- 
erate OPE with general R-R operators. For example, we have 

~ C+{a)^i;V^_,/2 + (7.21) 

where the structure constant is given by 

C+ = I 

C_ = 2^^vr627(^)7(^-6a)7(-y + 6a), (7-22) 

which can be obtained from the perturbative calculation. 

Now that we understand the basic strategy for using the supersymmetric extension of Teschner's 
trick, our next task is to obtain various three-point functions. The relevant three-point functions 
we would like to determine are 

{Va^Va^Vas) = Ci (oi , 02 , 03) , i^ai^t^Qt^) = Ci{ai; 02, as) 

-aliljjIpVaiVa^Vas) = C2 (oi , 02 , "3) , {yai&t^&tt) = (^2 (oi ; 02 , 03) , (7.23) 



^Note that if we had taken other spin components in the second term in the OPE, would be zero. 
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where the obvious conformal factors are omitted. 

To utihze Teschner's trick, we introduce an auxihary four-point function {VasVa2&~^t&a^)- 

Evaluating it in various channels and comparing the results, we obtain the functional relation 
between structure constants. 

By using the QQ OPE as in (|7.21|) . the four-point function is given by 

+ (7_(ai)C7i(ai + 6/2,a2,a3)|G2(Q-ai,a2,a3;??)P, (7.24) 
where rj = jg ^j-^g cross-ratio and the conformal factors are omitted for brevity. G,- are deter- 

' ^03221 •' 

mined from the superconformal property and the differential equation for the degenerate operator 
whose explicit form is given in the original literature j312| . [3U8j (essentially the hyper geometric 
function). C±{a) are calculable from the free field method whose actual value is given in (|7.22|) . 
To obtain the functional relation, we use the crossing symmetry condition which fixes the relative 
factor in front of the Gi independently of the OPE argument. Requiring these''^, we obtain 

1 C+{ai)C2{ai -b/2,a2,a3) ,^25) 
(ai - V2)2 (5_(ai)Ci(ai + 6/2, 02, as) ■ 

where the crossing symmetry condition states 

P = -{^ + ibpi)~^j{^-ibpif 

3 ib 3 ib 

7(^ + -^{Pl +P2+P3)h{^ + — (Pl +P2-P3)) 

X 7(^ + ^(Pi -P2 +P3))7(^ + ^(+?'i -P2 -Ps)) (7.26) 

In addition, taking another auxiliary four-point function (V^g Vo,2 0~'~'tOaj^) into consideration, we 

^2 

have another functional relation which states 

ryf ^ 1 C'_(ai)C2(ai + 6/2,02,03) 

P{pi -pi) = — — TTaTT^ — ^777 rj:, 7- (^-^7) 

(2Q - 2ai - by C+(ai)Ci(ai - 5/2, 02, 03) 

Now we can solve these functional relations by further requiring the b ^ b^^ duality. The results 
are 

bQ,,i-bA^^^ T^s(0)Tjvg(2ai)TjV5(2a2)Tjvg(2a3) 



Ci = fnT-f{—)b 



2 / T Ns{oil+2+3 — Q)'^ N 3(0:1+2-3)'^ N 3(0:2+3-1)'^ NS (0^3+1-2) 

C, = i ( ^n'y{^-9-)b^-A 2T^g(0)T^5(2ai)T^5(2a2)T;v5(2a3) ^^ ^S) 

\ 2 J Ti{(ai+2+3 - Q)Ti?(ai+2-3)Trij(a2+3-i)TK(a3+i_2) ' 

where the notations Tn3{x) = T(f)T(^), Tr{x) = T(^)T(^^) and ai+2-3 = ai + a2-a3 



have been introduced as in 

Similarly we can take the VQ OPE to calculate the rest of the structure constants. 

{VasVa2@~^t &ai) ~ C+ (q!2)(7i (03 ; 02 - 6/2, Oi ) | i/i (tti , 02 , "3; 1 " f/)P 
2 

+ C-{a2)C2{a3; 02 + b/2,ai)\H2{ai,Q - 02,03; 1 - r/)P, (7.29) 



^''We consider the r) ^ l/r) transformation and require that the cross term vanish as in the bosonic case. See 
section 14.31 
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The ratio of Ci and C2 is determined from the crossing symmetry, so we have a functional relation 
which is similar to ()7.25|)()7.26() . Solving these functional relations, we obtain 




b 



b 



^^^("1+2+3 — Q)'^ Ns{oil+2-3)'^ R{oi2+3-l)'^ Ns{o:3+l~2) 




(I7.2<S|) and (|7.3()|) are the final form of the supersymmetric analog of the DOZZ formula. 
7.3 c = 1 Torus Partition Function 

In this section, we calculate the torus partition function of c = 1 super Liouville theory UH]- In the 
later section we calculate the same partition function from the matrix quantum mechanics and 
compare the results. 

Generally speaking, the fermionic string theory needs a proper GSO projection to become a 
modular invariant string theory. In the c = 1 string, the basic GSO projection is the type OA and 
the type OB theory, whose spectrum is given by 



where it denotes allowed (left and right) fermion number (—1)^. We could also imagine two 
dimensional type IIA and type IIB theory. However, they project out tachyon, so the super Liouville 
potential is impossible in these theories and we will not consider them here. 

The space-time physics of these type theories is as follows. In the type OA theory, we have 
an NS-NS massless tachyon and two (nondynamical) R-R vectors.'''^ In the type OB theory, we 
have an NS-NS massless tachyon and an R-R scalar (actually, it is the combination of selfdual and 
anti-selfdual scalar potential). 

The world sheet description of this system is c = l,b = 1 super Liouville theory and the free X,x 
superconformal theory which provides the (Euclidean) time direction. Let us calculate the torus 
partition function with X compactified on the circle of radius R. As has been done in the bosonic 
theory, we ignore the nontrivial density of states in the super Liouville theory and concentrate on 
the singular part which is proportional to = — -^log//.^^ For the three even spin structures 

(r, s) = (0, 1), (1, 0), (1, 1), where (r, s) represents the spin structure (e*'^'", e"^'^), the contribution 
from the free field X,x is given by 



where D^^s is the corresponding fermionic determinants divided by the square root of the scalar 
determinant and ,^ g-Sm^n given by the momentum and winding summation of the zero-mode 

^^The constant flux background is possible. However, as is shown jl6J , only one kind of R-R vectors can yield the 
flux background. Moreover, the charge is quantized in this case, as we will see in sectional In this section, we only 
consider the case where no flux is introduced. 

^*The Liouville volume factor for the supersymmetric Liouville theory is times that of the bosonic Liouville 
theory This ^2 is necessary to obtain the correct matrix model result, but the physical nature of this factor is 
not clear to the author. 



type OA : 
type OB : 



{NS-,NS-) e {NS+, NS+) e {R+, R-) © {R-,R+) 
{NS-, NS-) © {NS+, NS+) © (R+, R+) © {R-, R-), 



(7.31) 




(7.32) 
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where we have performed the summation over (m, n) and integration over r as has been done in the 
bosonic Liouville theory. Note that all oscihator summations are canceled in the two dimension. 

However, this is not the end of the story. We have to deal with the odd spin structure sector. 
In the higher dimensional theory, we have simply set its contribution zero because of the supertrace 
over the Ramond sector. In the two dimension, in contrast, we have g owing to the superghost 
zero-mode. Anticipating the results, its contribution is 



where it corresponds to OA and OB respectively. Before giving its proof, we consider the physical 
implication first. The part of the partition function which is proportional to l/i? corresponds to 
the coefficient of the free energy of the theory. '^^ This part of the free energy (per unit volume) 
just counts the propagating degrees of freedom in the free theory, so the coefficient in the type OB 
should be double that of the type OA or bosonic theory as we can verify by adding H7.34() to 1)7. 33() . 
In addition, we can check that the T-duality holds with this odd spin structure contribution. The 
whole partition function is 



We can easily see that R a' /R exchanges these theories with each other. 

Now, we provide the proof of the 1)7. 34() following the method 1 in ^Bj. An alternative derivation, 
which we will not discuss here, is also given there. We have four bosonic zero-modes 7,7,/?, /? and 
four fermionic zero- modes X) V') V'- The geometric nature of 7, 7 is the covariantly constant spinor 
and that of ^, ip is the conformal Killing spinor on the torus. Therefore we expect that these zero- 
modes precisely cancel with each other. On the other hand, the P and (3 zero-mode is related to 
the gravitino freedom which is not fixed by the superconformal gauge in this odd spin structure 
sector. As in the b field case, we absorb this factor by inserting the left and right supercharges 



Note that the insertion of this operator does not depend on the position z 01 w after integrating over 
the moduli. Now that all fermion zero-modes are absorbed, we can calculate the odd spin structure 
contribution to the partition function. The remaining nontrivial contribution is proportional to 




(7.34) 




(7.35) 



G{z)G{tB) = {xdX(z) + ipd(l){z) - 2dib(z)){xdX{w) + i;d^{tB) - Idtpiw)). 



(7.36) 



{dX{z)dX{tlj)), 



(7.37) 



The free energy and the string partition function is related via the relation: F — —TZ, T — j:^- 
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where the path integral is X field only. Setting w = z and integrating over z, we have 



Zodd oc ( I <fzdX{z)dX{-z))x = ~ ^^log/^ [v^^Rj^ ^""^^ 



(7.38) 

The proportional factor can be fixed by the physical consideration as above. 



7.4 Literature Guide for Section 7 

The super Liouville theory has been studied for decades and the earlier references on the subject 
include [HI, EE], EH, EIZl, |SIH], Eini, M, IHSU, IH2H]. As we have discussed in 

the main text, the basic structure constants which are analogous to the DOZZ formula have been 
proposed in 13121 and j313j . The partition function for the super Liouville theory has been studied 
originally in (324) . which is reviewed in jlHj . 

8 Branes in = 1 Super Liouville Theory 

In this section, we review the properties of the branes in the M = 1 super Liouville theory. The 
organization of this section is as follows. 

In section ISTTl we review the basic setup and discuss the classical boundary condition and the 
Ishibashi states which become the building blocks of the boundary states. In section l8?2l we derive 
the super ZZ brane states and discuss their properties. In section 18.31 we derive the super FZZT 
brane states and discuss their properties. In both cases, we mainly focus on the modular bootstrap 
method. We also use the conformal bootstrap method with Teschner's trick to check the results, 
but the detailed calculations are left to the original papers. 

8.1 Setup and Preparation 

We consider the super Liouville theory on the world sheet with boundaries. For simplicity, we 
concentrate on the super Liouville theory on the disk. The bulk action is given by 



S = — \ (tz\ d4)d4) + + V^V' + i^di) - F 

+ [21^1 j d'^zibFe'"!' + ^VV'e 
This action is super symmetric up to the boundary term: 



/oo 
dxiCL\g + CL\e)\y=o, (8.2) 
-00 



where we have taken the upper half plane as the world sheet with a boundary. To preserve some 
supersymmetry, we should add the boundary action: 

/oo 
dxL\g^g^Q, (8.3) 
-00 

with 77 = ±1. Then one of the combination of the supercharge Q + rjQ is conserved. If the boundary 
condition preserves the conformal invariance, the supercurrent satisfies G + r]G = 0. 

For the total variation dS + 683 to vanish, two kinds of boundary condition can to be imposed. 
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1. Dirichlet boundary condition (super ZZ brane). We set (/>(y = 0) = oo,'0(2/ = 0) + r]^p{y = 
0) = 0. As in the bosonic Liouville theory, we should place the brane in the deep (p region so 
as to preserve the conformal invariance. In the brane language, the linear dilaton background 
enforces the brane to localize at the strong coupling region. 

2. Neumann boundary condition (super FZZT brane). We set ip{y = 0) — r]^{y = 0) = 0. On 
the other hand, for the bosonic part, we could add the following boundary term [16^ without 
breaking the superconformal invariance 

oo . , 



— oo 



79^7 - fi'bjiip + r/V)e2<^ + {^'f : e^^ . (8.4) 



Thus we have a final expression for the boundary interaction of the supersymmetric extension 
of the FZZT brane as 



Sb = dx 



An 



+ -flJBbipe^'^^^ 



5) 



-oo 

where we have reintroduced the boundary curvature and we have used the bulk fermion 
boundary condition. We treat the boundary fermion 7 as nondynamical and normalize it as 
7^ = 1 here. In addition, contact terms such as : e^'^ ■? are neglected for the same reason as 
in the bulk structure constants calculation. 

So far, we have dealt with the super Liouville theory with a boundary only classically. To 
make the precise quantum description of the branes, we use the boundary state formalism. Let 
us first review the supersymmetric extension of the Ishibashi states which are building blocks for 
constructing appropriate boundary states. 

The conformal boundary condition states 

(L„ - Z_„)|5, r?) = {Gr + ir]G-r)\B, r/), (8.6) 

where r takes a value in integers for R states and half integers for NS states. The formal solution 
of this equation can be written from closed primary states as 

\h,NS,r]) = \h, NS)L\h, NS)r + descendants 
\h,R,r]) = \h, R^)L\h, R^)ji + ir]\h, R~)L\h, R^)r + descendants, (8-7) 

which satisfies the following defining property 

{h,NS,ri\e'''^^^^<'+^°-^^\k,NS,ri') = 5h,kT:tNs[e'^'''^^^^°~^Hvv'f] 

Our conventions and the properties of these modular functions are reviewed in appendix I A. 41 In 
the super Liouville theory, we take the following normalization 

(P,iVS,7?|e*--^(^»+^«-i^)|P',iV5,7?') = 6{P - P')xl%s)(^c) 

(P,i?,r/|e--^(^o+^o-il)|P',i?,ry') = ±5{P - P')xl%^irc). (8.9) 



Using these Ishibashi states, the Cardy states should be expressed as 

/oo 
dP^Ns{-P,h,ri)\P,NS,rj) 
-00 
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/oo 
dP^R{-P,h,rj)\P,R,r]), (8.10) 

where we have assumed ^R,Ns{P-,h)^ = ^R,Ns{—P,h). These wavefunctions can be regarded as 
the unnormahzed one-point functions on the disk as in the bosonic Liouvihe theory. In the following 
sections, we would like to derive the wavefunctions ^(.P) which correspond to the super FZZT and 
super ZZ branes EOH], [H^ . 

8.2 Super ZZ Brane 

We focus on the super ZZ brane first. This is because the (1, 1) boundary state has only identity 
operator in the spectrum and it is useful to construct the FZZT boundary state by utilizing the 
property of the (1, 1) boundary state. 

For degenerate representations, the characters are given by the following subtraction, 

'^m,n{NS) ~ ^±{mb+nb-'^)iNS) ~ ^ ^(mb-nb-^){NS) 
^m,n(NS) ~ ^±{mb+nb-'^){NS) ~ ^~ ' ^ ^{mb--nb-^){N S) 
^m,n{R) ~ '^^{mb+nb'^){R)~ ^^{mb-nb-^){Ry (^-H) 

Note that the alternating sign in the second line is due to the (—1)'^ insertion. With an analogy to 
the bosonic Liouville theory, we expect that the ZZ branes correspond to the degenerate represen- 
tations. Thus our guess is that the open spectrum stretching between (1, 1) ZZ brane and (m,n) 
ZZ brane consists of the (m, n) degenerate state. In the language of the wavefunction, it becomes 

^'Ars(^', ("i,n),r/)^'Ars(-P, (1, 1),?7) = sinh(7rPm6) sinh(7rPn/5) 

^/j(P,(m,n),r?)^jjX-P,(l,l),r?) = sinh(7rPm6 + ^^) sinh(7rPn/6 - ^^) (8.12) 

where we have modular transformed (|8.11|) via the modular transformation formula (|A.77|) . To fix 
the normalization, we use the following reflection property 

^Ns{P,Kr,) = D{^+iP)^Ns{-P,h,v) 
^R{P,h,r,) = rjD{^+iP)^R{-P,h,r,). (8.13) 

Note the rj dependent reflection property. This is because our reflection also reverses the spin and 
the R Ishibashi states are defined r] dependently as^'^ 

|P, R, T]) = |0Q/2-ip) + ^\®Qj2-ip) + descendants. (8.14) 
These equations determine the wavefunctions as 

*^5(P,(l,l),r?) = 7Ti^^n^i^-^)^P/\iPri-^Pb)Ti-iP/b))-' 

"^NsiP, {m,n),7]) = --{n7r-f{^))''^/\PT{iPb)T{iP/b)smh{-KPmb)sinh{TTPn/b) 

vr 2 ^ 

*r(P,(1,1),+) = vr(^vr7(^))-^^/^(r(i-iP6)r(i-iP/6)) 



^''We will not consider the mixed spin components for the time being. But we hope the extension in this case is 
not so different. 
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^niP,im,n),+) = l(;.vr7(^))-^^/^r(l+iP6)r(l+iP/6) 

TT Z Z Z 

1 / , iirmn. , , ,, iirmn. , , 

X smn(7rPmo H ^ — )smn(7rPn/o ^ — ). (8.15) 

It is impossible to obtain ry = — 1 R wavefunction from the above argument. As explained in j3U8j . 
|16j . this is because there is no (1, 1) state with r/ = —1.®^ Actually, we should have (—1)™+"' = rj 
to obtain the degenerate Cardy states. By solving the functional relation for the bulk one-point 
function as we will briefly review in the following, we can obtain the R wavefunction for r] = —1 

^n{P,{m,n),-) = -i™+«i(;,vr7(^))-^^/^r(i+^P6)r(i+iP/6) 

vr z z z 

X sin(7rm(- + iPb)) sin(7rn(- + iP/b)). (8.16) 

All above formulae are valid when (—1)™+" = r]. 

Let us now check the above one-point function, and more importantly, derive the R wavefunction 
for 77 = —1 by the conformal bootstrap method. The basic strategy is the same as in the bosonic 
Liouville theory. We consider auxiliary bulk two-point functions (V^a6"^/2) ^^'^ {®Zl~/2®a) ■ Using 
the notation: 



-2A„ 



(9^% = t/^j(a,e,r?)|z-z|-2^'^-i, (8.17) 

we can derive the following functional relations by evaluating them in the s-channel and t-channel 
and comparing their results (see figure I18| we also use the cluster decomposition argument and 
concentrate on the identity intermediate state contribution as in the bosonic ZZ brane case). 

URi--,e)UNs{a) = C+{a)UR[a - -,e) 



2' ^ ^ +w «v 2' ^ Y{ba-b^)T{^) 

+C-{a)UR[a + -, -e) — 75 — 

2 r(i-6a)r(i^) 
TT ( ^ ^Tj ( ^ r I MT ( ^ r(&a - f )r(-62) 



2^ ' ' ' ' -^y ^ 2^r(6a-62_ i)r(i^) 

~ , , , & r(l + f -6a)r(-62) ^ ^ 



where the combinations of gamma functions come from the transformation from the t-channel 
conformal block to the s-channel conformal block. With the 6^1/6 duality condition, we can 
solve these functional relations if and only if (— 1)™-+"- = r] holds. The solutions are given by 



Ut^s[oL, {m,n)) 



"^Nsi-iia - §), (m, n), ry) 



URia,{m,n),rj) = '^/^ (8.19) 



^ fl(-z(a - f ), (m,n), r?) 
'^Ns{§,{m,n),rj) 



with the proper cluster decomposition normalization. 

^^Precisely speaking, what we mean here is r; = — sign(/i). That is because, if we change ip — > —ip with ip fixed, 
which changes rj —77, we effectively cancel this redefinition by changing the sign of /i in the action In the 

following discussion, we fix the convention of the sign of the fermion by demanding /i > implicitly. 
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Figure 18: The auxiliary two-point function can be calculated in two different ways. 

Let us comment on the peculiar feature that only one type of branes is available as the super- 
symmetric ZZ brane. In the type setup, we naively expect two kinds of branes — electric one 
and magnetic one (in addition to the usual brane and its anti-brane). The nature of this doubling 
comes from the fermionic boundary conditions ijjL = i^R or tpi = —ipR. Actually, the two types 
of D-branes are related by the transformation ipi ^ —ipL- However, this transformation is no 
longer a symmetry once the Liouville superpotential is turned on. Therefore it is possible that one 
kind of brane becomes infinitely heavy and decouples from the theory. We will see the space-time 
interpretation of this result in the later section 121 

As in the bosonic theory, only (1,1) brane has a semiclassical description as the Poincare disk 
metric. In this case, the spectrum of c = 1 theory can be easily derived by suitability tensoring 
the X, X SCFT boundary states and the superghost boundary states. The spectrum depends on 
the GSO projection (or the combination of the boundary states), but essentially the low energy 
spectrum consists of the tachyon with = —-^ and massless (nondynamical) gauge boson (pro- 
vided they are not projected out). As in the bosonic theory, the movement of the ZZ-brane in the 
Liouville direction does not exist regardless of the GSO projection. We will see in section IHl these 
branes play a significant role in the holographic dual description of the super Liouville theory. 

8.3 Super FZZT Brane 

Next, we consider the quantum description of the super FZZT brane whose classical boundary 
condition is given by 1)8. 5|) . Our natural guess is that the non-degenerate state in the open channel 
is related to the spectrum of the string stretching between the super FZZT brane and the super 
(1,1) ZZ brane as in the bosonic Liouville theory. By comparing its wavefunction and disk one- 
point function, we will obtain the precise relation between the weight of the non-degenerate state 
and the boundary cosmological constant ^b- 

With this assumption we can write the following equations for the FZZT wavefunction ^{P, s, r]) 

as 



^Ns{P,S,ll)^Ns{-P,{hl)),V) 




2 
1 

2 



^R{P,s,r])^Ri-P,{l,l),r]) 




(8.20) 
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We can solve these equations from the knowledge of the (1,1) wavef unctions. The solutions are 
^Ns{P,s,v) = -^{lJiTT^{^))-'''/\PT{iPh)T{iP/h)cos{27:Ps) 

111 z 

^r{P,s,+) = i^(^^7(^))"^'^/'r(i + iP6)r(i + .P/6)cos(2vrP.) (8.21) 

As in the super ZZ brane case, we cannot obtain the R wavefunction for 77 = —1 by this method 
because there is no (1,1) state. However, using the functional relation for the one-point functions 
on the disk, we will obtain the ?? = — 1 R wavefunction as 

^r{P, s, -) = ^(/.7r7(^))-'^/^r(i + zPbn^ + zP/b) smi2nPs). (8.22) 

It is important to note that the FZZT branes have indeed a second kind of brane unlike the ZZ 
branes. The magnetic and electric branes have different R wavefunctions, hence the different RR 
charge. 

Let us now check the above one-point function and derive the R wavefunction for r/ = — 1 by 
the conformal bootstrap method. The basic strategy is the same as in the ZZ case. We calculate 
auxiliary two-point functions (Kv0!!fe/2) {®Zb/2®a) two ways and compare the results. The 
only difference from the super ZZ case is that we calculate the bulk-boundary structure constant 
by the perturbation method 



r 1 - 6^ 

r_ = dx{e'^^/^{i)lPBb{x)BQ{^))free = ±V2TTbfiBr{-b^)r{^—)-\{8.23) 



where the last sign is somewhat subtle and we determine it from the consistency conditions. Then 
the functional relation becomes 

n ( ^ r ( m I ^ ^ r(6a + i:^)r(-fe^) 
A/M , ; +\ ) H\ 2' ' ^ r(6a-62)r(l^) 

( MI ( ^ ^ ^ ^(3±^-fea)^(-b2) 
+C_ a (Vpla H — , — e, s) — -r^ — 

^ ' ^ 2' ' ^ r(i-6a)r(i^) 



V2X "^ir-UR^ajC, s) = 2ir]C+{a)UNs{o: 



b , r{ba - ^)T{-b') 



2'"^^r(6a-62_i)r(l-^^) 
b ^r(l + f -6a)r(-62) 



where is an ambiguity parameter from the four spin operator mixing we will not discuss here 
j3U8j . The consistency condition states it should be unity. Solving these equations with the usual 
duality constraint 6 — > 1/6, we can obtain the one-point functions (|8.21|) and (|8.22|) . Moreover, 
we have the following relation between the boundary parameter s and the boundary cosmological 
constant fis- 

( 2 

= ( cos(^bV2) ) (^-'^^ 

for ?7 = 1, and 

2^ 



= ' cos(vrfeV2) J ''"^^"'^^ ^^-^^^ 
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for rj = —1. It is interesting to note that the relation is different for the different choice of r]. 

In the hterature |3U8j . another structure constant, namely the boundary two-point function 
is derived, too. As in the bosonic Liouville theory, we expect that the logarithmic derivative of 
two-point functions is related to the density of states on the strip, which we can directly calculate 
from the boundary states derived above. Indeed it has been shown this is satisfied up to a divergent 
term which needs a regularization (or we can consider the relative density of states as we have done 
in the bosonic case in section r).1.2|) . 

The derivation of the boundary two-point function is somewhat complicated but conceptually 
straightforward. As is the case with the bosonic Liouville theory, we make use of Teschner's trick 
to calculate OPE of the degenerate boundary operator and a general boundary operator; then we 
substitute the reflection ansatz into the OPE (recall that the reflection amplitude is nothing but the 
boundary two-point function), and we obtain functional relations between these two-point functions. 
Solving these functional relations, we obtain the desired two-point functions. An interested reader 
will consult the original paper for the further explanation and the actual calculation. 

For the later purpose, we calculate here just one kind of density of states for illustration. We 
consider the partition function bounded by the following Cardy states 

/oo 
dP i^Nsi-P, s, +)\P, NS, +) + ^Ri-P, s, +)\P, R, +)] . (8.27) 
-oo 

The partition function becomes 
Z = j dP'I'jv5(i^,s,+)^'7vs(-^',s,+)x^(;vs)(^c) + ^*R(^'^'+)^«(-^'^'+):^p(ij)(^c) 

/oo /"OO 
dP / dP'e2-^^'(^'ivs(P, +)^Ns[-P, s, +)xt'iNS)('^o) 
-oo J — oo 

+ S, +)-^Ri-P, S, +)Xp,(NS)(^o)) 

f oo r -| 



dP' 



— oo 



where the open modular parameter Tq is defined as Tq = —1/tc, and the density of states here is 
given by 



/oo 
dp 
-oo 



oo ^2niPP' 



^2mpp cosh(7rQP) cos(27rsP) cos(27rsP) 



_^ sinh(27r6P) sinh(27rP/fe) 

^2niPP' cosh(7r(6 - b^^)P) cos{2ttsP) cos(27rsP) 



= jjp ,i.;i.(2.iP)si„h(2;p/t) — - <**-^^' 

These density of states are divergent, so we must impose an infrared regularization. It is interesting 
to note that the R contribution to the density of states is very small because the P — > divergence 
mostly comes from the NS-NS exchange. As a consequence, the open GSO projection is not 
imposed in this spectrum as opposed to the naive free field expectation.®^ Note, in addition, even 
the infrared bulk singular behavior P ^ which corresponds to the log p, term is not reproduced 
with this wavefunction. 



*^In the free field case, both NS wavefunction and R wavefunction behave as S(P), so p'{P) actually vanishes and 
the open GSO projection is imposed for this Cardy state. Of course, in the free field, if we consider an "unstable" 
brane whose wavefunction is only NS, the GSO projection is not imposed. 
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8.4 Literature Guide for Section 8 



On the structure constants of the boundary super Liouville theory, the bulk one-point function 
has been studied in j3U8j . j325j . and the boundary two-point function has been studied in j3U8j . 
The remaining structure constants which have not been obtained so far are the bulk boundary 
two-point function and the boundary three-point function. These cannot be obtained from the 
modular bootstrap and require a thorough investigation of the boundary bootstrap, which seems 
to be a hard work. 

9 Matrix Model Dual 

In this section, we consider the matrix model dual of the super symmetric Liouville theory whose 
continuum properties have been discussed in section [7J The fundamental observation behind this 
duality lies in the holographic perspective we have discussed in section 16.11 We will construct the 
matrix model duals from the tachyon dynamics on the unstable ZZ branes. The organization of 
this section is as follows. 

In section we review the c = 1 matrix quantum mechanics. In subsection I9.1.l( we recall 
the possible branes in the two dimensional type noncritical string theory. In subsection 19.1.21 
we discuss the dual matrix model for the type OB theory. In subsection iy.l.3| we discuss the dual 
matrix model for the type OA theory. We will see that the matrix model reproduces the continuum 
Liouville results in some examples. At the same time, we obtain the matrix model description 
which cannot be handled from the world sheet NS-R formulation, e.g. the theory with the flux 
background. 

In section we review the c = matrix models. In subsection 19.2.11 we discuss the unitary 
matrix model which is the dual matrix model for the type OB theory. In subsection l9.2.21 we discuss 
the complex matrix model which is the dual matrix model for the type OA theory. The comparison 
with the continuum super Liouville theory will be done in subsection 19.2.31 

9.1 c = 1 Matrix Quantum Mechanics 

In this section, we focus on the c = 1 super Liouville theory whose dual matrix theory should be a 
certain matrix quantum mechanics. First, we review the brane contents in the c = 1 super Liouville 
theory and then we present the dual matrix model proposal made in jl74j . jlHj . 

9.1.1 Branes in c = 1 theory 

We have briefly reviewed the space-time spectrum of the type OA and type OB theory in section 
17.31 so let us now list the D-branes in this setup from the space-time point of view. 

For the type OB theory, we have two kinds of massless scalar fields (NS-NS and R-R) in the 
spectrum. The closed GSO projection determines the allowed boundary states in the theory. In 
the type OB theory, any D-brane allows NS boundary states, but only the odd space dimension 
branes allow R boundary states. Therefore, for the "stable brane" we have only the Dl-brane 
in the Minkowski signature. It is charged under the R-R two-form which does not propagate. 
Therefore, we should consider only Dl-Dl pair for the R-R tadpole cancellation (NS-NS tadpole 
can be canceled by the Fischler-Susskind mechanism if one wants). Here, by antibrane D, we mean 

^'^In the Minkowski signature, we only consider the time-hke brane, i.e. we take the Neumann boundary condition 
for X. 
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the brane whose R wavefunction is reversed: 



D-brane, it) 
D-brane, it) 



\NS,±) + \R,±) 
\NS,±)-\R,±). 



(9.1) 



Therefore there are four kinds of brane. We distinguish it by calling electric and magnetic respec- 
tively. Note that in the super Liouville theory they are actually different branes. 

However, there is a small subtlety here. The natural candidate for this brane is the FZZT 
X Neumann brane in the exact super Liouville description. We recall that there are two kinds 
of FZZT R wavefunction corresponding to = it, and whose cylinder divergence from the R-R 
exchange is much weaker than the usual NS-NS exchange divergence. Particularly, for r/ = — , 
the R-R tadpole cylinder diagram actually converges. The author is not quite sure whether the 
R-R tadpole (non)divergence should be canceled in this case or not. In addition, by saying "stable 
brane", we usually mean that the (massless) tachyon on them are projected out by the open GSO 
projection. As we have seen in the last section, however, the GSO projection on them actually does 
not work because of the wavefunction difference for NS sector and R sector even if we take /u^ = 0. 
The true meaning of this observation is unclear to the author. Also there is a subtlety concerning 
the allowed Dl-brane. See appendix IB. 51 for a further discussion on the discrepancy between the 
free field observation and the super Liouville treatment. 

Now let us go on to the unstable brane whose dynamics we expect to be the dual description of 
the bulk system. We have DO-brane in the type OB theory whose boundary state is given by the NS 
(1,1) ZZ brane (no R wavefunction). With such branes, we have U{N) adjoint tachyons whose 
mass is = The conjecture made in |174j . jlHj is that the matrix quantum mechanics 

realized by these tachyons in the double scaling limit provides the holographic dual description of 
the type OB super Liouville theory. 

For the type OA, we have one NS-NS tachyon and two R-R nondynamical vectors as the closed 
string spectrum. The closed GSO projection determines allowed branes in the type OA theory. For 
stable branes, we have a DO-brane which is the source of the R-R one-form. Because of the GSO 
projection (recall that for the ZZ brane, the open GSO projection works properly), we have to 
consider DO-DO pair to have nontrivial tachyon dynamics. The proposal made in jJB] is that the 
quantum mechanics on A^ DO branes and {N + q) DO antibranes provides the holographic dual of 
the super Liouville theory with q background R-R charge installed. Note that the ZZ brane in this 
case actually has one kind (no magnetic one) because the (1,1) ZZ brane necessarily has r] = +. 

In the type OA theory, we also have the "unstable" Dl-brane whose property is similar to the 
Dl-Dl pair in the OB case. The natural extension of the bosonic Liouville theory ()6.2() leads to the 
matrix vector theory for this case. The study on this matrix-vector model, however, is only limited 
up to date. 

9.1.2 Type OB matrix quantum mechanics 

The type OB matrix quantum mechanics is proposed as the dynamics of the tachyon matrix on 
the N DO-branes. The mass of the tachyon is given by = —l/2a' and more importantly, the 
potential for the tachyon is symmetric under M — > — M. The symmetry under M — > —M comes 
from the world sheet symmetry (—1)^^, where is the space-time fermion number, and the both 
sides of the Fermi sea should be filled with. Therefore, the matrix quantum mechanics for the type 
OB theory is expected to be stable as opposed to the bosonic Liouville theory which is believed to 
be nonperturbatively unstable. In this way, we are naturally led to the two-cut Hermitian matrix 
model. 




(9.2) 
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In the double scaling limit, which corresponds to the Maldacena limit in the AdS/CFT language, 
we consider the following inverted harmonic oscillator potential 



vm = (9.3) 

where we have diagonalized the Hermitian matrix. In the following we will check the proposal by 
comparing two quantities, which can be also derived in the continuum super Liouville formalism, 
the finite temperature free energy and the scattering amplitudes. 

The finite temperature free energy (or the string partition function with compactified Euclidean 
X) can be obtained very easily once we know the result for the matrix dual of the bosonic 
Liouville theory. The difference from the bosonic Liouville theory is simply the tachyon mass 
— ^ — > and the final division by two. Thus we can immediately borrow the result for the 

bosonic theory which is summarized in the Gross-Klebanov formula (|l-{.97j) and replace a' 2a' 
and not divide by two*^: 



dp up Jo sinh[t/2^;u\/2a'] smh[t/2PpR] 

where the partition function itself is given by 



dp^ 

For example, the torus partition function can be calculated as 



p. (9.5) 



+^1, (9.6) 



12 \^ R 

which reproduces the continuum result (|7.35|) . 

Now let us go on to the comparison of the S matrix. The important point we should consider 
first is the leg pole factor which is the momentum dependent, hence non-local, wavefunction renor- 
malization factor connecting the collective field operators with the spacetime tachyon operators. 
As in the bosonic Liouville theory, this factor can be calculated from the decaying amplitude of the 
unstable (ZZ) DO-brane. 

For the time part, we use the following boundary action j326j . jl74j . P^ : 

6S = \ [ r]^Pe^^\ (9.7) 

where r/ is the anticommuting boundary fermion with r/^ = 1. The NS-NS tachyon amplitude for 
the part is given by 

^ ' ' sinh(^^) ^ ' 

On the other hand, the NS-NS one-point function for the (1, 1) ZZ brane is given by (see (|<S.15|) ). 

A, = (e(--^)^) = -^{prr'^-^^^^^^ (9.9) 



*'*As in the bosonic Liouville theory, since the adjoint tachyon is gauged, only the singlet representation contribute 
to the thermal path integral. 
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where we have introduced a renormahzed cosmological constant fir = fJ-oli^)'^- With the mass-shell 
condition E = P, we have 

Ans = AA^ = /.;^^:f^^e-^^i°^(2-^^^), (9.10) 
1 (—iP) 

which yields the NS-NS leg pole factor e*^^^ times the time delay factor g-'^iosCST^A^)^ 
check that the tachyon scattering in the continuum super Liouville formalism factorizes with this 
factor attached to every external leg as in the bosonic Liouville theory |llf)j . For the R-R sector, 
the only difference in the part is the factor cosh(7r£') instead of sinh(7r£'). With the (1, 1) ZZ 
amplitude for the R-R wavefunction, we have 

r(i-iP) ^ ^ 

which is known to provide the correct leg pole factor for the R-R field. 

The matrix model for the type OB theory fills both sides of the Fermi sea. Therefore, the small 
disturbances of the Fermi sea on the left side Tl(A;) and the right side Tr(A;) are perturbatively 
independent. Actually the same thing holds in the super Liouville calculation on the sphere. This 
naturally leads to the following identification: 

T{k) = e'^^^TR{k) + TL{k)) 

V{k) = e'^^iTR{k)-TLik)). (9.12) 

We can also see that the S matrix for the odd number V{k) insertion is zero. In the original matrix 
model language, the corresponding vertex operator is proposed to be |174j ^^ 

T{q)^PNs{q) = limrl«l/20jv5(g,/) 
V{q)r^PR{q) = lim/(-l'^l+i)/20«(g,/), (9.13) 

where the NS and R puncture operators are 

ONsiqJ) = J dxe^«^'Tr[e-'^^(^)'^ 
ORiq,l) = J dxe^''^Tr[M(x)e-'*^(^)']. (9.14) 

Now, the central problem is whether this vertex shows the correct leg pole factor after fermionization 
and rebosonization as in the bosonic Liouville theory which has been treated in section 

Let us consider the NS operator first. The bosonization procedure is just the same as in the 
bosonic theory^'', so we write the puncture operators as 

ONsiq,l) = i [ dkF{k,l)kS{q,k), (9.15) 



^^This can be obtained by analyzing the R-R correlator when the Liouville momentum is conserved up to pertur- 
bative insertions as in the bosonic Liouville theory in section Ti. 2. 21 The reason why zero momentum R-R field does 
not decouple is that the R-R zero-mode minisuperspace wave equation (Dirac equation) has a normalizable solution 
for the zero energy as opposed to the NS-NS sector. At the same time, we should recall that the ( — 1/2, —1/2) vertex 
considered here is associated with the R-R field strength rather than the potential itself. 

^'^FoUowing |174| . we use the convention a' = 1/2 here in order to borrow the bosonic theory formulae in section 
|3| In the end of the calculation we set p,E 2p, 2E to obtain the a' = 2 results. 

^^Strictly speaking, the bosonization deals just the half part of the Fermi surface, so we should have two kinds of 
bosonization at the same time. For the NS part, the diagonal matrix is implicitly suppressed in the following formula. 
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Figure 19: The matrix model dual of the type-OB is given by the double scaling matrix quantum 
mechanics with both sides of the potential filled. 



where 

F{k,l) = j dTe~^y'^^^ cosikr). 
Evaluating F{k,l) with the classical trajectory y(r) = -y/2/Icosh(r), we obtain 

In the small / limit, we find 



Fik,l) 



vr 



(//i/2) 



-ik/2_ 



ik/2_ 



1 



4sin(^) V'^'^'"' r(-iA;/2 + l) r{ik/2 + l] 



(9.16) 



(9.17) 



(9.18) 



As in the bosonic Liouville theory, we should add this factor to every external line of the Euclidean 
Feynman diagram. Picking up the pole for the integration over k, we obtain the leg factor 



(V2)l''l/2r(-|g|/2). 



(9.19) 



Further multiplying by l/T{\q\/2), which yields the precise operator mapping from the super Liou- 
ville theory to the matrix puncture operator, we have reproduced the full leg pole factor (|9.1()|) for 
the S bosonic theory 

-^p r(iP) 



(9.20) 



T{-ipy 

where we have translated the final result into the a' = 2 notation. 

Now let us consider the RR sector. The corresponding wavefunction for the bosonization is 
given by 

F{k,l) = j dTye-^y\os{kT). (9.21) 

For y = y^2^coshr, we find 



Fik,l) = ^y|e-'^ (%+ife)/2(//u) + i^M+ifc)/2(^/u)) . 



(9.22) 
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In the small / limit, we have 



F{k,l) 



-(W2) 



-ik/2_ 



_4sin((ifc + l)7r/2) T{{-ik - l)/2 + 1) 

which yields the following external leg factor for every external line of S boson 

|(V2)(i^i"i)/2r((i-|g|)/2). 



+ cc 



(9.23) 



(9.24) 



Returning to the Lorentzian signature and multiplying l/r(l/2 — iP), we have the correct leg pole 
factor (lOTT) 

p r(l/2 + .P) 
r(l/2-zP)- ^^-^^^ 

They are associated with the 5 boson scattering amplitude which decouples in the zero momentum 
limit. To relate this amplitude with the continuum calculation of the (—1/2,-1/2) picture R-R 
vertex insertion, further division by 2iP is needed because the string calculation deals with the 
field strength. 

9.1.3 Type OA matrix quantum mechanics 

The matrix dual for the type OA theory can be obtained similarly from the double scaling limit of 
the matrix quantum mechanics on the unstable DO branes and (N+q) DO antibranes system HU]. 
The open string theory on these branes is from the tachyon which transforms as the U{N) x U{N+q) 
bifundamental. The Lagrangian (in the double scaling limit) is given by 



L = Tr 



(DtT)^ DtT + ^T^T 
la 



(9.26) 



where T is an A x {N + q) complex matrix. 

To solve this system, it is convenient to diagonalize T. However, the special care is needed 
because it is not an Hermitian matrix as has been exclusively studied so far. For the time being, 
let us concentrate on the g = case. Recall that any N x N complex matrix T can be decomposed 
as 

T = VxW\ (9.27) 

where V and W are unitary matrices and x is a real and nonnegative diagonal matrix. The change 
of variables to V,x,W needs a Jacobian |327j . |328j . |329j . To obtain this Jacobian J, we use the 
following trick (see e.g. |328j ^. First, we write the infinitesimal variation of 1)9. 27() as 



V^6TW = 6Sx - x5M + 6x, 



(9.28) 



where 5S = V'fdV and 5M = W^6W. On the other hand, with the flat measure for 6T, 6M and 
(55, we have 



Const 



d{5T) exp 



j d{6S)d{5M)d^ i6x)J exp [-Ti{xSS - 5Mx - 5x){5Sx - x6M + 6x)] . (9.29) 



Making the linear substitution 



5S, 



5Saf3 + 



26MafiXaXi3 
9 I 2 ' 



(9.30) 
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we end up with 

Tt5T^T = Y^({xl + xl)5S^p5Slp + 5M^p5M*J^^^^^\ + ^ 5x1. (9-31) 

Carrying out the Gaussian integration (|9.29|) . we have 

J = constWxc,W{xi-xlf (9.32) 

a a<l3 

as the Jacobian. Note that the symmetric part of 6M is the redundant variable. 

Then we can write down the Schrodinger equation for the diagonal elements via Pauli's method. 
Setting X = Yli^ji^'i - x'j)ij{x), we obtain 

The simple generalization for the q ^ yields 



1 5.^1+2,^ ^g_3^^ 



Or equivalently, 



23,1+2? dxi * dxi 



h^.'^'i + ^ - X = Ex. (9.35) 



This quantum mechanical problem is exactly solvable and the finite temperature free energy is 
calculable.^* In ^S], it is given by 

d~P _ r itc-^t t/(2/3/.y^) t/2(5t,R (9_3g) 



^^l vr/i sinh[t/(2/?/xy^)]sinh[t/2/3/ii?] 
The one-loop contribution becomes 



Z = log ^ 



I , R V2a' \ I 2 R 



24 \ ^ R / 2" ^ 



(9.37) 



The first term reproduces the continuum results 1)7. 35() and the second term which is proportional 
to (f' yields the background charge contribution to the partition function as was studied in from 
the space-time point of view. To derive the expression 1)9. 36() . we need to know the zero energy 
density of states as in the bosonic Liouville theory (see section 13. 2j) . The zero energy density of 
states is easily obtained by calculating the phase shift of the scattering event 

- (0.3S) 

See section 14.21 for the explanation of this formula. By the suitable change of variable, the phase 



shift can be exactly calculable for the Hamiltonian (|9.34|) . An interested reader should consult 
appendix B of ^S] • 

**To see this explicitly, it is convenient to redefine i/j — x^^'^x- 
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Figure 20: The matrix model dual of the type-OA is given by the complex rectangular matrix 
quantum mechanics. In the eigenvalue basis, the potential is slightly deformed. 



9.2 c = Matrix Model 

In |161j . the matrix model dual for the c = (or more generally, some classes of the superconformal 
c < 1 matter coupled to the world sheet supergravity) string theory is proposed. The analogy to the 
last section's argument suggests that the type OA theory is dual to the double scaling limit of the 
Hermitian matrix models with two-cut eigenvalue distribution (or the unitary matrix model) and 
the type OB theory is dual to the rectangular complex matrix model. In this section, we exclusively 
deal with the simplest c = model, namely the pure 2D supergravity theory. For the multi critical 
matrix model which is related to the c < 1 theory coupled to minimal matters, we refer to jl61j . 
|ri30) . 

9.2.1 Unitary matrix model 

The double scaling limit of the unitary matrix model is first solved in |33H 1332] . First, we review 
its solution for the simplest case. The string partition function is given by 



where U is unitary and the simplest potential which we consider here is given by V{x) = x. We 
diagonalize the unitary matrix as V UV = diag(e"^, • • • e"^). With these variables, the measure 
becomes 




(9.39) 



dU = J|(iaiA(a)A(a) 



(9.40) 
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where the Jacobian is given by 

A = (exp(iai) — exp(iaj)) . 

i<j 

Using the notation Zi = e*°' , we can write the matrix integral 1)9.39^ as 



(9.41) 



J daA{a)A{. 



a ) exp 



N 



(9.42) 



As we have done in the Hermitian matrix model in section 13.11 we make use of the orthogonal 
polynomial technique. The orthogonal polynomials in this case are normalized as 



27r 



dnpniz)pm{z ^) = hn6n 



(9.43) 



where = ^^exp{—V{z + z ^)) and Pm{z) = z"^ + ■ ■ ■ + Rm-i- From the definition, we can 



derive the following recursion relation 

Pn+l{z) = ZPn{z) + RnZ^Pn{z~^). 



(9.44) 



By multiplying pn or Pn+i and integrating over d/i, we can easily obtain the relation hn+i/hn = 
I- Rl- Then as in the Hermitian matrix model (see section [3.1. If) , we can rewrite the partition 
function as 

e^oc7V!j](l-i?i_i)^^\ (9.45) 



Therefore the remaining task is to obtain the expression for R in the double scaling limit. In this 
limit the partition function is given by —Z" = where / is proportional to R. Just as we have 
obtained (|3.15j) . we can use the partial integration to obtain 



(n + 1){K+1 -hn)=- / d^jy\z + Z-l)(l - l/z^)pn+l{z)pn{z~'^). 



With the simplest potential 1/' = — , we obtain the discrete "string equation" : 



_7 



n + l)Rl = RniRn+l + Rn~l){l " R^)- 



(9.46) 



(9.47) 



From this expression, we can see that the critical point is given by 7 = 2, = 1 and Rn = 0. In 
order to take the double scaling limit, we introduce the following scaling ansatz: 



^ N 

y = (2-7)iV2/3 
z = (2-70iV2/3 



(9.48) 



Fixing y and taking the A ^ 00, 7 ^ 2 limit of 1)9. 47() . we can obtain^^ the following continuum 
string equation 

-2^/ + 2/3 = dlf, (9.49) 

®^The calculation is the same as has been done in section 1.1 1 
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which is what is called the Painleve II equation with a rescaling of y by a numerical factor.^'' The 
solution of the equation yields the partition function after we integrate it twice. 

The slight extension of the model has been considered in jlfilj (see also |334j ) . Without a 
derivation (see |161j l. we just assume the following extended string equation: 



0. 



(9.50) 



We would like to see its consequence and the physical meaning of the term in the following. 
The perturbative solution of ()9.5U|) for large positive z is given by 



u{z) = f{z)/A 



z 
4 



2z^ 



+ Q 



+ 



whereas, for the large negative z, the solution is given by 



u{z) = fiz)/i 



q\V2 5|g|(l+4g2)^ q^{7 + M^ 



4b|i/2 A\z\ 



+ 



u\z\y^ 



(9.51) 



(9.52) 



The important point is that u{z) is not an analytic function of q. This leads the authors of jl61j 
to the conclusion that for z < 0, the physical R-R vertex which turns on the q perturbation does 
not exist. We will see in section Pj. 2. HI its explanation from the super Liouville theory. 

The physical interpretation of this (second derivative of the) partition function is as follows. 
First, we note that the world sheet genus expansion is given by the term proportional to |2;|i~'^(3+^/'2) 
with g handles and h boundaries. From this (and the analytic property of q dependence which we 
have seen above), we can guess the physical interpretation of the q deformation. When z ~ > 0, 
we have the closed string theory, where the R-R flux operator is inserted which produces the q 
contribution. On the other hand, when z < 0, we have the open string theory where \q\ yields 
the number of branes. With this interpretation, it is natural to consider that q is quantized. 

As is emphasized in jl61| . we have actually the smooth description when we change /i from 
the large negative value to the large positive value. This is because the original matrix model (or 
the extended action) is smooth in the change of z as long as (7 > 0. However, the perturbative 
description is very different — on one hand we have the open string theory, and on the other hand 
we have the closed string theory with the R-R flux. This suggests the geometric transition type 
of duality [23, |335j . |336j . [83] . We have encountered the exact description of the sophisticated 
duality of the string theory in the Liouville - matrix model setup again! 

While the last statement holds perturbatively in q, the large q 't Hooft limit also has been 
studied in |161j . Here by the 't Hooft limit, we mean (7 — > 00 and z — > ±00 with t = q~'^/'^z fixed. 
In this limit, the second derivative of the partition function behaves as 



vit) 



V2 

|t|V2 



1 

1^ 



+ 



5^/2 



+ 



t < 



This equation can be also obtained from the double cut Hermitian matrix model as it should be. The application 
to the gauge theory in the context of the Dijkgraaf-Vafa proposal has been recently studied in I333| . However we 
should think seriously the existence of poles in the solution of the Painleve equation in this case. This is because 
the Dijkgraaf-Vafa matrix model is a holomorphic matrix model, i.e. the coefficient of the potential is complex in 
nature. The physical meaning of this kind of singularity in the double scaling limit of the prepotential (which should 
correspond to the nonperturbative completion of the nonperturbative graviphoton correction) is not clear so far. 
Perhaps, there may be other branches of solution which is regular. 

Since z is related to the cosmological constant, hence the string coupling, this is the weak coupling expansion. 
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t > 0. 



(9.53) 



This expression has the obvious geometric transition type interpretation. For negative t, we have 
D-branes and the 't Hooft hmit is given by the planer graph. For positive t, we have no D-branes, 
but instead we have R-R flux background. It is important to note that the latter expansion is based 
on the R-R flux expansion and not the world sheet (loop) expansion. 



9.2.2 Complex matrix model 

The natural candidate for the matrix model dual of the type OA c = string theory, which is 
equivalent to the 2D pure supergravity, is the double scaling limit of the rectangular complex 
matrix model. In this subsection, we review its solution and the physical meaning of the result 

[MI. 

The string partition function is given by the following matrix integral j337j , |338l I339j , j34Uj , 

iHszi, mi- 



= y dMdM'^ exp 



- — F(MMt) 

7 



(9.54) 



where M is given by the complex x [N + q) complex matrix. The diagonalization of this matrix 
and the associated Jacobian have been reviewed in section 19.1.31 Setting y = , we have 



N 
i=l 



n/ dy^2/fe-T^(^»)A(y)2, (9.55) 



where A(y) = ni<j(yj ~yj) usual Vandermonde determinant. Then we deflne the orthogonal 

polynomials Pn as 



dfiPnPm= I dyy'^e ''^ PnPm = Snm, (9-56) 
Jo 

which begins like Pn = y^ + ■ ■ ■ ■ For simplicity, we show the calculation for the q = case in the 
following. First, from the deflnition of the orthogonal polynomials, we have the recursion relation 

yPn = Pn+l + SnPn + r„P„-l (9.57) 

with r„ = hn/hn-i- Next, by using the partial integration we can derive the following relation: 

J dfiPnV'Pn = Qn 
h-\ [ dl^Pn^iV'Pn = Xn + f^n, (9.58) 



where we have introduced x„, r2„ and (in as 

_ 7n 

^ 7Pn(o)^ #m 

" ~ N K 

(In ^ ^^»-f)^»We-f^(0). (9.59) 

A hn-l 

From its deflnition, we immediately obtain 

rn^n^n-l = ^l- (9.60) 
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In addition, by multiplying V'Pn to (|9.57|) and integrating over d/i, we have 

0,n + ^n+l = -Sn^n- (9.61) 



,,2 



With the simplest potential V{y) = —y + which corresponds to the pure supergravity theory, 
we have the following string equations: 

Qn -\- = — (f^n + l)f^n 

~ 2 

rnO,nO,n-l = J^n • (9.62) 

As has been shown in the literature |161j . the double scaling ansatz is given by 

r = ^-e{u + z/2), x = ^-ez, n = en, n = -eR, N = je~^/^ . (9.63) 

With these variables, the continuum limit of the string equations and the partition function become 

= 8uR^ -^RR" + ^{R'f 
R = u-z/2 

Z" = -4m. (9.64) 
The extension for nonzero q is straightforward, and the result is 

^ = 8uR'-lRR" + \{Rr 
R = u-z/2 

Z" = -4u. (9.65) 

It is convenient to rescale the parameter as tt = 2^/^u, z = 2^/3^ and R = 2^/^R. Substituting 
u{z) = /(z)^ + z, we have 

dlf-f-zf + ^ = d. (9.66) 

Surprisingly, up to the trivial rescaling and important sign in front of z, this is just the Painleve 
II equation derived in the last subsection for the matrix model dual for the type OB theory. This 
leads the authors of p^lj to the conjecture that the c = super Liouville theory has the duality: 
the type OA with /u > is dual to the type OB with ^ < and the type OA with /i < is dual 
to the type OB with /i > 0. Typically, the unitary matrix model and the complex matrix model 
have a corresponding model with each other. Therefore we expect the similar duality holds for the 
general c < 1 model. 

At the same time, this duality strongly suggests the D-brane like contribution of the quantity q 
in the partition function because we regard the double scaling limit of the complex matrix theory 
as the super Liouville theory with q extra D-branes background. 



9.2.3 Comparison with super Liouville theory 

So far, we have solved the unitary and complex matrix model without any reference to the underling 
super Liouville theory. Here, we list some of the comparisons made in [IHX which confirms the 
matrix model proposal for the super Liouville theory. 
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• The first point is the physical state for the one dimensional noncritical fermionic string theory. 
To describe the theory in the super Liouville language, we take Q — ^ ^'^^ ^ ~ ^2' "^^^ 
cosmological constant scales as /i3(2-23)/2 

the partition function. The physical vertex 
operators are as follows. For the NS-NS sector, we have in the (—1,-1) picture. For 
the R-R sector, the naive free field guess is that we have V± = a^e^'^^'^ in the (—1/2, —1/2) 
picture. In the nonzero energy sector, the both it vertices appear, but in the zero energy 
sector considered here, the one of the zero-mode wavefunction does not damp in the — > 00 
region in the minisuperspace approximation. The behavior is correlated with the sign of /x. 
Thus for < 0, only V+ is acceptable while for > only V- is acceptable, which means 
that in the type OA theory there is one R-R operator for // < and no operator for /i > 0. In 
the type OB, the situation is reversed. This fact is compatible with the claim that /x — /i 
exchanges OA and OB theory. 

• In |161j . the connection between the FZZT brane and the matrix resolvent has been studied. 
The dependence of the boundary and bulk cosmological constant of the FZZT brane reveals 
that the rj = —1 brane in the type OB theory is related to the resolvent of the two cut matrix 
model. On the other hand, the FZZT brane with r/ = 1 is related to the resolvent of the 
complex matrix model. See also [HZl for the interpretation of the ZZ and FZZT branes in 
the super Liouville theory coupled to the super minimal models from the Riemann surface 
viewpoint. 

• The torus partition functions have been calculated and compared with the matrix model 
prediction jl61j . Although the odd spin structure partition function is difficult to evaluate, 
the other calculable partition functions match with each other. 

9.3 Literature Guide for Section 9 

The matrix quantum mechanics dual of the c = 1 super Liouville theory (two dimensional fermionic 
string theory) has been proposed in |174j . jl6j . In addition to the check we have reviewed in the 
main text, the ground ring structure has been studied in The earlier references on the BRST 
cohomology and the ground ring for the two dimensional fermionic string theory include |341j , j342j , 

[3^ . [Hm. 

The earlier studies on the c < 1 unitary matrix model (or the double cut Hermitian matrix 
model) can be found in [HiS], [SHl], |SHH1, ISS, H, |S1Z1, ISIH], H, |HS1, some of which (e.g. 
j348j ) connect the multiple critical behavior with the Zakharov-Shabat hierarchy. Since we have 
focused on the simplest example, we have not emphasized the point in the main text, but this 
viewpoint is useful when we extend the string equation to the multicritical theory which is related 
to the super Liouville theory coupled to the super minimal model. 

On the other hand, the earlier studies on the complex rectangular matrix model can be found 
in |3391 1350] . |337j . j340j . More recently, extending the type OA string interpretation of this model 
proposed in jl61j . j33()j has argued the more general gravitational coupling to the super minimal 
models and has studied particularly the tricritical Ising model coupled to the world sheet super- 
gravity (super Liouville theory) in detail. 

^^We have used the two dimensional diagonal representation here. See appendix IB. 51 for the zero-mode algebra. 
The dimension of the operator is obtained in the following manner: the ghost and superghost contribute — | and the 
spin field contribute finally the Liouville part is given by — ^) = hence the total dimension is zero. 
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10 Applications 



In this section we review various applications of the N = 1 super Liouville theory and its matrix 
model dual. The organization of this section is as follows. 

In section riO.il we discuss the scattering amplitudes in the R-R background, which cannot be 
easily obtained from the world sheet theory. In section 110. 2[ the unitarity of the type OB S matrix 
will be discussed, where we will find that the 6 vacua like degeneration emerges. In section [10.31 
the hole interpretation of the matrix model from the boundary states is reviewed. The hole states 
are interpreted as the boundary states with an extra minus sign which has a negative energy if 
the plus sign is assigned. In section 110. 4( we review the nonperturbative generation of the R-R 
potential, which stabilizes the moduli. 



10.1 Scattering in R-R Background 

Matrix model dual prediction enables us to calculate the scattering amplitudes in an R-R back- 
ground for the type OA theory |351j . The type OA matrix model has one integer parameter q which 
represents the number of extra stable DO-branes (hence, the remaining R-R flux in the double scal- 
ing limit closed theory) . After the diagonalization of the complex rectangular matrix, the effective 
potential for the eigenvalue becomes 

where we have introduced a = \/2a' to relate the potential to the bosonic convention. It is 
important to note that the eigenvalue is restricted to A > 0. 

By the way, this potential reminds us of the bosonic Liouville theory with an unstable D-brane 
on top of the potential (see section IHTHl . where we have the same potential. There we have observed 
that the scattering amplitudes are not modified at the tree level or the disk level. Since the potential 
is the same, we expect the same result. 

The only information needed to obtain the S matrix in the MPR formalism (see section 13.2.3|) 
is just the reflection amplitude of the potential ()10.1|) . Since the theory is solvable quantum 
mechanically (see section 19.1.31 or |352j ) , we can find that the amplitude is given by 



Rip) 



r(i + M + |a/x-ia|p|)' 



(10.2) 



(We have considered the Euclidean amplitudes here. To obtain the Minkowski amplitudes we simply 
substitute |p| — > iuj). In the following we set q = 1. 



Following the MPR rule, we can calculate any S matrix via the reflection amplitude (|10.2j) . For 
example, the three-point amplitude is given by 

/ rv rp rp 

^3{Pi:P2', —p) = —i \ / R{p — x)R* {x)dx + / R{p — x)R*{x)dx — / R{p — x)R* {x)dx 

\jpi Jp2 JO 

(10.3) 

where we have suppressed the momentum conservation factor 6{pi + P2 = p)- The one-loop result 
is given by 

-P1P2P ( ^ 1/4 



A-Apx.P2\ -p) = 1 - 7^(/ - 1p%Px + 2) + 2v\v{ + "iPi + 2) 

/i V 24 

- p(6p? + 4pi - 1) + 4(p? - 2) + 24^2)^-2 + (10.4) 
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Usually, the scattering amplitudes in the R-R background is difficult to calculate because the 
sensible R-NS formulation in the R-R background perturbation theory is limited. The world sheet 
derivation of these amplitudes is a challenging problem. 

With the exact MPR formula, we can calculate the scattering amplitudes in various limits. For 
example, in |351j . the following two limits have been considered. The strong field limit is the limit 
where we fix g = /// and expand in The three-body S matrix becomes 

^3(Pi,P2, -p) = ^^^2^ ' (10-^) 

It is interesting to observe that the renormalization 

^^/i = (l + /V (10.6) 

yields the same tree level amplitudes for any correlation function (but not for the loop correction). 

The dual string limit is defined as follows. We sei g'^ = 1/q and q' = n with fixed /' = j- Then 
the three-point function becomes 

M{vi,V2] -p) = -f'g'sPmp H (10.7) 

and other amplitudes also admit a g'^ expansion under the dual R-R flux /'. The nature of this 
dual theory is not well-known. 

Actually, the more radical limit is possible as long as the partition function is concerned. In 
j353j . the type OA potential without a harmonic term, namely ^(A) = — is proposed to be dual 
to the AdS2 geometry. This is plausible since this quantum mechanical system is known to be 
CFTi and hence we can regard it as AdS2/CFTi correspondence (see e.g. j354j . |355| . |356j ). See 
also |357) . |358j . |359j for a related discussion, where the classical solution is studied in |358j and 
the ^ limit is studied in j359j . The — > singularity is removed once we turn on q. 



10.2 Unitarity of Type OB S Matrix 

We consider the unitarity of the type OB S matrix from the matrix model point of view |360j . The 
central formula for the S matrix of the matrix model is given by the MPR formula (|3.139j) : 

ScF = i^f~.b° Sff o Lb^f. (10.8) 

The major difference in the type OB theory is that we have two fluctuations of the Fermi surface 
Tl.r = -^{T ±V) which correspond to the left and right Fermi surface fluctuation respectively. 
Therefore, we consider two kinds of fermion field 64. and 6_ with 

/oo 
due''^^ [b+ {lu)^+ {uj,X) + 6_ {oj)^j- (cu. A)] , (10.9) 
-00 

where ip^ is the even(odd) eigenstates with respect to A — > —A for the inverted harmonic oscillator 
Hamiltonian: 

^''However, note that this ampUtude is nothing but a normal bosonic Liouville theory amplitude with boundaries 



in the approximation taken in section [ 

^■'in 351 they have argued that the field content of the theory should be a massless R-R scalar only. 
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The fermionic mode operator b satisfies 

{b,{oj),bl,{u;')} = - uj'). (10.11) 

We also use their hnear combination: 

bL,R=^{b+±b^). (10.12) 

Now we state the central problem of the OB S matrix raised in |360j and solved there. Actually, 
there is a small (suppressed as e"'^^^/^^) probability that the fermion/hole tunnels into the other 
side of the Fermi sea. See figure |^ for example. The process (a) and (d) are easy to interpret: 
a single quantum of or Tr emerges from the Liouville wall (reflection or tunneling) and goes 
out to infinity. However what happens in the process (b) and (c)? From the bosonic fluctuation 
point of view, it seems difficult to interpret them because one fermion or hole does not related to 
a single outgoing massless boson. At the same time, we should note that just throwing away these 
possibilities ruins the unitarity as we can easily see from the MPR formula. 




Figure 21: The schematic picture of the tachyon scattering in the type OB theory, (a)-(d) is the 
possible final states. 

The solution of this problem is given in |360j . where they have introduced the concept of 
k vacuum in which the fermion number is nonzero in the fermionic language. In the physical 
perspective, they are related to the existence of the D-instanton much like the n vacuum in the 
four dimensional Yang Mills theory. In the following, we would like to briefiy review their idea and 
results. 

For simplicity, we consider the compactified (Euclidean) version of the bosonization. For a 
chiral part we have 

dX(-) = -^E^ (10-13) 

m 

and 

^(z) = Yl z^'^^^^br: (10.14) 

r=Z+l/2 
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where the bosonization formula is 



an= Yl -bA-n-- (10.15) 

r=Z+l/2 

In this case, the Hilbert space of the bosonic sector is labeled by the momentum k as 7i = (Bk'Hk, 
where ao|A;) = k\k). When we perform the fermionization, we have distinct vacua whose fermion 
number is counted by k. These k vacua is produced by the solitonic excitation as = e*'^^(0)|0). 

The important point is that under the nonperturbative tunneling effect, the separate left or 
right fermion number is not conserved any more. While we have a strict conservation law and 
nothing prevents us from truncating the spectrum onto the k = sector in the type OA theory, we 
should include all these sectors in the type OB theory in order to preserve unitarity. We illustrate 
the intuitive picture of the k vacuum in figure Note that in the space-time point of view, these 
k vacua are degenerate in energy in the continuum limit. 

The space-time interpretation of k vacua is as follows. First we note that the R-R scalar C has 
the following shift symmetry to all orders in the string perturbation 

C^C + a. (10.16) 

However, since the k vacua are related to the vacuum as 

\k) =e'^''^{0)\0), (10.17) 

where we should recall that the leg pole factor is unity if we only consider the zero-mode. Therefore 
the shift symmetry is reduced to the discrete one: 

C~C + V2^. (10.18) 

This is due to the fact that the k vacua have nonzero RR charge. The transition between these 
states are induced by nothing but the D-instanton. All these facts have a close analogy to familiar 
n vacua in the four dimensional pure Yang Mills theory. 

With the analogy to the Yang Mills theory, we may expect 9 vacua like states which diagonalize 
the Hamiltonian. In (360j they have named such states c vacua: 

\c) =J2e~''^'''\k). (10.19) 

k 

For these c vacua to make sense, the k vacua are indistinguishable from each other. This is certainly 
the case when we speak of the Yang Mills n vacua. Here we have seen that the energy of the k 
vacua is degenerate in the continuum limit, but this is not enough. In |360j . they have calculated 
several simple scattering amplitudes and found that the transition amplitudes between different 
soliton sector (k vacuum) are plagued by the infrared divergences. With a particular regularization 
scheme used there, they found that k vacua are not indistinguishable, so the diagonalization of the 
Hamiltonian is difficult. It would be interesting to study further to see whether there is a proper 
regularization scheme which treats k vacua on equal footing. 

10.3 Hole Interpretation from Boundary States. 

We will briefly review the interpretation of hole states in the matrix model from the boundary 
states perspective, which has been studied in JB], |361j . Most of the statements here are applicable 
to both the bosonic Liouville theory and the super Liouville theory. We have so far considered the 
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k vacuum 



Figure 22: The k vacuum is degenerate in energy but has a different fermion number. 

excitation of an eigenvalue in the matrix model as an extra unstable DO-brane in the Liouville theory. 
However, we have another kind of excitation in the matrix model, namely the hole excitation. What 
is the interpretation of the hole from the boundary state point of view? 

First, we recall the description of the rolling (positive) eigenvalue in the boundary states. This 
can be described by the ZZ brane tensored with the Sen's rolling boundary state^^ with < A < ^ 
for the bosonic theory. For the fermionic string, we have — ^ < A < ^. The energy in the matrix 
model eigenvalue and the parameter A is related via 

= /xcos^vrA. (10.20) 

Therefore, the above parameter region only deals with the positive energy states above the Fermi 
sea. Nevertheless it can be shown that the formal analytic continuation of A = ^ + ia, where a is 
real^^, actually works fine. At first sight, this does not make sense because the boundary interaction 
becomes complex. However, the actual boundary state is a function of (A — 1/2) and hence remains 
real. In this parameter region, the energy given by H10.20() becomes negative, so we expect that 
this boundary state describes the negative energy state below the Fermi sea. 

However, this is not the end of the story. The hole state is not a negative energy state but a 
positive energy state. In the second quantized language, the negative energy wavefunction should 
be treated as an annihilation operator of holes. In order to include this property, it has been 
proposed in ^^l, |361j that the boundary state associated with a hole is obtained by tensoring the 
ZZ brane with the minus of Sen's boundary state. 

This is expected and can be checked from the relation between fermionization formula of collec- 
tive field theory and the rolling-tachyon decaying profile. The final state for the (positive) rolling 
eigenvalue is schematically given by 

|ont)~exp(^^ _^aU(p)^|0), (10.21) 

where A is determined from the boundary states described above (see section 16.4(1 . From the 
collective field theory point of view, this is just the fermionization formula =• exp(ii?i>) :. To 
describe a fermionic annihilation operator, we should have ij) =: exp(— i0) :. In the boundary state 
calculation, this is equivalent to using the boundary state with an extra minus sign. 

^^In this section, we consider the S-brane type A cosh X interaction with the Hartle-Hawking contour. 
^^In the fermionic case, we have A = ±| + ia. 
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Figure 23: (a) the particle excitation is interpreted as the decaying DO-brane. (b) what corresponds 
to the hole? 

Finally let us comment on the matrix theory on the particle and hole excitation. Since the open 
strings propagating between a particle boundary state and a hole boundary state have a space-time 
minus sign in the loop channel, they become fermions. Alternatively saying, the gauge theory with 
N particle states and M hole states is given by the supergroup U{N\M). It should be remarked 
however, that the description here presumes the existence of the Fermi sea and condensation of 
negative energy particles. We do not claim that the double scaling limit of the supergroup theory 
becomes a continuum Liouville(-like) theory. 



10.4 Nonperturbative Generation of R-R Potential 

In section I1U.21 we have discussed the nature of the degenerate R-R vacua, where we have seen that 
in the double scaling limit, these vacua are energetically degenerate. However, it has been pointed 
out in |362j (see also j359j for a noncritical type string theory with a flux background), that 
with a finite amount of the R-R flux background, the degeneration over the zero-mode C can be 
removed. The rough idea is to put the Fermi surface left right asymmetrically; then the k vacuum 
is necessarily lifted (though in the following we do not use the concept of k vacua but instead C 
vacua). This is essentially nonperturbative effect and much like the fate of the 6 vacua in QCD. In 
this section, we will briefly sketch the idea of |362j and discuss their main results. 

Let us first review the Q = case which we have discussed in section 110.21 from the WKB point 
of view again — in this case following j362j . The Bohr-Sommerfeld quantization condition is given 
by 



TTnh= / A/2(e„ - V{X))dX, (10.22) 



where the potential is given by V ~ i^i the double scaling limit (with a' = 1/2 convention) 

and A^, is given by the turning point of the potential. The Planck constant here is related to the 
bare (open) string coupling constant as h ^ gg- Then the density of states is given by 



dn 



de 



i^^i^ (10.23) 

2TTh 



in this limit. If we consider the zero-mode translation C C + 2a, the fermion obtains an extra 
phase a, which raises (lowers) the right (left) hand side of the energy level (see figure 01)). We 
normalize that the 27r shift of C does nothing to the system, so we have 

dn 1 , ^ 
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which shifts the energy by 



de 



1 



in the double scahng hmit where p diverges as log h. From this, when the original Fermi level in 
the left and right potential is the same, the shift of C does not change the total energy, which is 
compatible with what we have learned in section riU.21 




Figure 24: Turning on the zero-mode of C corresponds to raising and lowering the left and right 
eigenvalues respectively. 

Let us now fill the eigenvalues asymmetrically. Set Pl = P + Q and = n — Q with a positive 
Q < Later, we will identify the parameter Q as the background flux of the theory.^'' In this 
background, the deformation by the shift of C changes the energy of the system, which is now given 
by 

CQ 



V{C) 



dep{eR{C) - = ^, 



vr 



(10.26) 



in the double scaling limit. This is a perturbative result and requires a nonperturbative completion, 
for we should have a periodic potential because of the original identification C ~ C + 27r. In other 
words, when C approaches vr, the perturbed eigenvalues cross and the repulsion occurs as is always 
the case with the perturbation theory in the one dimensional quantum mechanics (see figure l2F 



-271-71 71 271 



271-71 71 271 




Figure 25: When perturbed eigenvalues cross, the repulsion of eigenvalues occurs. 

The identification of the Fermi level difference Q as the background flux can be understood 
from the coupling of the flux to the world line tachyon, which is described by 

S = j J^{T)AF, (10.27) 

^^Note that the introduction of Q requires an infinite energy, and we should regard it as a different superselection 
sector as opposed to the value of the infinitesimal deformation by the zero-mode C. This is much like the background 
flux q in the type OA theory. Indeed they are perturbatively related by the T-duality. 
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where J-{T) is in general an odd function of T and F is the dual field strength made from C 
The contribution of this effect to the second quantized Hamiltonian for the fermion becomes 

SH = j dXQ¥{X)^{-X), (10.28) 

which directly implies that the (anti)symmetric part of ^ has a Fermi level fj,± = /i it Q. The 
symmetric/antisymmetric classification used here is more suitable than the left/right classification 
in the nonperturbative definition because of the tunneling effect. Also, it shows the stability of 
the nonzero Q background though energetically unfavored. It can be also seen from the fact that 
the T-dual of this configuration is the type OA theory which has an imaginary R-R flux, where a 
different (real) R-R fiux means a different nonperturbatively stable background. 

In the following, we derive the full shape of the potential from the matrix model consideration. 
The Schrodinger equation for the eigenvalue in the double scaling limit can be written as 

where A = ^J^x and e = ^ — ha. The Fermi level mismatch can be emulated by setting the system in 
a box whose range is between xx,/r = T \/ 1 + \/ f C*. Using the explicit solutions of the Schrodinger 



equation, we can find that the energy a± which corresponds to the even/odd mode respectively is 
given by 

cos C 



0o(a±) = =F^ arccos 



Vl + e~27ra± 



+ n7r, (10.30) 



for each integer n, where (/)o(a) — 2alog \/2/fi+ | + argr(i + ia). From this result, we can 
obtain the energy difference which depends only on C in the double scaling limit (other parts are 
divergent as log^ in this limit). 



1 rfJ'+Q 
V{C) = — / da arccos 

271" Jf,-Q 



cos C 



Vl + e-2™ 



(10.31) 



which shows a correct periodicity and weak coupling limit ^ — > cxd. 
Some comments are in order. 

• At first sight, C is very massive with V" ~ e'^^. But as it is emphasized in |362j . this does not 
mean that the space-time field C is massive. This is because the potential here is obtained 
after integrating over the Liouville volume ~ log//, and hence the actual "mass" in the 
space-time is zero. 

• We can do the same calculation with the compactified Euclidean time (finite temperature 
matrix mode). The perturbative calculation shows the T-duality to the type OA matrix model 
with an imaginary fiux. Imaginary here should be related to the Wick rotation. However, 
it has been pointed out in ^362_ that the nonperturbative completion does not show the naive 
T-duality. On the other hand, the "S-duality" which involves /i — > —fi and C ^ C and a 
particle/hole duality which exchanges NS and RR background are strict symmetries. See also 
|359j . |364j for discussions on the T-duality. In the latter paper, the T-duality is studied from 
the duality between the double scaling matrix quantum mechanics and the instanton matrix 
model. 



'We have encountered the imaginary flux also in the c = model. See |334| . |161| . 
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• All those considered in this section are derived from the matrix model. It would be interesting 
to see its connection with the super Liouville theory. The D-instanton effects (with ZZ brane) 
must be one of the major sources. 

10.5 Literature Guide for Section 10 

While the study on the matrix model corresponding to the type noncritical string theory has 
a long history over a decade, its application to the type theory has begun only recently jlHlj . 
ESU, ISnO], IS], |M], ESni, IMU, inZl, ISSZl, ISSSl, H, ISHH], ISMI- However, we have already 
discovered many concrete (and exact) realizations of the nonperturbative string physics including 
Sen's conjecture, the geometric transition, the nonperturbative generation of the R-R potential, 
various dualities which we have not met so far, and so on. We hope we will find more examples of 
these phenomena by investigating matrix models or the Liouville theory. 

11 J\f = 2 Super Liouville Theory 

In this section, we discuss the N = 2 supersymmetric Liouville theory. The M = 2 Liouville theory 
is in a sense very different from the = 0, 1 Liouville theory discussed so far. One of the major 
disinctions is the nonrenormalization of the cosmological constant operator and the consequent 
disappearances of the c(c) = 1 barrier. Because of this lack of the barrier, we can use the N = 2 
super Liouville theory as an "internal SOFT" in the general d> 2 superstring theory. In the next 
section, we use the M = 2 super Liouville theory as a building block of the superstring theory 
propagating in the singular CY space. The organization of this section is as follows. 

In section 111. 11 we discuss the bulk theory. In subsection 111.1. 11 we review the basic setup of 
the N = 2 super Liouville theory and its CFT properties. In subsection 111.1.21 we attempt to 
obtain the bulk structure constants but face a difficulty which we have not met in the = 0, 1 
theory. The dual action proposal will be discussed to overcome this difficulty. 

In section lll.2| branes in the N = 2 super Liouville theory are discussed. After reviewing the 
basic modular transformation properties of the N = 2 characters in subsection 111.2.21 and 111.2.31 
we construct the boundary states by using the modular bootstrap method. 

In section 111.31 we review the matrix model proposal of the N = 2 super Liouville theory. In 
subsection 1 1 1 . 3 . D and [Tl . 3 . 2 1 we discuss the basic properties of the Marinari-Parisi model which is 
a supersymmetric matrix model and proposed to be the dual of the N = 2 super Liouville theory. 
In subsection 111.3.31 we discuss its connection with the world sheet N = 2 super Liouville theory. 

11.1 Bulk Theory 
11.1.1 Setup 

The N = 2 supersymmetric Liouville theory j3()5j can be seen in two ways. The first one is that 
we regard it as the quantization of the M = 2 supergravity on the worldsheet (see e.g. j3U5j . 
|366j ■ |367j ) . The second one is that we simply regard it as a particular (irrational) CFT with 
an accidental M = 2 supersymmetry j368j . Uj, j369j . Though the first perspective seems natural 
from the experience with the AA = 0, 1 super Liouville theory we have discussed so far, we will take 
the second point of view. That is because if we take the first standpoint, we have to gauge the 
N = 2 algebra, which leads to the so called (2, 2) (noncritical) string. While it is mathematically 
interesting, the physical application of the (2, 2) string is less clear. Therefore, to utilize our 

^^However, see |370) for a relation to the topological LST which involves the Af — 2 Liouville sector. 
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familiar physical intuition about the usual fermionic string, we take the second view point, where 
we regard the N = 2 algebra as an accidental symmetry of the world sheet theory. It is also 
important to note that we should have at least (2, 0) world sheet supersymmetry in order to have 
a space-time supersymmetry. 

The action of the M = 2 super Liouville theory is given by 

Sq = — [ (fzd'^eSS, (11.1) 
2vr J 

for the free kinetic part, and the interaction part is given by 

S- = fl [ (fzcfOe^^, (11.2) 



where 5 is a chiral superfield (for the bosonic part S = (l)+iY) and there is a suppressed background 
charge 1 /b for (j) — the real part of the bosonic field. Without ruining the N = 2 superconformal 
symmetry, another deformation is possible, 

Snc = [ d^zd'9e^^^^+^\ (11.3) 



In the next section, we will see that the chiral perturbation pi.2j) corresponds to the complex moduli 
deformation of the singularity of the CY space and the nonchiral perturbation ()11.3|) corresponds 
to the Kahler moduli deformation (resolution) of the singularity. However, we should note that the 
nonchiral perturbation is beyond the Seiberg bound. 

One of the most significant features of the N = 2 theory is the nonrenormalization theorem. In 
this case, the background charge Q = ^ is not renormalized quantum mechanically j3U5j . We can 
easily see this in the component setup. After eliminating the auxiliary fields, the kinetic term is 
given by 

So = J d^z^ {dSdS* + dS*dS + ^^+5^5+ + 

+ i;-di;- +i;-dip-) . (11.4) 

See appendix I A. 21 for our notation; the bar on the fermion here is the complex conjugation which 
does not change the chirality (thus tp^ is constructed by the two independent Major ana Weyl 
fermions V'^ = V'l + and ip'^ = ipi — iip2), and the chirality is governed by the superscript it. 
The chiral interaction part is given by 

S+ + S- = j d^z (p.}?^^^-e^^ + lil?i)+^-e^^* + nnflb'^ : e^^ :: e^^* :) , (11.5) 

and the nonchiral interaction is given by 

/I 1 1 

d'^z{d^ - idY - ^tp^tp+){d^ + idV - ^V'"^")e^'^. (11.6) 

With the background charge 1/6 for (/>, we can verify that the interaction is indeed (1, 1) tensor. 
The dimension of the chiral part is given by 

A(V+e''('^+^^)) = - + ^^i^ + - = 1, (11.7) 
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and that of the nonchiral interaction, for example for the first term, is given by 



1 , 



Aidefyeb"^) = 1 + ^ = 1. (11.8) 

Therefore, the background charge is not renormahzed unhke in the bosonic or = 1 Liouville 
theory. Because of this property, there is no analog of the c = 1 barrier in the M = 2 super 
Liouville theory. Note that the central charge of this theory is given by c = 3c = 3 + ^ and b can 
be chosen as an arbitrary real number. Consequently, the central charge can become small enough 
to introduce other transverse dimensions as opposed to the bosonic or = 1 Liouville theory. 
Owing to this property, we can embed the N = 2 super Liouville theory into the superstring theory 
propagating in the nontrivial background whose dimension is larger than two as we will see later 
in section [12.21 

Let us show the explicit realization of the N = 2 world sheet superalgebra of this theory: 
T = -i(9y)2- 1(90)2 + l52</.-i(V^+av;+-a^+V;+) 

G- = -^ij^{idY - defy - ^di)^ 
J = + }-idY. (11.9) 

The J\f = 2 mode algebra is given by 

= 2Lr+s + {r-s)Jr+s + l{r^-\ 
= 

[Jm,Jn\ = -m6m-n, (11.10) 

where the central charge is given by c = 3c = 3 + ^. For the later purpose, it is convenient to 
define the spectral flow generators as 



U'^JmU^ = Jm + Cr]6m,0 



U„ G^U-q — G^„. (11.11) 



Anticipating the application to the superstring theory, we have a remark on the compactification 
of the imaginary part of the superfield, Y. For the chiral interaction part of the action to be single- 
valued, Y should be compactified on the radius R = ^ with an integer n. Since the U{1) current 
measures the momentum of y, we have an integral U{1) charge for the NS sector if we have n = 1, 
the smallest radius. On the other hand, following the standard procedure, we can construct a 
spacetime supercharge operator from the J\f = 2 worldsheet superalgebra (see e.g. j368j . [1]). 

Q„ = ^dze-te-t(^-«^)5„, (11.12) 
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where H is the bosonized Liouvihe fermion and Sa is the flat space spinor operator. However, 
this supercharge operator becomes local only if the U{\) current has an integral spectrum in the 
unit 1/Q. Therefore, for the application to the spacetime superstring theory, the integral charge 
quantization of the NS sector is necessary. Of course, if we give up the spacetime SUSY (for 
example, the type string), this condition is not necessary. 

Let us now go on to the primary states of the J\f = 2 Liouville theory j371j . |372j . The 
fundamental building block is given by the NS vertex operator 

and the R vertex operator 

where is the (left) spin operator and made up with the two dimensional left fermionic zero-mode 
algebra. ^'^'^ The conformal dimensions of these operators are given by 

Aat = —2aa + —{a + a) 

Ar = -2aa + ^{a + a) + I (11.15) 
and the U{1) charges are given by 

wn = -{a — a) 

= w±^. (11.16) 

It is important to note that if a = 0, we have 2Ajv = wn, hence the chiral primary operator. 
Introducing the momentum P as 

a + a = ^+iP, (11-17) 
we can rewrite the conformal dimension as 

An = — + -rTT + • (11.18) 

As we can see from (|11.16|) (jll.l8|) . the U{1) charge and the conformal dimension does not 
change if we reverse the momentum p — > —p. As in the bosonic and J\f = 1 Liouville theory, we 
should identify these operators up to a multiplicative constant, namely the reflection amplitude 
j372j . In the original exponential form, the identification map is given by 

1 

a — — a 

2b 

a ^ ^^-a. (11.19) 



'For a complete vertex operator, we should tensor it with the right part properly according to the GSO projection. 



149 



11.1.2 Bulk structure constants and dual action 

The fundamental goal in this subsection must be, of course, to derive various structure constants 
which characterize this SCFT. However, because of the technical difficulty which we will explain 
below, the derivation of the structure constant seems difficult without a further assumption. The 
most difficult point is that we do not have a duality such as 6 — > 5^^. This is because the background 
charge is not renormalized and b ^ changes the central charge as a result. This duality has 
played a significant role in specifying the structure constant uniquely from the functional relations. 
Even in the M = 2 theory, we are actually able to derive a functional relation by using Teschner's 
trick, but we have only one relation, which is not enough to determine the structure constant 
uniquely. 

To overcome the situation, a new kind of duality is proposed in j;-i72j (see also . |,S74j . |,S75j ) . 
The claim is that the M = 2 super Liouville theory perturbed by the chiral interaction 5+ + 5_ 
with the cosmological constant is equivalent to the N = 2 super Liouville theory perturbed by 
the nonchiral interaction Snc with the dual cosmological constant ji. Of course, we use the same 
background charge 1/6 to ensure that the central charge remains the same. In section [12.31 we 
make an attempt to give its proof after reviewing the necessary background, but we have some 
remarks here. 

• In the neutral sector where the U{1) current J = 0, this conjecture seems to yield the correct 
(or at least consistent) bulk two-point function as we will see j37,'Sj . 

• From the viewpoint of the superstring propagating in the singular CY space |376j . |377j . |378j . 
|379j ■ j38Uj ■ |381j . the chiral deformation corresponds to the complex moduli deformation and 
the nonchiral deformation corresponds to the Kahler moduli deformation. Therefore, if these 
deformations yield the same results, we should expect a mirror type duality. Perhaps, this 
conjectured duality, if any, should involve the flipping of the GSO projection, or may be true 
only in the limited sector. Furthermore, if we restrict ourselves to the strings propagating 
in the singular ALE space, the deformation of the singularity by the complex deformation 
and the Kahler deformation is actually the same thing (see appendix IB. 61 for a discussion). 
Therefore we expect the deformation by the real cosmological constant /i is related to the 
nonchiral deformation of the Kahler potential. ^''^ 

In the following, we assume this duality and obtain the reflection amplitude by using Teschner's 
trick. Concentrating on the neutral sector q = q, we have basic degenerate operators 

2 

R^^ = a^e-^b't'. (11.20) 

ib 

The OPE of any NS field with the degenerate operator N_b is given by 

2 

iV„A^_6/2 = A^„-fe/2 + {a)N^+h/2. (11-21) 

where the fusion coefficient can be calculated by the usual perturbation saturation assumption 
as 

= ^/i(e(i-2"-'')<^(oo)e2"'^(l)e-^<^(0) 

^'^^ However, it is not clear whether we can deform the theory by the complex {6 term like) Kahler parameter without 
violating the superconformal properties. 
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Performing the free field path integral and integration over zi , Z2 (the Dotsenko-Fateev formula 
(|A.14|1 is useful to evaluate the integration), we have 

C^{a) = Ki7(l - 2a6)7(l/2 - 2ab - b'^)j{-l/2 + 2ab)'y{2ab + 6^), (11.23) 

where ki is an a independent constant which is proportional to /x/i. The two-point functions we 
would like to determine can be written as 

(iV„(z)iV,(0)) = 

{Rt{z)R-m = (11.24) 

If we consider an auxiliary three-point function {Na-i-b/2^aN^b/2) i "we have the following func- 
tional relation: 

C^{a)D^{a + b/2) = D^{a). (11.25) 

Of course its solution is not unique. To obtain the dual functional relation, we need a dual action 
assumption. Consider the following OPE 

^aRt^/^b = K-i/4b + ^-('^)K+i/ib 

RaR\/^b = N^-i/4b + C^ia)N^+i/4b- (11.26) 

The first order insertion of the dual action determines the structure constants as 

^Nf. ^ ^{2a/b-l/2b^) 
0_ [a) = K2- 



7(2a/6) 

where K2 is proportional to the dual cosmological constant /I. If we consider auxiliary three-point 

functions, {Ra+l/ib^o^Rti/ib) ^nd (A^a+l/4b^a-R^i/45>, ^^^^ 

C^{a)D^{a + l/Ab) = (a) 

C^ia)D^{a + l/4b) = D^{a). (11.28) 

These are the second functional relations. Solving these, we obtain 

jjN.p. ^ 2^Pfb nl + fnl + ^Pb)r{^2-iPb) 
^ ' ^ T{l-i^)T{l-iPb)T{\+iPb) 

D^(p) = ^-2^P/b nl + fnl-^pbnk+^pb) 

^ ' ^ r(i-^)r(i + iP6)r(i-iP6)' ^ ' ' 

where /i is a renormalized cosmological constant which is proportional to /i, whose precise form can 
be found in the original paper \A72\ . and we have introduced the momentum P as in pi.l7j) . For 
the later purpose, it is important to note that this can be rewritten as 

D-iP) = ,-2.P/^ n^)nl + 2^Pb)n\-^Pbf 

^ ' ^ V{-%)Y{\-2iPb)Y{\^iPbf ^ ' ' 

by using the Legendle duplication formula ()A.37|) up to an irrelevant sign. 

Some consistency checks of the results are done in the original paper |372j . We will see in the 
next section that this reflection property is consistent with the one-point function on the disk. 



151 



11.2 Branes \n J\f = 2 Super Liouville Theory 

In this section, we derive the Cardy states for the branes in the M = 2 super Liouvihe theory. The 
essential difficulty here is the lack of the b ^ duality, so Teschner's trick does not determine 
the one-point function uniquely. Nevertheless, we recall that in the bosonic and M = 1 Liouville 
theory, we have another approach which yields the same result without resorting to the duality 
argument. This has been done by what is called the modular bootstrap method |382j . |383j . 

The basic strategy of the modular bootstrap (see section 15.2.21 18.21 and 18.31 for example) is that 
we first assume the open spectrums and then modular transform them into the closed exchange 
channel to obtain the Cardy boundary states (the boundary wavef unctions, or equivalently the 
disk one-point functions). The identity representation was modular transformed into the (1, 1) ZZ 
brane and the general nondegenerate representation was transformed into the FZZT brane in our 
previous case. Of course, this method does not guarantee that these candidate Cardy states really 
satisfy the Cardy condition. We have to check this in the end, but from the experience with the 
bosonic and M = 1 Liouville theory, we expect this is the case. 



11.2.1 Modular transformation oi M = 2 character 

To utilize the modular bootstrap method to obtain the Cardy states, we need to know the modular 
transformation properties of the basic M = 2 representations. In this section we review their 
properties |384j , |385j , j382j . For simplicity, we concentrate on the NS sector because the characters 
of other spin structures can be obtained by the spectral flows. We denote the conformal dimension 
and f/(l) charge as h,Q and set q = e^'^*'^, y = e^'^*^. 

The unitary representation^'^^ of the M = 2 algebra is classified into the following three types. 

1. massive representations : 

ch^^(/., g; r, z) = g^-(^-i)/Sy«MlL£) (11.31) 

r](TY 

which is spanned by operating L-n,J-n,G^^ to the highest primary states which is not an- 
nihilated by any of these. The unitarity demands h > \Q\/2, < \Q\ < c — 1. In the closed 
sector, the general vertex operator e"'^+"'^* belongs to this representation.^'''^ 

2. massless matter (chiral or anti-chiral) representations : 

chSnQ;r..) = ,^-«-'>'^«^^^^;|i-)_ ,n.32) 

which is defined by G^-^^^^\Q) = or GZi^2\Q^ ~ *-* chiral and anti-chiral respectively. The 
unitarity demands h = \Q\/2, < \Q\ < c. In the closed sector, the general vertex operator 
e"'^ belongs to this representation. 

3. graviton (vacuum) representations : 



^"^To construct a physically meaningful theory, we here deal with the unitary representation exclusively. Note that 
this requirement excludes the branes such as general (m,n) 7^ (1, 1) ZZ branes. 

losrpjjg second unitarity condition seems to restrict the allowable U{1) charge, but actually it is not the case. By 
using the integral spectral flow 111. f ft . we obtain Q — + Q + (c — l)n, and this generates other U{1) charge sectors. 
Also in the chiral sector, we have only finite operators in the physical theory because of this bound. However, once 
we twist the theory, this bound is removed, so for instance the analysis in |244| is consistent with the unitarity. 
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which is defined by C^-^^^l^) = and L^i\l) = 0. This corresponds to the unique identity 
operator in the theory. 



The more general representations are generated by the spectral flows Under these flows, 

the characters transform as 



ch^^(n; r, z) = q^""^ y'^cW^'' {t, z + nr 



(11.34) 



for an integer n. 

The modular transformation of these characters are given in |386j , |382j . The easiest one is the 
massive representation, where we can simply use the modular transformation formula in appendix 
I A. 41 We label the massive representation as h = ^^ + — h gp- as in (|11.18|) . Then the modular 
transformation is given by 



NS i , ^^^^ 1 1 



ch^^'^ — H h —r^^w: , - 



e'" r'h I dw' I dp' 



^2™'^^ cos(2vrpp')ch^" f ^ + ^ + ^, z.'; r, H . 



(11.35) 



On the other hand, the modular transformations of the massless matter and graviton characters 
are quite nontrivial"^'^^ and given by (see (386] . |382j for the details) 



1 z 
r r 



dw' / dye-2-^(^'^+")"'' 



cosh(2Vb(l + ^ - A)) + e^"^ cosh(2V6(A - ^)) I p'^ w'H^ J_ , ^ 
2|cosh7r(p'6 + iu;'62)|2 I 2^ 2 +862''^''^'^ 



(11.36) 



where n G Z specifies the integer spectral fiow and A is the U{1) charge. 
Similarly for the graviton representations, we have 



ch 



NS 



1 z 

n; , - 

r r 



sinh(7rp'/6) sinh(27r6p') I p'"^ w'^b'^ 1 



dw' 



„/2.2 



dp'e 



-2ninw 



2b2 



COShTT{p'b + iw'P)\'^ ^2 ^ 2 ^862'""'^'^^ 

dA'sin(^(A' - l/262))e-2™{A'+n'/'>^)chjV/ (A',n';r, z) 



n'eZ 2b 



(11.37) 



*At first sight, one might try to expand the denominator as 



i+j,JT72 = ES^Lo("l)"(j/'?^'^^)" ai^d modular transform 
term by term (this can be done by the usual formula) and resum again. However, this does not yield the correct 
results because the expanded characters contain infinitely heavy tachyon (imaginary momentum) contributions and 
the modular transformation is iU-defined and divergent (see the similar argument in section l5.2.2|l . Indeed, the careful 
evaluation of the modular transformation requires an additional massless matter sector contribution. One way to see 
its necessity is to make a spectral flow and consider the R sector. The massless and graviton sector can possess a 
nonzero Witten index, whereas on the other hand, if it were not for the contribution from the massless sector, the 
right-hand side would have a zero Witten index from the massive sector only. 
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However, this is not the end of the story. As has been stressed in |,S82j . the right-hand side of 
the modular transformation above has a continuous U{1) charge spectrum and is not compatible 
with the local spacetime supercharge. Let us explain this point further. Suppose we compactify 
Y and hence we have a discrete U{1) charge in the closed sector (as we have stated in the last 
subsection, this is necessary to obtain the local spacetime supercharge operator). In this case, the 
Ishibashi states made up with the closed states must have a discrete U{1) charge, but if we have 
such an open character as we have seen above, the U{1) charge in the closed exchange channel 
necessarily contains a continuous U{1) charge, which is not what we want. It seems hopeless to 
obtain a discrete U{1) charge in the exchange channel by combining the open character by trial 
and error. Fortunately, for the rational central charge c = 1 + ^ with integers K and A^, the 
"extended character" which preserves the discrete U{1) charge under the modular transformation 
has been introduced in [AH2\ (see also [AH7\ . |,S88j ) . The key idea is that we sum over the spectral 
flow. 

The extended characters are defined as 



X^^{ho,r,jo;T,z) = 
XAf{r,s;T,z) = 



ner+NZ 



ho,Q 



Jo 

N 



■,T,z + nT 



ner+NZ 
n^r+NZ 



Q 



N 



■,T, z + riT 



?/^"ch^^ (r, z + nr) 



(11.38) 



where r, jo,s are the reference spectral flow parameters and U{1) charge and their ranges are 

reZN, 0<jo<2K-l, l<s<N + 2K-l. (11.39) 

Furthermore, we take jo and s as integers in order to ensure the locality of the spectral flow 
generators. For the massive representations, we use the following convenient parameterization: 



n = hn -\ 

^ N N 



2 ^ ANK 



j = jo + 2Kr, 

The modular transformations of the extended characters are given by 

.^5-2 1 



(11.40) 



X 



NS 



1 z 

p,j; — 

T T 



E 



V2NK , 



dp' zos{2^pp')x''%p\ f; T, z), (11.41) 



for the extended massive representations, and 



Xm 



1 z 
r,s; — , - 

T T 



2V2NK 



g . (s+2Kr)j' 
e 2NK 



dp' 



cosh(27r6p' 



/ N+K- 

N 



) + e*'j=f cosh(27r6p' 



N ' 



NS( I -I \ 



- y 



2\ cosh 7r(p'6 + i^)p 



E 



-2m 



{s+2Kt)(s' +2Kr')-{s-K){s' -K) ^a, . , 

2iVK XM{r,S]T,z) 



+ 



2N 



E' 

r'eZjv 



-2-Ki 



(a + 2Jfr)(2r' + l) 



{Xl'ir', K- r, z) - xlFir' , N + K;t, z)} 



(11.42) 



154 



for the massless matter representations, and finally 

NSI^. 1 ^-2.^rlL f^^ , smh{7rp' /b) smh{2np'b) ( f ^^ 

2V2NK J^oo |cosh7r(p'6 + iJ^)|2 ' 

2 . ('^{S -K)\ r, ■ r(s' + 2Kr') ^„ 

(11.43) 

for the graviton representations. Using these modular transformation properties, we will derive the 
disk one-point functions in the following subsections. 

11.2.2 Boundary conditions and Ishibashi states 

The N = 2 superconformal symmetry allows the following two types of boundary conditions |389j : 
for the A-type, we have 

{Jn-J^n)\B) = 

{Gt-ir^G^_,)\B) = 0, (11.44) 
with Tj is either +1 or —1. For the B-type, we have 

{Jn + J-n)\B) = 

{Gf - ir]Gtr)\B) = 0. (11.45) 

Both of them are compatible with the N = 1 superconformal symmetry which we would like to 
gauge 

(L„-Z_„)|5) = 
{Gr-inG^r)\B) = 0, (11.46) 

where G = G'^ + G~ . Roughly speaking, the U{1) condition states that the A type imposes 
the "Dirichlet boundary condition" on the Y coordinate, and the B type imposes the "Neumann 
boundary condition" on the Y coordinate. The r/ dependence simply yields the spin structures and 
they are almost trivial, so we ignore these factors in the following. 

The Ishibashi states of the extended character are defined as (for example, we take the A-type 
brane, for the B type we should replace Jq -|- Jq with Jq — Jq.) 



{p,j\e-''^''^''e'''''^^'>+^°^\r,s;M) = 0, (11.47) 

which are constructed from the primary states appearing in the right-hand side of the modular 
transformation formulae (particularly, we have K + 1 < s < K + N — 1). Then the Cardy boundary 
states should be expanded as 



00 N+K-l 

{B,i\= dp ^dP^3){p,j\+Y. E C^{r,s){r,s-M\. (11.48) 

jGZ2ivA' r-eZiv s=K+l 



^"^Note that if the (type II) space-time supersymmetry is possible, we should have both r) = ± sector with the same 
wavefunction. In a sense, it is guaranteed by the spectral flow unlike in the A/" = 1 theory. 
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In the next subsection, we determine the wavefunctions ^^{p,j) and C^{r,s) via the modular 
bootstrap method. To relate the results to the Liouville boundary parameter, we need the suitable 
boundary action for the Af = 2 Liouville theory. This is given in (S90 and we just quote the result: 



/oo 
dx 



-oo 



i - - 1 

Svr 4 



4 V J 4 V '^^J'B 



(11.49) 



where a and a are (complex) boundary fermion operators and we have assumed the B-type boundary 
condition here. We should also note that this boundary action is not enough to yield the FZZT 
type disk one-point function unlike in the bosonic or = 1 Liouville theory due to the lack of the 
duality. However we could use this boundary action to relate the boundary parameter /ie to the 
Cardy states continuous parameter as we will see in the next subsection. 

11.2.3 Cardy boundary states 

Now it is time to obtain the Cardy boundary states for the N = 2 super Liouville theory. The 
modular bootstrap assumption^''^ is given by 

e^^(S;0|e-^^=^=e^'^^(-^o+^«)|B;0) = XG{r = ^]ito, z), (11.50) 

where to = ^ and z' = —itoZ. By using the modular transformation properties in section [11.2.11 
we have 



b / J_\ ^{l + ^-^pbnl-^-ipb) 
2 \NK J T{-ip/b)T{l - 2ipb) 



Co{r,s) = ^l^sm C^'^^^ ), (11.51) 

which is determined up to a (possibly p dependent) phase factor and a complex conjugation. This 
can be fixed by demanding the reflection property which states 

^o{pJ) = R{p,moi-pJ), (11.52) 
where the reflection amplitude R{p,0) is given in (|11.3flj) . For nonzero j, it is given by 

R(V 1) = .-2W. ^^tW + 2^pb)T{l - ipb + ^)r(l - ipb - ^) 
T{-'i)nl-2ipb)T{\ + ^pb + ^)n\ + ^pb-^y 

which was flrst derived in It also determines the overall phase to be /i"*^^ ^, where fi is the 

renormalized cosmological constant which is proportional to ^. This boundary state corresponds 
to the (1, 1) ZZ brane in the bosonic Liouville theory and plays a fundamental role to derive other 

^"^Whether these branes obtained via the modular bootstrap satisfy the Cardy condition or not is a nontrivial 
problem. In EES, various cylinder amplitudes are calculated and the positivity of the spectral density is confirmed 
(at least for the particular parameter region) . 
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boundary states. In |,S82j . three classes of boundary states are proposed: the class 1 corresponds 
to the graviton representations, the class 2 corresponds to the massive matter representations and 
the class 3 corresponds to the massless matter representations. 

We can easily derive the other boundary wavefunctions from the modular bootstrap (|11.5U() and 
the actual form of the modular transformation found in subsection II 1.2.11 For example, the trivial 
one is given by the class 1 general graviton representations \B; r) which is given by 

^r(p,i) = e-2--^'^o(p,j). (11.54) 
The class 2 boundary wavefunction (for the continuum part) is given by 



2b\NKj r{l + ^ + ipb)r{l-^ + ipb) 

(11.55) 

which satisfies the reflection property. The relation between the boundary cosmological constant 
fiB and the boundary parameter p' is given in by comparing the pole structure with the 

perturbative calculation; for j' = 0, we have 

We will discuss the application of these boundary states to the supersymmetric cycle of the 
singular Calabi-Yau space in the next section, but for the moment in this subsection, we discuss 
the c = 5 theory (two dimensional noncritical string theory) either in type or type II j382j . 

For the type string, we can choose the world sheet fermion GSO projection: 

Jo + Jo G 2Z (11.57) 

for the type OA theory or 

Jo - Jo G 2Z (11.58) 

for the type OB theory. For the type OB theory, we have R-R charged A-branes and non R-R 
charged B-branes. The A-branes have Dirichlet boundary condition on the Y direction^'^^, so the 
class 1 A-brane is the DO-instanton and class 2,3 A-brane is the Dl-instanton. Schematically, we 
have 

\B±)a = \B)^^ ±\Bf, (11.59) 

where + corresponds to the BPS(-like^''^) brane and — corresponds to the antibrane. These are 
stable in the sense that the tachyon is projected out by the open GSO projection. Of course, if 
we consider the D-D system, we have open "tachyon" (for the class 2, this is actually a massless 
tachyon). We should note that we have both even and odd dimensional "stable" branes in this case 
as we have seen in the c = 1, M = 1 super Liouville theory. 

^°^We can (and should in the supersymmetric case) compactify the Y direction, and regard it as the Euchdean time 
|391| . The Wick rotation in this case is very subtle especially in the supersymmetric case. 

Since space-time SUSY is missing in the type theory, the "BPS" here does not have any deeper meaning than 
branes without an open tachyon. 

^"^Unlike in the JV — 1 theory, the open GSO projection for the class 2,3 branes can be imposed properly. The 
essential reason is the existence of the spectral flow. At flrst sight, since the wavefunction for the R sector is different 
from the NS sector (for example, compare eq (4.12) and (4.15) in |383l ). the proper GSO projection does not seem to 
be imposed. However, if we actually calculate the density of states, the integration (summation) over the U{1) charge 
makes them equal (up to a sign which is related to the more involved GSO projection involving the U{1) charge). 
The author would like to thank Y. Sugawara for teaching the author this point. 
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The B-branes have Neumann boundary condition on the Y direction, and in the type OB theory, 
we cannot have R-R Ishibashi states for this boundary condition. Therefore, the class 1 states 
which correspond to the DO-branes have a genuine tachyon in the spectrum and this should yield 
the matrix dual of the type OB = 2 super Liouville theory in the double scaling limit. As we 
will see in the next section, for the minimum radius R = 2 [M = 1), the dual theory is proposed 
to be the symmetric version of the KKK matrix model j392j though we cannot see any reason why 
the vortex sector should be included from this holographic perspective. For the type OA theory, 
the "stable" and "unstable" branes are just reversed. We have stable (with R-R sector) branes 
for B-branes (DO and Dl) and unstable (without R-R sector) branes for A-branes (DO and Dl 
instanton) . 

Finally we consider the type IIB case. If we impose the spacetime SUSY, we should have the 
minimum radius R = 2. The boundary states for the A-branes are BPS and their properties are 
similar to those of the type OB theory (with fermion sector). However note that the BPS branes 
exist both for odd dimension and even dimension as opposed to the naive free field guess. The more 
interesting boundary states are the B-branes which are non-BPS. For the class 1 brane, which is 
the DO-brane and supposed to play a matrix holographic dual role in the double scaling limit, we 
find an open tachyon and an open massless fermion in the spectrum j393j . j382j . As we will discuss 
in the next section, this is just the spectrum of the Marinari-Parisi super matrix model expanded 
around the nonsuper symmetric vacuum ^393, . 



11.3 Matrix Model Dual 

In this section, we discuss the matrix dual theory for the c = 5 two dimensional type II = 2 
super Liouville theory. ^^'^ The matrix model proposal for the discretized superstring was proposed 
in |393j and we will first review its properties in section 111.3.11 and 111.3.21 Then we compare it 
with the continuum string theory in section 111.3.31 



11.3.1 Marinari-Parisi model 

We will review the basic facts about the Marinari-Parisi model |394) . In this subsection, we follow 
the argument given by Dabholkar j395j (see also |396j ) , who truncated the model onto the diagonal 
gauge singlet sector as we will see. From the holographic point of view, this truncation is natural 
because it has been shown |393j that the gauged Marinari-Parisi model which is naturally obtained 
from the one dimensional theory on the DO-branes just corresponds to the Dabholkar's truncation. 
Ungauged original Marinari-Parisi model has the following action 



S = -N dtdedOTi 



(11.60) 



where ^ is an Hermitian matrix valued superfield 

^ = M + + + eeF, (11.61) 

and D = dfj + 6dt, D = —dg — Odt are super covariant derivatives. The Hamiltonian is given by 

ijkl 'j 



^^''We have called the two dimensional noncritical string "c — 1" and "c — 1" referring to the central charge of the 
matter section, but for the M = 2 super Liouville theory, the two dimension means no other matter sector. This 
leads to a somewhat different naming "c = 5" theory referring to the central charge of the Liouville part. 
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and the supercharges are given by 



ij \ 



. gWo(M) 



The truncation done by Dabholkar is as follows. We diagonalize $ by a unitary matrix. In general, 
this does not diagonalize ^ and F simultaneously (see |397j for a related discussion). Nevertheless, 
we treat them as if they were diagonalized, 

{um^)ii = \i + e^i + 4e + eofi. (ii.64) 

This truncated theory turns out to be a consistent subspace of the whole theory and makes a proper 
sense. The reduced Hilbert space is spanned by the following states: 

/(A)nV'klO)- (11-65) 

k 

On these states, the supercharges act as 

At first sight, this expression for the supercharges seems peculiar and looks inconsistent because 
Q is not Hermitian conjugate of Q in a naive sense. However, this is because the innerproduct we 
should use is a nonstandard one due to the Jacobian from the change of variables. It is convenient 
to use a standard innerproduct by rescaling the wavefunction as (/) — > J^^'^cj) and operators as 
O J^/2(9j-i/2^ ^-^j^ ^j^ggg rescahng we finally have 



Q = E^I 



d dW 



-il^, I 



dXi dX 

■L 

with an effective superpotential W which is given by 



W = Wo-Y,\og{X,-Xj). (11.68) 



11.3.2 Double scaling limit and collective field theory 

In the last subsection, we have introduced the Marinari-Parisi supermatrix model. Here we attempt 
to take the double scaling limit and obtain the (super)string theory if any. The alternative approach 
to obtain the string theory is to use the collective field theory method as we have discussed in section 
13.2.21 The most difficult point here for the both methods is that the manifestly supersymmetric 
treatment demands that the Fermi level /i is not an independent parameter and the flight of time 
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is finite so the Liouville like extra dimension seems to be compact. In contrast, as we will see 
in the next subsection, the continuum R-NS type construction of the two dimensional superstring 
demands that the Euclidean time is compact and the Liouville direction is noncompact. We will 
not solve this discrepancy here, but just review the facts so far obtained in the literature. 

The double scaling limit of the Marinari-Parisi model in the singlet sector has been studied in 
j394j ■ j395j . If we take the special choice of the cubic superpotential: Wq = ^'Tt{g^ — ^^^), the 
bosonic effective potential can be written as 

V{X) = \(^X + \{X'-9fy (11.69) 

The double scaling limit can be obtained by the scaling ansatz: 

X = Xc{l + az), Ac = 2-1/3, 

5 = 5e(l + a2z), = 3-2-2/3, (11.70) 

and we make a — > 0, ^ oo keeping Na^^^ = k fixed. Unlike in the bosonic case, we have 
to rescale the Euclidean time further^ as t = Then the effective action for the top 

eigenvalue can be written as (see |395j for the details) 



S[z] = - I dr 

K 



\[^)' + \W(^)f + ^^^^ + ^^Hv"{z) 



(11.71) 



where the superpotential v{z) is given by 



v(z) = l(3-z){z + 2f/^. (11.72) 
5 

The bosonic potential becomes V = |(z + 2){z — 1)^ and looks like it is not positive definite, but 
we have to supply the infinite wall at z = —2. We will not study its properties any further, but we 
should remark that this effective action breaks supersymmetry by the nonperturbative quantum 
effect |395) . Indeed, this can be easily seen from the original superpotential. In the supersymmetric 
quantum mechanics, the supersymmetric condition uniquely fixes (if any) the wavefunction of the 
supersymmetric ground states | i399^ i400ii as 

^(z) = e-2^("), (11.73) 

but in our case, the highest power of z in VF(z) is odd (apart from the log term which antisym- 
metrizes the wavefunction). Therefore this wavefunction is not normalizable and the ground state 
must be lifted via the tunneling effects. 

Now let us go on to the collective field description of the Marinari-Parisi model |396j , [40 H I4f)2j . 
We expect that the collective fields yield the spacetime fields of the double scaling limit theory as 
we have seen in the bosonic matrix model where the collective field describing the fluctuation of 
the Fermi surface becomes the spacetime tachyon field up to the nonlocal field redefinition. The 
ansatz here is 



dx(pix,t) = y^(5(x - Xj 



^^^This rescaling also has been under debate |398| . In any case, the rescahng makes sense only when t is noncompact. 
However, the naive holographic dual matrix model suggests that the Euclidean time variable should be compact in 
order to preserve the space-time SUSY. 
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Figure 26: The double scaled potential for the top eigenvalue of the Marinari-Parisi model. Because 
of the supersymmetry, the Fermi level is not an independent parameter. 



iP{x,t) = -^S{x-Xi)^Piit) 

i 

ij{x,t) = -Y^5{x - \i)4{t) 



(11.74) 



The collective Lagrangian is given by 



L 



dx 



1 



dx \ dy\i,\x),^{y)\W, 



xy, 



(11.75) 



where dx^p 



W 



^ and W,xy 



Stp{x)5ip{y) ■ 

To go further, we reexpand the action around the classical solution and change the variable r' = 
where w is the quadratic coefficient of the potential and /x/ is the fermi energy, in order 



to avoid the tadpole contribution. Then we obtain an interacting field theory with a massless boson 
and a massless Majorana (left and right) fermion but do not have a supersymmetry (however in [40 Ij 
it has been shown that this theory can be rewritten as the spontaneously broken supersymmetric 
theory where one chiral super field has a nontrivial space dependent background). We will not 
discuss the properties of the collective field theory any further. In the next subsection, we consider 
the world sheet continuum description of the two dimensional superstring theory. Unfortunately, 
the current situation states that the correspondence between the continuum description and the 
collective field theory (or the double scaling limit of the supermatrix model) is not well established 
yet. 
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11.3.3 Connection with the world sheet superstring theory 



The Marinari-Parisi model has unusual properties as a two dimensional superstring theory. It 
would be interesting to see the connection with the continuum description of the two dimensional 
superstring. We first construct the two dimensional superstring from the R-NS formulation by 
using the N = 2 super Liouville theory technique which we have reviewed in the last section. 

Let us first consider the spectrum of the two dimensional superstring theory |368j . 1^. To do 
this it is convenient to use the free field description of the M = 2, c = 5 super Liouville theory 
and impose the chiral GSO projection. We first bosonize the fermionic partner of (j): ip and the 
fermionic partner of Y: ipy as 

^l; = ±(e^'^ + e-'^), i;y = ±{ie^h-ie-''^), (11.76) 

where /i is a canonically normalized bosonic field {h(z)h(0) ~ — logz). Then the vertex operator 
for the tachyon (in the (—1,-1) picture) is 

Tk = exp[-{a + a) + ikY + a4>], (11.77) 

where a is the usual bosonized superconformal ghost /37 = da, and —a + 1 = The (left part of 
the) R vertex is given by 



V_i = exp 



2 



1 i 

-a + -eh + ikV + ac. 



(11.78) 



in the — ^ picture. To perform the chiral GSO projection, we define the spacetime SUSY operator 
S: 

S{z) = exp -^a + ^ih + 2Y) . (11.79) 

Note that the zero-mode charge Q = § S{z) satisfies = in the two dimension, so the spacetime 
SUSY algebra is rather a BRST algebra |368j . [1]. Therefore, the connection between the collective 
field of the Marinari-Parisi model is not clear because the matrix model SUSY algebra has the usual 
relation = H. The GSO projection demands that every physical states should have a local OPE 
with (|11.79|) . This projects onto 

• NS sector: keZ + \. 

• R sector: e = -1, /c G Z > 0, or e = -hi, > A; e Z + i. 

Combining the left and right part, we have for the type TIB theory one (massless) tachyon with 
half integer momentum, one left moving R-R scalar with integer momentum and one left moving 
complex fermion with half integer momentum. This is just the manifestation of the fact that 
the spacetime SUSY requires that Y should be compactified with the radius R = 2. 

Since we have learned the contents of the unstable branes in section 111. 21 we can conjecture the 
dual matrix theory by the holographic correspondence. The natural object here is the class 1 (ZZ 
type) B-brane, which can be interpreted as the DO-brane localized in the strong coupling region 
j382j . |393j . The spectrum is given by the (genuine) tachyon and a massless (complex) fermion. On 

^^■^In |869) . |393) . the same theory has been studied in the dual 51/(2, R)/f/(l) coset construction which should be 
dual by the mirror symmetry discussed in section Fl 2. II 
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the other hand, if we expand the Marinari-Parisi model with the superpotential Wq = — ^X^^^ 
around the nonsuper symmetric critical point, we have 




2 



16A2 



1 



(11.80) 



Comparing this with the spectrum obtained from the unstable class 1 B-brane, we can see this 
is the same. It is worthwhile mentioning, however, that the Euclidean time for the B-brane is 
compactified unlike the Marinari-Parisi model. 

Despite many subtleties, some other supporting arguments are given in |393j . They include, 

• Symmetry consideration: there are a fermion number (—1)'^ and a Z2 R symmetry both in 
the Marinari-Parisi model (for the odd superpotential, hence the broken supersymmetry) and 
the worldsheet theory. 

• Ground states and instantons: The (supersymmetric) perturbative vacua for the Marinari- 
Parisi model are classified by the fermion number. However, the instanton effect ruins the 
fermion number conservation and the actual vacuum is something like the 6 vacuum which 
is the summation over the different fermionic states and diagonalizes the Hamiltonian. On 
the other hand, since we have a BPS instanton in this theory (the class 1 BPS A-brane), we 
expect the similar things happen in the two dimensional space-time theory. 

Perhaps the conjecture here has a much weaker support than any other matrix model dualities 
in this review, and we should study further both the Marinari-Parisi model itself and the continuum 
theory. Before closing this subsection, we have a few remarks: 

• The biggest mystery is what the actual target space is. This is a difficult problem since the 
string theory admits a T-duality if we compactify the theory, and we do have a compactified 
"time" direction Y in this case. Also, the matrix model collective field is related to the string 
field via the non-local field redefinition, which may cause the difficulty in understanding 
the space-time SUSY in the dual theory. Concerning this point, we should note that the 
Hamiltonian in the matrix model is a conserved quantity, but the "Hamiltonian" in the space- 
time theory from the N = 2 super Liouville cannot be conserved because of the nontrivial 
background in the Y direction. 

• The space-time SUSY algebra is not the same in the matrix model and in the world sheet 
continuum theory. This has already been recognized in j395j . and they have stated that the 
dual world sheet theory is rather a Green-Schwarz type superstring than the R-NS formulation 
considered so far. However the Green-Schwarz superstring in the two dimension also has a 
subtlety concerning the realization of the kappa symmetry. The hybrid formalism of the two 
dimensional superstring is given in |4n3j . and it would be interesting to see the connection. 
Also |359| has proposed a matrix model dual of the type II superstring regularized by the 
R-R background in contrast to the N = 2 super Liouville background. Since the world sheet 
description of the R-R background is beyond the scope of this review, we do not discuss this 
interesting subject here. 

• Finally, the existence of the nontrivial double scaling limit as a naive continuum limit (su- 
perspace t,9,9 sigma model coupled to the Liouville theory) has been questioned in |398j . 

^^■^The author is not quite sure whether this fact is crucial or not. In |393| . the Wick rotation is performed and the 
odd winding modes are discarded. Also, if we decompactify Y, the space-time SUSY from the world sheet perspective 
becomes obscure. 
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The world sheet theory is interacting and in the IR, all the coordinates become massive. The 
subtle point here is the rescaling of the time t in the double scaling limit taken in |395j . It 
would be fair to say what the continuum theory (R-NS noncritical superstring or a Green- 
Schwarz type superstring or something else) corresponds to the double scaling limit of the 
Marinari-Parisi model is an open problem yet. 

11.4 Literature Guide for Section 11 

The bulk Af = 2 super Liouville theory has been studied in 0011, ^U^, ^E^, M, 

0], |369j ■ |371j . p72i . Also we can find many references on the Af = 2 super Liouville theory in 
connection with the holographic dual of the little string theory or singular CY space as we will see 
in the next section. 

The boundary states for the N = 2 super Liouville theory has been studied in j38Uj . j393j and 
further developed in |383] . 

The earlier studies on the Marinari-Parisi j394j model have been done in j4U5j . |4U6j . j395j . 
[Ml, gOHl, M, M, mni, mU, mni, mSl, IMZI, noil, IMI, IMI- Based on the unstaWe 
DO-brane spectrum, the duality between the Marinari-Parisi model and the N = 2 super Liouville 
theory has been proposed in .393 . The superstring theory from the N = 2 super Liouville theory 
has been reviewed in j369j . 

Theoretically speaking, the = 4 extended super Liouville theory is possible j414j . |415j . |367j 
(see also |416(I417| for related discussions). As far as the author knows, however, the application to 
the physical string theory is still in its infancy and study on the subject such as structure constants 
or brane contents etc is still limited. 

12 Applications 

In this section, we discuss applications of the M = 2 super Liouville theory. The organization of 
this section is as follows. 

In section [12.11 we discuss the fermionic string on the 2D black hole. In subsection 112.1.11 we 
review the basic properties of the string spectrum of the theory, and in subsection 1 1 2 . 1 . 2l we discuss 
the duality of the 2D fermionic black hole and the N = 2 super Liouville theory. In subsection 
I12.1.3( the matrix model dual proposal for the 2D fermionic black hole is reviewed. 

In section [l2.21 we review the application of the AA = 2 super Liouville theory to the (non)critical 
string propagating in the singular Calabi-Yau space. In subsection 112.2.11 we discuss the bulk theory 
and in subsection 112.2.21 we discuss the branes present in the singular Calabi-Yau space from the 
branes in the N = 2 super Liouville theory we have discussed in section 1111 

In section 112. 3| we provide an explanation of the duality in the N = 2 super Liouville theory 
by using other dualities discussed in this section. 

12.1 Fermionic String on 2D Black Hole 

In this section, we discuss the relation between N = 2 super Liouville theory and the type string 
theory propagating on the 2D black hole. 

12.1.1 S'L(2,R)/?7(1) supercoset model 

Since the bosonic string propagating on the 2D (Euclidean) black hole is described by the string 
theory on the SL(2, R)/f7(l) coset theory quantum mechanically (see section FB.Sj) . we naturally 
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expect that the fermionic string propagating on the 2D black hole is described by the SL{2, 'R)/U{1) 
Kazama-Suzuki supercoset theory (418j . In this section, we review its construction following 1 3781 



Consider first the superconformal parent SL{2,'R) theory at level k. This theory has the left 
5L(2,R) super current 

V + oJlr, (12.1) 

V /v 

with a = 1,2, 3, where 



The free field OPE of i/"" is given by 



r = r-'-e%,^l;''r- (12.2) 



r{z)i;\0) ~ ^ (12.3) 



where the metric is given by 77"* = diag(+, +, — ). The current satisfies the usual affine SL{2, R) 
algebra at level ks = k + 2. Then the total current satisfies 



riz)j\0) ~ ^ + 11^. (12.4) 
The central charge of the theory is given by 

c(5L(2,R)) = ^ + ^. (12.5) 
It is convenient to define ip^ = "^("^^ i i-i/^^) and bosonize them via 

dH = V'^^^ = i^j-ip-^, (12.6) 

with a canonically normalized bosonic field H; H{z)H{0) ~ — log(z). Then = + idH. 

In order to make a quotient, we introduce two canonically normalized independent scalars X3 
and Xr. Our gauging condition is 

j3 = _y|ax3. (12.7) 

Xji is defined as 

iH = JIxs + u^Xr. (12.8) 



A; V 3 

where c = c{SL{2, R)/?7(l)) = 3 + |. Let be the holomorphic part of the primary field in the 
bosonic S'L(2,R) theory. Its property is 

/(.)cl>,^(0) ~ (12.9) 

Therefore 

jHz)<^,^{0) ~ H^^iBim. (12.10) 

Using this operator, we can construct a primary of the bosonic quotient CFT on 5L(2, R)/C/(l): 
Vjm and that of the superconformal quotient: Ujm as 



165 



C/,me"^vl^« = ^jm. (12.11) 

Furthermore we have the decomposition 

^inH ^ jXi+i^XE) ^ (12.12) 

Therefore, from a parent operator ^jmS'^^^ , we can construct a coset primary operator 

Alternatively, we can eliminate the explicit X3 dependence and then we have 

V]l^ = yj^e^(^+")^^^«. (12.14) 
Their scaling dimensions are given by 

In the physical setup, we have A; = 1/2 to obtain c = 15. The BRST invariant operator contents 
with the GSO projection and their reflection property have been studied in j392j . 

12.1.2 2D fermionic black hole and J\f = 2 super Liouville duality 

We have discussed the conjectural duality between the 2D black hole and the sine-Liouville theory 
in section 16.51 Actually, the super symmetric extension of this duality exists and its duality was 
proved by using the mirror symmetry |419j . We would like to review the proof here. The gist 
is that we can find the gauged linear sigma model which flows to the S'L(2, R)/C/(l) supercoset 
model (which is the strict definition of what we call by the 2D fermionic black hole) in the IR, and 
we dualize this action so that we obtain the dual action which flows to the N = 2 super Liouville 
theory in the IR. In this way we can prove the duality between the 2D fermionic black hole and 
the J\f = 2 super Liouville theory (see also j378j . f42fl] ). 
The relevant gauged linear sigma model action is 



4 



l>e^$ + ^{P + P + Vf - 

4 2e^ 



(12.16) 



where <^ and P are chiral superfields, V is aU (1) vector superfield and S is its field strength twisted 
chiral super field. It has a gauge symmetry which transforms as follows: 

P P + iA 

V V-iA + iA. (12.17) 

The imaginary part of P is compactified, so P ~ P + 2i7r. In the following, we present the rough 
sketch of the proof in the three steps. In the step-1 we show the IR equivalence of the gauged linear 
sigma model and the 5L(2, R)/[/(l) supercoset model. In the step-2 we dualize this gauged linear 

^^■*See appendix l A . 2l for our conventions of the superfield. 4 in front of tire action is needed to connect our conventions 
with those in |419| . 
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sigma model. In the step-3 we show the IR equivalence of the dualized model and the M = 2 super 
Liouville theory. 

Step-1: To show the IR equivalence of the gauged linear sigma model and the SL{2,TV)/U{1) 
supercoset model, we first integrate out the massive field classically. The potential of the action 
(|12.16j) is given by 

V = -D\cP\^- + \a\'\<P\^ -^{\F,\'- k|2 + Dip + p)) - (12.18) 

We integrate out a and set D = F = Fp = 0. Then the D term condition is 

£> = |(/>P + /cRep = 0. (12.19) 

Setting Imp = by the gauge choice, we have a non-linear sigma model of (p as the effective action. 
The target space metric is 

(2 \ 2 
1 + dr^ + -^-^de^, (12.20) 

where (f) = "^e*^. However, this metric is not a 2D black hole metric. To see this, we set r = 
\fk sinh p then the metric becomes 

ds^ = k{cosh^ pdp^ + tanh^ pdO"^). (12.21) 

Note this metric is not Ricci flat, so there must be non-trivial flow to obtain a conformal fix point 
in the IR. Indeed there is such a correction and the one loop correction was studied in plDi. We 
will not reproduce the calculation here, but the result is that the perturbative correction changes 
the metric (|12.2H) into that of the 2D black hole 

ds^ = k{dp^ + tanh^ pdO"^) (12.22) 

and it also generates the dilaton background so that the one-loop beta function vanishes. 

Actually we can show this IR flow even quantum mechanically. To show this, we use the similar 
trick which is very common in the four dimensional super conformal gauge theory. First, we find the 
anomaly free R current in the UV theory which is assumed to be the superconformal R current in 
the IR. Then we use the 't Hooft anomaly matching argument [42 1| to calculate the central charge 
c of the IR theory. The anomaly matching states that this can be done in the UV theory which is 
free. 

In this case, the naive R current is anomalous, but we can improve it by adding the current of p 
which transforms anomalously because of the unusual gauge transformation (|12.17|) . The improved 
current is (see the original paper j419j for a thorough derivation) 



k I I i 

2 e 

The free OPE can be used to calculate the OPE of this current in the IR 



j+ = ^+^+ + -^+^+ + -ada + i{D,p - D,p). (12.23) 



j+(z)j+(0) = -iii + -- - . (12.24) 



As a result we obtain the central charge of the IR theory: 



c = 3 ( 1 + ^ ) , (12.25) 
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which coincides with that of the level k 5L(2, R)/C/(l) supercoset model. 

However, there is a subtly in the above reasoning. As is often the case, the anomaly free R 
current is not unique. There is a freedom to add iaD^p to the above R current which makes the 
central charge c' = 3 + 6(1 — a)/k. The question is what value of a corresponds to the actual 
superconformal current in the JR. In |419j . it was shown that the mild assumption of the reality of 
the current uniquely chooses a = Q}^^ 

To complete the proof, we have to show this IR theory which is superconformal and has a 
central charge 3 (l + |) and other parity symmetry is unique. In other words the question is 
whether there is a marginal deformation which preserves all the symmetries of the 5^(2, R)/C/(l) 
super coset theory. After a thorough investigation, it can be shown this is the case unlike the 
bosonic SL{2,'R)/U{1) coset. 

Step-2: In this step, we dualize the action of the gauged linear sigma model. Here we treat 
the action classically and in the third step we consider the quantum correction and the IR flow of 
the dualized action. 

We would like to dualize the phase of $ and the imaginary part of P. Concentrating on $ for 
the time being, let us consider the following action 

S' = ^J d^zd^d (e™ - ^(^ + Y)B^ , (12.26) 

where B is a real superfield and 1" is a twisted chiral superfield. If we integrate out Y first, this 
enforces B to be decomposed as B = + ^ , where ^ is a chiral superfield. Substituting back this 
into the action, we obtain 

S = — [ d2z(i40e^+*+* = — [ d^'e^e^^, (12.27) 
2vr y 2tt J 

where we have introduced another chiral superfield $ = e*. This is just the first part of the action 
(|12.16)) . Alternatively we can integrate out B first, which gives 

Y + Y 

B = -V + log^—. (12.28) 
Substituting back this into the action, we obtain the dual action 

S = ^Jd^zd^e(^^{Y + Y)-^iY + Y)log{Y + Y) 



—d^zd'e 
2tt 



-^(y + y)iog(y + y) 



We can do the same dualization for P. We start with the following action 



s' = ^l d'zd'e (^j{c + vf + y,)c) . (12.30) 



^^^In the four dimensional case, it has been recently proposed that there is a procedure to find the correct conformal 
R current in the UV theory |422| . |423| . |424| . This is done by maximizing o which is supposed to be the four 
dimensional analog of the monotony decreasing Zamolodchikov c function |425| . However, in this case this does not 
seem to apply (maximizing c does not make sense). Note that even the Zamolodchikov c theorem does not hold 
because c of the UV theory is 9, but that of the IR theory 3 (l + 1) can be arbitrarily large. This is because c does 
not count the actual degrees of freedom of the theory with the linear dilaton coupling. 
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If we integrate out Yp then C = Py + Py as above so that we obtain the second part of the original 
action 

S= — [ cfzd^e^iPy + Py + Vf. (12.31) 
2vr J 4 

To duaUze this action, we integrate out C instead, which yields Py + Py + V= \{Yp + Yp). 
Substituting back this into the action, 



S = + + / d^zdd+de-TYp + h.c. 

" i / '^^^'^^^^^P^P + ^ / d^zde+dQ-^Yp + h.c^ (12.32) 



This is the dual action which we wanted. In the second line, we have used the fact that the F term 
of the chiral superfield is a total derivative. 

Finally, collecting all the terms, we obtain the dual action 



4 



S = ^ I d^zi I d^e 



-^\n'-liy+yno,iY+Y)-i-\Yp\^ 



+^ (/ de+d9-^{Y + Yp) + h.c^ I (12.33) 



where Y and Yp have 27ri periodicity. Remember this action is derived classically since we have 
neglected all the Jacobians of the transformation for the path integral measure and other quantum 
corrections. The quantum corrections are discussed in the step-3. 

Step-3: We consider here the quantum corrections of the dualization procedure and the IR 
flow of the effective action. We first note that the nonrenormalization theorem for the (2, 2) super- 
symmetry suggests that the twisted superpotential does not receive a perturbative correction but 
it may have a non-perturbative correction and the Kahler potential does receive perturbative and 
non-perturbative corrections in general. 

The origin of the nonperturbative correction for the twisted superpotential is instantons (or 
vortices in the two dimensions) as was discussed in ;426^ for the bosonic case. The usual super- 
symmetric holomorphy and symmetry argument shows this is the only correction. Therefore the 
twisted superpotential from the instanton correction is 

W = iJLe-^, (12.34) 

where /i is a dynamically generated scale. Note Yp does not have this kind of superpotential because 
it is not charged under U{1). 

For a Kahler potential, one loop renormalization makes the metric 



ds^ = — — )^ — T^ + T\dyv?. (12.35) 
21og(A) + 2Rey /fc' ^ ' 



Integrating out E gives a constraint Y + Yp = Then we obtain the Kahler potential of Y 

K{y,y) = -^\y? + -- - , (12.36) 

where omitted terms are possible quantum corrections. The twisted superpotential of Y is now 
(because of the nonrenormalization theorem this does not suffer a quantum correction during the 
IR flow.) 

W{Y) = fie-^. (12.37) 
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This is just the Liouville potential of y! If the Kahler potential is flat, then we have a (2,2) 
superconformal field theory with a central charge 



3 1 + 



(12.38) 



Actually even the flatness of the Kahler potential can be proven by deforming the UV theory 
without destroying any symmetry and using the uniqueness of the IR theory as discussed in the 
step-1. An interested reader should consult the original paper j419j . 

To summarize the result, we obtain the dual action of the SL{2,'R)/U{1) supercoset model: 



4 

2^ 



-1, 

2k 



1 



d^e^ie'^ + h.c. 



(12.39) 



where Y has a period liri. This is the M = 2 super Liouville theory compactified on the r = \/2/k 
circle. Its central charge is c = 3 (l + |). Precisely speaking, we should redefine Y —S. In 
addition, y is a twisted chiral superfield and not a chiral superfield. However, this does not 
make any difference when we deal with only a twisted chiral field, for we can simply redefine the 
supercoordinate 9~ to 9~ . 



12.1.3 Matrix model for 2D fermionic black hole 

The matrix model dual for the fermionic string propagating on the 2D black hole has been proposed 
in l222j. In the bosonic case, it is the r = 3/2 KKK matrix model which we have studied in section 
16.5.21 We recall that this conjecture has depended on the further duality between the bosonic 2D 
black hole theory and the sine-Liouville theory. In the fermionic case, we expect the duality (which 
we have provided the proof in the last subsection) between the 2D fermionic black hole and the 
N = 2 super Liouville theory plays an important role. 

In the critical case, the dual super Liouville theory has the following super potential: 

L = ^j d20e^(^+*^) + c.c = fij d^eeT(^+'^) + c.c, (12.40) 

where Q = 2, and the radius of y is 2 (in the a' = 2 unit). The conjecture made in |392j is that the 
dual matrix theory for the type OB theory is the KKK matrix model at the selfdual radius R = 1 
(in the bosonic a' = 1 unit) with a symmetric potential. The selfdual radius is selected because 
at this point, the sine-Liouville potential behaves (see I^.IIItII like e^^~^^'^\ which reminds us of the 
superpotential in the super Liouville theory. Therefore, we expect that the bosonic string theory 
on the R = 1 sine-Liouville theory has similar correlators to those in the type OB string on the 
M = 2 Liouville theory (up to leg factors and rescaling of momenta). The symmetric property of 
the potential is from the stability of the theory and the analogy to the duality between the N = 1 
type OB super Liouville theory and the Hermitian matrix model with the symmetric potential. 

Recalling that the M = 2 super Liouville theory is related to the fermionic black hole via duality, 
we have come to the following conjecture: the type OA string theory on the SL(2, R) i /[/(l) black 
hole is dual to the R = \ KKK matrix model with a symmetric potential and eigenvalues filling 
both sides of the potential. 

It would be interesting to study this conjecture further from many points of view. The scattering 
amplitudes or partition function may be calculable. Also the study of the brane in this fermionic 

^^^The calculation of the partition function from the matrix point of view seems a little bit difficult. This is because 
at i? = 1, the method we have used in section |6. 5. 2l is not applicable. 
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string theory may yield the foundation of the conjecture as has been done in the OA/B M = 1 
Liouvihe - matrix model duality. For the bosonic black hole geometry, we have briefly reviewed the 
possible branes in the theory in section IH. 5., SI 



12.2 Strings and Branes in Singular Calabi-Yau Space 

In this section, we discuss the application of the N = 2 super Liouville theory to the superstrings 
propagating in the singular Calabi-Yau space (times the flat Minkowski space). Unlike most of the 
part in this review, we consider the D > 2 higher dimensional theory. This is possible because the 
N = 2 super Liouville theory admits a lower central charge owing to the nonrenormalization of the 
background charge. 



12.2.1 Strings propagating in singular CY and M = 2 Liouville theory 

We start this subsection by reviewing the world sheet description of the near horizon limit of the 
NS5-brane - Calan-Harvey-Strominger (CHS) background |427| 1428114291 in the superstring theory. 
Remarkably, this geometry can be described by an exact solvable CFT. 

First, we recall that the NS5-brane solution (for coincident branes) is given by 

H = -Ne^ (12.41) 



where e is the volume form of the unit-3sphere whose normalization is / e = 27r^ and integrally 
quantized is the number of NS5-branes, and C is the integration constant which determines the 
asymptotic string coupling, y is the tangential six dimensional coordinate and x is the transverse 
four dimensional coordinate. In the near horizon limit x — > 0, setting t = \fN\og y^N/x'^, we have 



ds'^ = dt^ + Ndnl 



(f, = t/VN 

H = -Ne, (12.42) 

We can rephrase this geometry in the exact CFT language as follows. The internal CFT is 
given by the super linear dilaton theory with the background charge Q = \J~^ whose central 

charge is cld = § + 3Q^. On the other hand, the part with H flux can be described by the 
(supersymmetric) SU{2) WZW model with the level k = N — 2 whose central charge is cwzw = 
+ I = + |- The total central charge becomes c = cwzw + cld = 6, irrespective of the 

number of NS5-brane as it should be (we can also see that the tangential dimension is six). This 
internal theory has (at least) an = 2 superconformal algebra, so the six dimensional theory has 
a space-time SUSY. 

However, the string theory propagating in this CHS limit is actually singular. This is because 
the linear dilaton background forces us to have a strong coupling region as t ^ oo and nothing 
prevents strings from propagating in the strong coupling region. In other words, the Liouville 
theory in the ^ ^ limit is singular as is easily seen from the identification ^ fi^^. 

The easiest way to regularize the situation is to turn on a Liouville potential. However, we 
should be careful to preserve the space-time SUSY. For this purpose, the world sheet J\f = 2 
superconformal symmetry is necessary, and as a result the deformation by the M = 2 super Liouville 
potential becomes the best candidate. To do this, we have to supply compactified Y direction from 
somewhere, which is from the S^ part as we will explain in the following. 
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Before doing this, it is interesting to see the geometrical nature of turning on the M = 2 Liouville 
potential in this theory j378j . First of all, the coincident NS5-branes are T-dual j376j . |43Uj (see 
appendix lB.6l for a brief review) to the string theory propagating on the singular K3 whose complex 
structure is given by 

zi +Z2+4 = 0- (12.43) 

It has been proposed that turning on the Liouville potential corresponds to the deformation of the 
singularity by the most relevant perturbation as 



+ + zf = fi. 



(12.44) 



To go back to the NS5-brane picture, we rewrite (|12.44j) as 



N 



n ZTTin X 9 o 

{zi-roe—) + zi + zi = 0, 



(12.45) 



n=l 



where fj, = {—tq)^. If we perform the T-duality, we have a system of NS5-branes which are 
distributed uniformly on a circle of radius tq. 



NS5 ^ , , AD E s insularity 
T dual 




T dual deformed singularity 




Figure 27: The T-dual of NS5-branes is given by the ADE singularity. Turning on the Liouville 
potential corresponds to deforming the ADE singularity. 

The general proposal |377j . |378j for the near horizon limit of this system (for = 0) is the 
string theory propagating on 

R"'"^'^ X X X LG{W = F), (12.46) 

where -F = is the defining equation of the (ADE type singular) CY manifold such as 1)12. 44() and 
technically speaking, the GSO projection on the integer N = 2 U{1) charge sector is needed in 
the super Liouville (R^ and part whose dilaton dependence is given by ^cf)) times the Landau- 
Ginzburg sector in order to ensure the space-time SUSY. This should be the dual theory of the 
decoupling limit of the nongravitational string theory which propagates on the singular Calabi-Yau 
space — what is called the little string theory (LST). 
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At first sight, this geometry is not related to the CHS background considered above, but as we 
wiU see this is actually the same theory. The Landau-Ginzburg model with the super potential 
W = + ^2 + corresponds to the Af = 2 minimal model, which can be also constructed as 
the coset SCFT ^j^^y^- The GSO projection acts as a Z^v orbifold on x S^, turning it into 

SU{2)n- As a result, the target space (|12.45|) becomes R^'-*^ x x SU{2), which is just the CHS 
background. 

Now that we have a dual description (|12.46|) for the singular CY theory, it is easy to deform 
this theory while preserving the M = 2 superconformal properties. Turning on the N = 2 super 
Liouville deformation: 

SL, = fiJ (fee^^^^'^'^ + c.c. (12.47) 
plays such a role. As we have stated earlier the nonchiral deformation: 




(12.48) 



may be related to the Kahler deformation. 

We will not discuss an interesting physics of this bulk theory any further, but we have three 
comments in order. 



• This construction is closely related to the mirror duality of the N = 2 super Liouville theory 
and the S'L(2, R)/C7(l) super coset model discussed in the last subsection. This is because 
the sigma-model whose target space is the non-compact deformed CY manifold F = fi is 
formerly described by the Landau-Ginzburg model with the superpotential 

W = -fizo^ + F, (12.49) 

where k = For the noninteger k, it has been proposed to interpret this theory as an 
SL{2, R)/U{1) supercoset theory at level k. The proof of the duality between this theory and 
the M = 2 super Liouville theory is the strong support of the dual description of the (double 
scaling limit^^'^ of the) LST. 

• The original (/i = 0) LST is the decoupling limit of the non-gravitational theory on the coinci- 
dent NS5-branes. They have 16 space-time SUSY and do not have a dimensionless expansion 
parameter (for a review, see |431j . |432j ) . The type HA theory is a (2,0) supersymmetric 
conformal theory which has a tensor multiplet in the low energy limit which seems very mys- 
terious. On the other hand the type IIB theory is a (1,1) supersymmetric theory and has a 
vector multiplet in the low energy limit and more familiar. The deformation considered above 
corresponds to higgsing the adjoint complex scalar as 

, 27ri 47rz 27riiV , 

($) = Cdiag(eT^,eT^,--- ,e~). (12.50) 
The double scaling limit is the decoupling limit with fixed W-boson mass in this perspective 

ISZS]. 

^^^The double scaling limit here means fi ^ and ^ with x = i-iT^ gs fixed, which is just the KPZ scaling. In 
the singular limit, the physical amplitudes depend only on x as in the usual Liouville theory. The original definition 
of LST corresponds to — > and then gs —> 0, hence a: = 0. 
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If we take the A-type singularity, we can replace the Landau-Ginzburg part with the M = 2 
minimal model of level k [c = k/{k + 2)). Then the criticality condition (382j 



d k , 2K, 

leads to the condition 

d = Q:N = k + 2, K = 1, (12.52) 
which is just the CHS background, 

d = A : k = even, N = k + 2, K = {k + A)/2 

k = odd, N = 2{k + 2), K = k + A (12.53) 

which is related to the NS5-brane wrapped around the Riemann surface, and 

d = 2: N = k + 2, K = k + 3. (12.54) 

which is related to the NS5-brane wrapped around the K3. 



12.2.2 Branes wrapped around vanishing SUSY cycles 

We have briefly reviewed the connection between the string theory propagating in the singular 
Calabi-Yau space in the double scaling limit and the N = 2 super Liouville theory in the last 
subsection. Now we have learned the bulk physics correspondence, it is good time to discuss the 
role of branes in the N = 2 super Liouville theory in the singular Calabi-Yau spaces |433j . j434j . 
|435j . |38nj . |382j . In the following we focus on the A-type boundary condition which corresponds 
to the Dn-brane wrapped around the middle-dimensional SUSY cycles in CY„ (special Lagrangian 
submanifold) . 

In our simple singular CY space, the special Lagrangian submanifold is easily obtained j436j . 
|437j . |38Uj . Let us parameterize the pair of roots of P{X) = X^^"^ + /i in the complex X plane as 

X, = (^_n)l/{k+2)^i.{M+L)/(k+2)^x^ ^ (_^)l/(/c+2)gi.(M-L-2)/(fc+2)^ (-^2.55) 

where L = 0, 1, • • • , [|] , M G 22(^+2), and L + M G 2Z. The vanishing Lagrangian submanifold 
corresponds to the curve Cab connecting these pair of points, which is parameterized by {L,M). 
The BPS condition is given by 

/ \P{X)'^\dX = \ I P{X)'^dX\. (12.56) 

which states that the phase of P{X)^^~'^'>f'^dX is constant along the path Cab- It can be shown that 
the solution for the path Cab = lab is unique in our simple setting P{X) = X^^"^ + (for example, 
when d = 6 the solution ^ab is just the straight line). The Lagrangian submanifold is given by the 
fibration of sphere over ^ab whose radius vanishes at the end points Xa, X^. 

The brane wrapped around the Lagrangian submanifold is supersymmetric. Therefore, if we find 
the (A-type) supersymmetric boundary states in the N = 2 super Liouville times super minimal 
model as we have seen in the last subsection, they should correspond to the vanishing cycles 
considered above one to one. Since the description of the branes in the super Liouville theory has 
been reviewed in section 1111 the remaining ingredient needed here is the branes for the minimal 
model. Without going into the detail of the derivations, we just collect the relevant facts (see e.g. 
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The Cardy states for the minimal model are labeled by two integers L and M. For the NS 
sector, we should have L + M G 2Z and for the R sector, we should have L + M € 2Z + 1. They 
are made from the Ishibashi states by the Cardy's formula. 

The Liouville part brane has been discussed in the last section, but the relevant brane here is 
the class 1 (ZZ type) brane which is localized in the (/> — > oo strong coupling region. This is natural 
since the vanishing cycle is localized in the strong coupling region near the singularity of the CY 
space. 

Then the total boundary states is given by the closed sector GSO projected tensor product: 

^PGso{\L.M)®\B-r)), (12.57) 

where Peso projects onto the integral U (1) charge sector in order to ensure the space-time SUSY. 
We should note, however, that the Peso does not necessary guarantee the open GSO projection 
needed for the supersymmetric cycle. Our remaining task is to impose this condition on the open 
spectrum and determine supersymmetric cycles. 

Before doing this, we restrict our range of discrete parameters. First, since we find that param- 
eters M and r appear only through the combination M + 2r, we can simply set r = (1/2) for NS 
(R) sector. Also if we consider only branes (no anti-branes) we can restrict ourselves to the range 
L = 0,1, •••,[!], because the minimal model branes have a property that the R part changes just 
the sign when we perform the transformation L ^ k — L and M ^ M + k + 2 (for the NS part this 
change does nothing, therefore this transformation exchange D-branes with anti D-branes). 

To evaluate the overlap integral (cylinder amplitude) with the boundary states (|12.57jl . we can 
simply borrow the results in the last section and insert the GSO projection 

^^""^ (kT2'^ + ^) = ^ ^ ,~2..K^n.H/5), (12.58) 

where (3 = j for the massive representations and (3 = 8 + 2Kr for the massless representations. 
The result is given by the summation over the character of the minimal model multiplied by the 
graviton representations of the Liouville character: 

k 

= X] X] ^LuL2'^^L,M2-Mi-2r{ito,z')xG{r;ito,z), (12.59) 
L=OreZiv 

where Nj^^ is the fusion coefficients of SU{2)k and ch.L,M2-Mi-2r{ito, z') is the character for the 
minimal model whose precise form can be found in |382j and we do not use it here. The important 
point is that in order to ensure the open SUSY, we should have Mi = M2 mod 2{k + 2). This 
parameter restriction is one to one corresponding to the vanishing cycle argument given in the 
beginning of this subsection. Therefore we expect that the minimal model parameter L, M is just 
the same parameter which specifies the vanishing cycle in ()12.55() . 

As a further consistency check, the open Witten indices, which can be obtained by the spectral 
flow of the above results, have been calculated in j382j . These show desirable properties as inter- 
section numbers of the Lagrangian submanifold. For example, if we take L = and d = 2,6, we 
have 

1(0, Mi|0,M2) = 25(2('=+2))(Mi - M2) - 5(2{fc+2))(^^ _M2-2)- d(2(fc+2))(Mi - M2 + 2), (12.60) 
which is the A]\f type extended Cartan matrix. 
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12.3 On the Duality of the J\f = 2 Super Liouville Theory 

In section 111.1.21 we have discussed the conjectured duahty |372j of the M = 2 super Liouville 
theory and its consequent result. This duality, if it holds, provides us a method to calculate various 
structure constants which we cannot determine from Teschner's trick otherwise. The claim of the 
duality is that the M = 2 super Liouville theory with the perturbation: 

S+ + S-= j d^z/i^V^V^'e^^ + nb^i^^i^-e^^' + ^T^?h^ : e^^ :: e^^* : (12.61) 

with a real is dual to the theory with the perturbation: 

/I 1 1 

(fz{d(l) - idY - ^V^V^+)((9(A + idY - ^V'~^~)e^'^, (12.62) 

with the same 5, hence the same central charge. 

In section [11.1.21 we have remarked that this duality is related to the hyper Kahler geometry 
in the T-dualized NS5-brane perspective, where the complex moduli deformation and the Kahler 
moduli deformation is related. Here we would like to prove the duality by combining other dualities 
which we have learned so far.^^^ Note that this duality states that a certain Kahler potential 
deformation can be described by a superpotential deformation, which is interesting from the field 
theoretical point of view (because we believe that the physics depending on the superpotential is 
much easier to handle than those depending on the Kahler potential). See also |26nj . |37fll| for 
related arguments. 

Let us start from the M = 2 super Liouville theory with the smallest compactification radius 
for Y . From the mirror symmetry we have discussed in section 112.1.31 it is equivalent to the 
5L(2, R)/[/(l) supercoset model (fermionic two dimensional black hole). Now we represent the 
SL{2, R)/?7(l) supercoset model by the Wakimoto free field representation as we have done for the 
bosonic SL{2,R)/U{1) in section iXU 

The supersymmetric Wakimoto representation is almost the same as that of the bosonic case if 
we recall the construction in section [l2. II fsee |381| for a complete description). The bosonic part 
of the current is the same as that of the bosonic coset model except the level k becomes k + 2. 
We add three free fermions for the SL(2, R) fermionic partner and one more fermion for the U{1) 
current which is the super partner of X. Finally, we need a bosonic ghost for the super partner of 
the U{1) gauge fixed ghost. However, the fermionic part of the gauge fixing is almost trivial and 
the net result is we have only two fermionic freedom. Since the U{1) BRST operator has become 
the same form as in the bosonic black hole, we have 

gf^(i) = ^ C{J^ + i\l^dY) + fermionic term. (12.63) 

Then we can eliminate the Wakimoto coordinates /?,7 and ghost i?, C (and their super partners) 
as has been done in the bosonic case (see 16.105]) . Since the bosonic part of the S'L(2,R) current 
and the U{1) BRST charge are the same, the actual result can be easily obtained by simply 
supersymmetrizing the finial result of the bosonic theory. However, after eliminating the Wakimoto 
coordinates, the screening operator becomes nothing but the nonchiral deformation |38()j : 

/I 1 1 

(fz{d(l) - idY - ^V^V;+)(5(/> + idY - ^V'"V'")e^'^. (12.64) 



^^^Technically speaking, we prove the duality only when Y is compactified on the smallest circle, which is precisely 
related to the K3 geometry. It would be interesting to prove the duality with more general radii, which would provide 
a more nontrivial duality in the NS5-brane or singular CY perspective. 
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This completes our proof of the conjectured duahty of the M = 2 super Liouville theory. It would 
be interesting to extend the result to the boundary theory and the more general radius case. Also it 
is a challenging problem to obtain the precise relation between the cosmological constant // and the 
dual cosmological constant (black hole mass parameter) /i, which can be obtained from Teschner's 
trick argument as has been done in |372j . along the same line of reasoning above. However, we find 
one difficulty; the mirror duality used here is essentially a nonperturbative effect and we have not 
been able to obtain the precise value for the dynamically generated scale so far. 

12.4 Literature Guide for Section 12 

Materials we have discussed in this section are closely related to each other via various dualities. 
The fermionic black hole has been discussed in |378[ 1392] . but it is dual to the M = 2 super Liouville 
theory |419j . |378j . j26Uj . j42U ' . Originally, this duality was conjectured from the dual little string 
theory which has been studied in 377], |378j in this context. This chain of duality and geometrical 
perspective leads us to the M = 2 duality conjectured in |372j as we have seen in section 112.31 
As far as the author knows, the proof or explanation of the M = 2 duality is first presented in 
this review, though the individual dualities have been known for years. See also |37()j for related 
discussions. 

On the other hand, the exact description of the branes in the M = 2 super Liouville theory 
j382j . |383j enables us to extend the earlier works |433j . j434j . |435j . j38Uj and study the detailed 
physics of the branes in the singular CY space. Since the space-time is higher dimensional, we do 
not expect that the matrix model-like description is possible, but even the world sheet analysis of 
the Liouville theory will reveal important physics of the NS5-brane and the singular CY space. 

Part III 

Unoriented Liouville Theory 

13 Liouville Theory on Unoriented Surfaces 

The bosonic Liouville theory on unoriented surfaces is discussed in this section. One of the moti- 
vations of this setup is to understand the properties of the orientifold plane under the nontrivial 
background. We use the a' = 1 notation in this section. The organization of this section is as 
follows. 

In section 113.11 we derive the exact crosscap state in the Liouville theory from the modular 
bootstrap method and the conformal bootstrap method, and we discuss its properties. 

In section 113.21 the tadpole cancellation in the c = 1 two dimensional unoriented string theory 
is reviewed. In subsection 113.2. H the free field calculation is presented and in subsection 113. 2. 2[ 
the boundary-crosscap state calculation is presented. From both approaches we conclude that two 
Dl-branes are necessary to cancel the tadpole divergence. In subsection 113.2.31 on the other hand, 
alternative Fischler-Susskind mechanism is reviewed to deal with the crosscap tadpole. 

In section 113.31 the matrix model dual of the unoriented Liouville theory is discussed. In 
subsection ll3.3.ll we discuss the unoriented c = matrix model and compare some amplitudes with 
the continuum Liouville calculation. In subsection 113.3.21 the unoriented c = 1 matrix quantum 
mechanics is discussed and particularly the thermodynamic aspects of the unoriented c = 1 matrix 
model are investigated. 
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13.1 Crosscap State 

The most fundamental object for the unoriented Liouville theory is the one-point function on the 
projective plane. As in the one-point function on the disk, we can calculate it either by the direct 
calculation or by the crosscap state from the modular bootstrap. In this section, following |lS39] , we 
obtain the projective plane one-point function first as a crosscap state from the modular bootstrap 
method and then check its consistency by the direct conformal bootstrap method. 

Let us first review the building block of the crosscap state — the Ishibashi crosscap states jl58j . 
They satisfy the crosscap condition 

(L,-(-irZ_„)|P,C) =0. (13.1) 

This equation is solved formally by 

with any bulk primary state \P). In the bosonic Liouville case considered here, we use e^Q+'^^P)<t> 
as the (normalizable) primary states. The defining properties of the Ishibashi states are 

(P, C|e-^"'=(-^=+-^^-T5)|P', C) = 5{P - P') 



p2 

{P, 5|e-^^-(-^-+-^--T^)|P', C) = 6{P - P') ^ (13.3) 

r]{iTc + 2) 

where q = e~^'^^'= is the closed modular parameter. 

With these Ishibashi states, we expand the Cardy crosscap state as 

/oo 
dP^,{P){P,C\ (13.4) 
-00 

Our task is to determine the wavefunction ^c{P) which is proportional to the projective plane 
one-point function. 

To do this, let us consider the Mobius strip amplitude bounded by the (1, 1) ZZ brane and the 
crosscap state. This amplitude is highly constrained from the sewing constraint j440j . ■ which 
is the crosscap analogue of the Cardy condition. In the exchange channel, it becomes 

ZKUi,i){rc) = r dPM/(i,i)(-P)M/,(P)— (13.5) 

where we can find the (1, 1) boundary wavefunction ^(^i i'j{—P) in (|5.6())) . The open/closed duality 
enables us to calculate the same amplitude in the open loop channel. Since the (1, 1) boundary 
state contains only the identity operator, we expect that the same amplitude becomes in the open 
channel, 

ttq I 5-l-)2 _2!Zo (ft_^-l-)2 

ZM,(i,i)(ro) = lV,,(i,i)[17e-2-°(^-li)] = ^ " (^^'^^ 

In the more general case where the open spectrum is constructed by the (n, m) degenerate state, 
we have |439| 



TV,(„,.)[Oe---(^°-^)] = '-^ . (13.7) 
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Note that the factor (— l)"-™ comes from the fact that the level nm null state has 0, = (— 1)"*". 
In the Mobius strip case, the modular transformation is given by ^ = Tq. Using the modular 
transformation formula in appendix ()A.78|) . we can translate it into the closed exchange channel as 



/CO 
dP— J- (cosh(^(6 + b-^)P) + cosh(7r(6 - b~^)P)) . (13.8) 
-oo rj[lTc + ^) 

Comparing this with 1)13. 6() and substituting the (1,1) boundary state wavefunction H5.6U() . we have 

*,(P) = (^^7(b'))~^'^'" ^'^'^^^ ^ 2iPb)T{l + 2iPb-^) ^^^^^^p^^ cosh(7rPfe-i). (13.9) 

2t:iP 

To check its consistency, we use Teschner's trick to derive the constraint on the crosscap one- 
point function and see whether this is satisfied or not. As we will see, the solution of the functional 
relation is not unique, but in any case we can check that the above wavefunction derived from the 
modular bootstrap is a consistent one. 

First, let us review several basic facts about the correlation functions on the projective plane. 
The projective plane can be seen as a complex plane with the identification: 

z \. (13.10) 

z 

Therefore, the primary fields on one-point and on its image point are related as 

(t){z, z) ~ z-^^z-'^~^(t){-l/z, -l/z). (13.11) 
This constrains (with SL{2, R) invariance) the form of the correlation functions as 



and 

(l + Z2^)2Ai-_2A2 
|l + Zli2|4Ai 

where r] is the crossratio: 



zi,zi)<Piz2,Z2))KP, = HtXtVka— ^(^)' (13-13) 



rj = \lL_j£ ^ (13.14) 

As in the disk case, we consider the auxiliary two-point function: 

G(r?) ~ (14(^1, zi)y_,/2(z2,Z2)>RP2, (13.15) 

where the trivial conformal factor is omitted from the left-hand side. With the method of image, 
this amplitude is effectively given by 

(K.(^l)14fe/2(^2)^4(-lM)%-'^"^-6/2(-l/^2)^2"'^''')- (13-16) 

Thus, evaluating this amplitude either by approaching zi Z2 first or by approaching zi — > —1/^2 
first, and comparing their results, we obtain the functional relation for the one-point function: 

(^»(^^^1)rp.= |i7SU - (13-17) 
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Figure 28: We can calculate the two-point function on the RP2 by the method of image. Changing 
the order of taking OPE enables us to obtain the two different expression for the two-point function. 



The direct OPE as r/ ^ yields 

G(r/) = C+Uia - 6/2)F+(r?) + C_[7(a + b/2)F^{r]), (13.18) 

where we have already calculated the OPE coefficient C± in section 15.1.11 ()5.13|) ()5.14() . The con- 
formal block F± is determined by the differential equation which the degenerate operator V_i,/2 
should satisfy. These are given by^^^ 

= 7?''"(l-7?)*"F(26a, 26a -262-1, 26a -6^r?) 
F_{ri) = 7?i+^'-^"(l-?7)^"F(-62,l + 62,2 + 62_26a,r/) (13.19) 

On the other hand, in the cross channel, we have 

G{rj) = C+U{a - 6/2)F+(l - ??) + C_C/(a + 6/2)F_(l - 7/), (13.20) 

where F±[\ — rj) is the same function as (|13.19|) with a different argument. From the hypergeometric 
function identity HA.46|) and the actual form of C± we can write the functional relation for the one- 
point function U{a) as 

TT( ^hlo^ r(2-26a + 62)r(-l + 26a-62) ^^, 

U{a + h/2) = r(l + 62)r(-62) U{a + h/2) 

7(-62) r(2-26a + 62)r(26a-62) _ 
vr/x r(l-26a)r(-l + 26a- 262)''^" ^' 
r(26Q-62)r(l-26a + 62)^^^ 

= r(i + 62)r(-62) 

TTf, r(l-26a + 62)r(-l + 26a-62) 

r(26a)r(2 - 26a + 26^) + ^^^^^ ^^^'^^^ 

Actually, the first equation is not independent of the second one as we can see they give the same 
constraint from a simple algebra. We can solve these constraints with the duality assumption 



Note that these functions are different from KTH . This is because from our definition of the projective plane 
crossratio rj, the operator identification with the four-point bulk operator is different from that has been done in the 
disk case. In terms of the differential equation l|4.27^ . we identify 04 = Va, 4>3 ~ VLi,/2 and 4>i — Va here, but in the 
disk case, we have had 4>3 = Va, (f>4 = V-11/2 and 01 = Va. 
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6-1 



as, 



U{a) = ^(vrM7(6'))('5-'")/'''r(26a - b')T (f " ^ " l) /(«), (13.22) 

where /(a) is given by the hnear combination of 

cos((6 + 6"i)7r(a-g/2)), cos((6 - 6-i)7r(a - Q/2)). (13.23) 

Of course, we have already known that the actual combination is given by 1)13. 9() . but we will use 
this constraint in the following to address some peculiar issues. 

Using this crosscap state, we can calculate other Mobius strip amplitudes and Klein bottle 
amplitude. In the next section, we discuss their divergences and the possibility of the tadpole 
cancellation. For the time being, we ignore the divergences and consider their general properties. 

First, we can calculate the (m, n) Mobius strip amplitude which is given by 

/OO p2 
dP^m,nimci-P) 

°° g^' sinh(27rmP6-i)sinh(27rnP6)cosh(7rP6-i)cosh(7r6P) 

-OO v{irc + i) sinh(27rP6"i)sinh(27r6P) '^^^''^ ' 

With the trigonometric function formula: 

sinh(27rn6P) coshfvrbP) ^^-^ ^^ 

xinnLp) = g ™"('""'(^' + <"-^^' 

we have |439| 

m— 1 n— 1 

<n(Tc) = 5] J]Tr,(2,+i,2/+i)[f^e-2-o(^-^)]. (13.26) 

k=0 1=0 

This is expected because this Mobius strip amplitude should yield the Q projection of the cylinder 
amplitude (|5.68j) which is bounded both by the (m, n) boundary state. 

Things are all consistent so far. However, when we consider the Mobius strip amplitude with the 
FZZT brane or the Klein bottle amplitude, situation becomes subtler. For example, we find that 
the Mobius strip partition function with the FZZT brane whose boundary parameter is s becomes 



/OO p2 
-OO ??(«Tc + 2) 

= / dP'-^-—j-p,{P'), (13.27) 
where the density of states Ps{P') is given by 

/OO 
dPe^-^PP'-^,{P)-^c{-P)- (13.28) 
-00 

On the other hand, the density of states from the cylinder partition function which is bounded by 
the same two FZZT branes with the boundary parameter s is given by 

/OO 
dPe^^'PP'^,{P)^,{-P). (13.29) 
-00 
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(13.30) 



Otherwise, the "unphysical states" propagate in the open loop channel. However, this identity does 
not hold with the actual wavefunctions which have been obtained so far (even no matter how we 
adjust the boundary parameter s). This is very curious. Note that the actual evaluation of the 
density of states suffers an infrared divergence as P — > 0. In the free limit where we just focus on 
the constant part of the density of states which is proportional to the Liouville volume — ^log/x, 
this mismatch does not make any difference. This is because the — ^log/x term comes from the 
infrared cutoff procedure and the strength of the divergence is the same. In the c = 1 language, 
the mismatch appears in the non-bulk scattering but not in the bulk scattering. We will further 
study its implication in the next section ri3. 21 

With the puzzling issue raised above, one may wonder whether we can obtain the correct Mobius 
amplitude for the FZZT brane. In other words, can we start from the FZZT brane to obtain the 
crosscap wavefunction? If this is the case, the crosscap should depend on the boundary parameter 
s, which seems odd and the proper projection on the closed sector is implausible. In any case, we 
can easily see that the crosscap wavefunction naively derived from the FZZT brane projection by 
the modular bootstrap does not satisfy the functional relation 1)13. 21() . 

Also we can calculate the Klein bottle amplitude. The density of states from the Klein bottle 
is given by 



which can be compared with the density of states for the closed Liouville theory whose nonsingular 
part can be calculated by the reflection amplitude (see section 14. 2|) . Since the above expression 
suffers an infrared divergence, we need a good regularization scheme in order to discuss whether or 
not this density of states is the same as in the closed one and the Q projection works properly. 

13.2 Tadpole Cancellation 

In this section, we discuss the tadpole cancellation in the c = 1 unoriented Liouville theory j442j . 
|443j . In the following we take two different approaches — the free field method and the boundary- 
crosscap state method to calculate the one- loop divergence (hence, the tadpole divergence). The 
both methods yield the same tadpole cancellation condition, two Dl-branes with the symplectic 
gauge group. However, there is a finite difference between these methods, which is somewhat related 
to the projection problem on the FZZT spectrum mentioned at the end of the last section. We 
will also discuss the recently advocated possibility that the Fischler-Susskind mechanism cancels 
the tadpole divergence in the unoriented Liouville theory j444j . 

13.2.1 Free field calculation 

First let us review the free field path integral method to calculate the Klein bottle partition function. 
As we have seen in section ^ the Liouville amplitude obey the exact WT identity 



Therefore, the perturbation in /i is only possible when the power of // is an integer. Furthermore, 
we have assumed that the perturbative calculation yields the correct result when this is the case. 
The simplest example is the torus partition function which we have studied in section 

^■^''We have encountered the same problem in the GSO projection for the FZZT brane in section [1171 




(13.31) 




(i-9)Q-£iC,^ 



(13.32) 
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Then it is natural to suppose that the Klein bottle partition function can be obtained in the 
same manner because it has the same n dependence and the world sheet curvature is also zero. 
The free field path integration results in 

dt 1 

which diverges when i — > 0. If we do the (formal) modular transformation s = vr/2t, it becomes 
more clear 

/■°° ds 

Zk, = V^Vx (13.34) 

This is nothing but the massless tadpole amplitude. 

As in the ordinary string theory, the massless tadpole should be canceled by other D-branes 
j445j ■ |446j . |447j . For this purpose, we introduce the cylinder and the Mobius strip partition 
function as follows (n is a number of Dl-branes and +, — sign corresponds to S0{2n) and Sp{2n) 
respectively) : 

Zc^n^V.V^l -—=n%V,l ^, (13.35) 

/■°° dt 1 1'°^ ds 

2„. = Wx/ 5^ = Wv/^ ^. (13.36) 

In the cylinder case, the modular transformation^^^ is s = ir/t, and in the Mobius strip case, it is 
s = n/At. Combining these amplitudes, in order to cancel the tadpole divergence, we should take 
n = 2 and Sp{2) gauge group. 

This is just the same tadpole cancellation in the free 2D string (without a "tachyon back- 
ground"). There might be some questions. What kind of Dl-branes did we use? As we have seen 
in section El Dl-branes in the Liouville theory have a continuous parameter s which is related to 
the boundary cosmological constant fiB ^ 

cosh^ TTbs = ^ sinvrfe^. (13.37) 

We treat Dl-branes such that on which strings have the Neumann boundary condition. Therefore, 
we might guess /i^ = on these Dl-branes. Is this interpretation consistent with the disk one- 
point function? What happens if we turn on the boundary cosmological constant? We answer these 
questions after investigating the boundary-crosscap state formalism in the next subsection. 

13.2.2 Boundary- Crosscap state calculation 

First, we calculate the Klein bottle partition function as follows. 




.P*c(P)*c(-P)4) ^,(,)^ (13.38) 

where q = e"^'^'^ is the closed channel modular parameter, and because of the explicit momentum 
integration we do not have the Liouville volume factor here. Substituting (|13.9)) and setting b = 1, 
we obtain 

dP [cosh(2^P) + 1]2 



^^^Because these partition functions are divergent, the modular transformation is rather formal. We do a kind of 
"dimensional regularization" to determine their conventional modular transformation (see |19) 'l which is needed to 
cancel the tadpole. 
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This partition function is ultraviolet finite but infrared divergent. This divergence shows the exis- 
tence of the massless tadpole. 

To cancel the tadpole, we should calculate other Euler number zero partition functions. The 
cylinder partition function |159j is (with n Dl-branes whose boundary cosmological constants are 
the same for simplicity) 

Zc. ^ n^V.I drll .P^.(m.(-P)Q ^,(,)^ 




2 r dP [cos(27rgP)]2 

4^ [sinh(2vrP)]^p2 ' (^'-'^^ 

which diverges as P ^ 0. This is a closed channel infrared divergence, i.e. a tadpole divergence. 
The Mobius strip partition function is^^^ 

P dP [cos(27rgP)][cosh(27rP) + l] 
Zm. = ±nVx [,,,h(2.P)]^P^ ' (^'-'^^ 

which also diverges as P ^ 0. Combining all these partition functions we obtain, 

P dP [cosh(27rP) + 1 ± ncos(27rgP)]^ 
^^'°°^ = ^^/ 47 [sinh(2vrP)]2p2 " ^^^'^^^ 



oo 



The infrared tadpole divergence can be canceled if we choose the Sp{2) gauge group for two Dl- 
branes, irrespective of the value of s. 

Using the boundary-crosscap state formalism, we have obtained the same tadpole cancellation 
condition i.e. two Dl-branes with the gauge group Sp{2). However, the finite part left is different 
in each method. In the free field calculation, the partition function completely vanishes. On 
the other hand, in the boundary-crosscap calculation, there is a finite part left even if we choose 
s to be z^, which corresponds to /i^ = 0. It is interesting to see whether this finite part can 
be seen from the matrix quantum mechanical point of view (but it is unlikely as we will see). 
For the unoriented Liouville theory, the corresponding dual matrix quantum mechanics should be 
SO{2N) or Sp{2N) quantum mechanics "living on the DO-branes" ^^'^ , which is also considered as 
a discretized version of the 2D unoriented quantum gravity with a boson on it. It is important 
to note that this matrix quantum mechanics is finite. Therefore, the matrix quantum mechanics 
predicts that the Klein bottle partition function should be finite. In contrast, the matrix model 
loop amplitude reproduces that of the divergent boundary-boundary annular diagram (|13.4()|) as 
was studied in |159j . Consequently, the need for the tadpole cancellation from the matrix model 
point of view is rather puzzling and further study is needed. We will see in the next subsection 
that the pure SO/Sp matrix model without Dl-branes (vector) calculation might be related to the 
tadpole canceled theory by the Fischler-Susskind mechanism. 



i22rpj^g correspondence between the ± here and the gauge group choice (orientifold operation on the Chan-Paton 
indices) is not so obvious. To fix this, consider the open sector calculation ±nTro[ne~^'^*^]. If we take the limit 
t —> 00, this contribution is positive for the SO{n) and negative for Spin). Then we modular transform this and 
compare it with the boundary-crosscap state calculation in the s = 7r/4t ^ limit. The relevant sign is determined by 
the limp_,o c{P)^ s{—P) which is positive in our normalization of 'il c{P) and \['s(P). Thus indeed corresponds 
to SO{n) and Sp{n) respectively. 

^^■^ Actually the tadpole canceled matrix quantum mechanics should choose Sp{2N) gauge group. Once we choose 
the normalization of the crosscap state to be minus that of the Dl-brane so as to cancel the tadpole, the DO-brane 
gauge field should also be Sp(2N) 443 . Intuitive argument in the matrix model point of view is that, for Sp theory, 
a twisted loop has an extra minus sign and this is necessary to cancel the fundamental loop. 
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Some applications (e.g. the correction to the rolhng tachyon amphtudes) of the above results 
are studied in |442|. Instead of repeating the arguments therein, here we discuss the uncanceled 
finite part left in the one- loop diagram further. The direct interpretation of the uncanceled part is 
that the open (massless) tachyon is not properly projected. The free field guess is that the open 
tachyon on the Dl-brane has the quaternionic selfdual (real) representation of the Sp{2) Dl-brane 
Chan-Paton factor. However, in the intermediate loop diagram we find that there is a quaternionic 
antiselfdual representation which should be projected out. If we cut the diagram by the unitarity 
argument, we are forced to have an "unphysical" degree of freedom in the spectrum. 

However, since we are dealing with a theory in a nontrivial background (Liouville potential), 
the notion of unitarity should be used with a grain of salt. We should also note that in the P ^ 
limit which corresponds to the bulk physics, we do not have such a problem. Therefore there is a 
possibility that the interaction which becomes larger in the deep (j) region just affects the one- loop 
diagram as a "boundary" contribution. At the same time, however, it is important to note that 
the (m, n) TIL brane which lives in the deep region, where the coupling is strong, has a proper O 
projection on the contrary. 

One of the biggest motivations for considering the Liouville theory on unoriented surfaces is 
to understand the physics of the orientifold plane in a nontrivial background. This finite part 
and projection mismatch may yield an important clue to understand the general behavior of the 
orientifold plane under a nontrivial background. We hope that the further study on the subject 
and the solution to this puzzle will reveal an interesting physics of the orientifold plane dynamics. 

13.2.3 Tadpole cancellation by Fischler-Susskind mechanism 

Unlike the R-R tadpole, the NS-NS tadpole (or the bosonic tachyon tadpole) can be canceled by the 
deformation of the background. This is what is called the Fischler-Susskind mechanism |187| I188'. 
The Fischler-Susskind mechanism cancels the higher Euler number diagram divergence by adding 
counterterms (vertices) to the lower Euler number diagram. In the Liouville case, the zero Liouville 
momentum divergence can be canceled by varying the tree-level cosmological constant j444j . 

To see this, let us examine the tadpole part of the crosscap one-point function (which emits the 
zero energy/momentum on-shell tachyon). 

J^im (Fp)rp, = hm (/ifi)--^ ^'^'^^^ + ^'^^J^^ + ^'^^ cosh(^P) cosh(7rP), (13.43) 

where = lim;,^i 7r/i7(6^) is the renormalized^'^^ cosmological constant. Since the zero momentum 
limit in 1)13. 43|) is divergent, we need a regularization to obtain a sensible result. The natural way 
to do this is to put the system in a box of length = — ^ log// and interpret the zero momentum 
mode as the lowest momentum mode "Pmin = y^- Then we have 

hm (I^P)RP, = (13.44) 

where C is a numerical constant, which ultimately depends on our regularization procedure. Note 
that our choice of the size of box is natural from the argument in section 14.31 Also, by integrating 

^■^■^In the matrix model, the finite part is expected to appear as a nonuniversal term, so we might not find any 
difference in the matrix model. The author would like to thank J. Gomis and A. Kapustin for a valuable discussion 
on this point. 

i25rpj^jg is the tree level renormalization which we should do even in the sphere level. In the following, we renormalize 
liR further in order to absorb the divergence from the projective plane tadpole. 
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by /7, once, wc will obtain the RP2 partition function which should be proportional to /x log /x from 
the general KPZ scaling argument. 

Because of the existence of this tadpole, the typical scattering amplitudes on the projective 
plane or the Klein bottle amplitude diverge. In the last subsection we have introduced Dl-branes 
to cancel such divergences. However, as we stated earlier in this subsection, the Fischler-Susskind 
mechanism may as well cancel them. For instance, let us consider the free-field calculation^^^ of 
the Klein bottle amplitude. We assume X is compactified on a circle whose radius is R. Taking 
into consideration that only momentum modes contribute to the amplitude, we obtain 



Zkb = 




where we have modular transformed to the exchange channel in the second line (r = 7r/2s). 

Combining this with the torus amplitude (we should recall further 1/2 is needed for both torus 
and Klein bottle amplitudes with the above convention), we write the whole one- loop amplitude as 




(13.46) 



RP2 tadpole sphere tadpole 



Figure 29: The RP2 tadpole divergence can be canceled by introducing the tree level counter term 
(Fischler-Susskind mechanism). 

To cancel the second part (or the RP2 tadpole), we add the counterterm: 

SS = (log A)Cgs J (fze^'t', (13.47) 

i^^With a proper regularizatioii, wc expect that the Klein bottle calculation from the exact wavefunction yields 
the same results (up to a subtle cut off dependent part which is not proportional to log jj, which may cause the 
unprojection problem on the spectrum). 
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where gs can be set to 1 if we have used the usual Liouville identification /i ~ l/^s- This term 
cancels the zero momentum emission of massless tachyons. Using this counterterm perturbatively, 
we can obtain a finite string theory at least to the first order in the string perturbation theory. 

13.3 Matrix Model Dual 
13.3.1 c = matrix model 

The matrix model dual for the c = unoriented Liouville theory is given by the double scaling 
limit of either S0{2N) or Sp{2N) matrix model. Just as in the bosonic oriented Liouville theory, 
we can see this duality in two ways: the discretized surface construction of the two dimensional 
gravity or the holographic dual by the ZZ branes. 

Prom the former viewpoint, unoriented surface comes from crossing of the 't Hooft double lines 
(see figure IHU)) . It is important to note that the major difference between SO{2N) theory and 
Sp{2N) theory lies in the fact that the Sp{2N) theory has an extra minus sign whenever the 't 
Hooft lines cross. 

An intuitive argument is as follows. Consider the Wick contraction of the symmetric matrix 
(SabScd) = ^ac^bd + ^ad^bc- In this casc, crossiug of the 't Hooft lines has the same sign as the 
noncrossing case. On the other hand, the Wick contraction of the antisymmetric matrix has an 
extra minus sign if we cross the 't Hooft lines. In the Sp{2N) matrix model, the Wick contraction 
is given by one symmetric matrix and three antisymmetric matrices as we can see in appendix lA. 51 
The net result is —2 when we cross the 't Hooft lines. The complete argument can be found in 
|448j . Some examples of the (unoriented) diagrams are shown in figure l3fll 




Figure 30: Some oriented and unoriented diagrams for the SO/Sp matrix model. The sign of the 
RP2 diagram is — for the Sp model and + for the SO model. 

Therefore, the amplitude with odd crosscaps in the Sp{2N) matrix model yields simply the 
negative contribution of the corresponding SO{2N) amplitude. If we interpret the unoriented 
theory as the oriented theory with a space-filling orientifold introduced, this just corresponds to 
introducing plane or 0~ plane which projects the Chan-Paton indices in a different way {SO 
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or Sp respectively). 

Prom the holographic dual point of view, this is more natural. Under the O'^ plane or 0~ 
plane, the ZZ brane has a tachyon which transforms as a real symmetric matrix or a quaternionic 
real selfdual matrix respectively. This dynamics provides the dual matrix model. 

Let us first consider the S0{2N) case |449) . |450j . The partition function is given by 

e^^ = J d<^exp[-PTrV{<^>)], (13.48) 
where $ is a real symmetric N x N matrix. The simplest potential is given by 

V{x) = + -^x\ (13.49) 

We first try to diagonalize the real symmetric matrix. Then the partition function ()13.48|) can be 
rewritten as 



j (ixi|A(x)|exp (^Yl(3V{xi)^ , (13.50) 

where A(a;) = nj<j(^i ~ ^j) the usual Vandermonde determinant. However, note that the 
Jacobian is not the square of the Vandermonde determinant as in the Hermitian case, but its 
absolute value. See appendix IB. 91 for the derivation of the Jacobian. Because of this factor, the 
naive orthogonal polynomial method does not seem to work. 

To cure the situation we rewrite the (matrix) partition function as 

Z2i = {2l)\j dxi J](xi-x,)exp (^-^/3y(2;i)y (13.51) 

with the same potential V{x) with fixed N > 21. At the cost of the complicated integration range, 
we now have the usual Vandermonde factor. Then we introduce orthogonal polynomials as 

/oo 

dxP^{x)Pj{x)e-^'^^ = hi6^j, (13.52) 
-oo 

which begins like Pn{x) = + - • • . We further introduce (pi{x) = Pi(x)e-^^(^) as the corresponding 

wavefunctions. With these variables, one can show that the matrix partition function can be 
rewritten as fl5t)j 

Z21 = (20!|det(5ij)|, (13.53) 

where 

foo ry 



—00 J —00 



gij = 2 1 dy dx(j)2i~2{y)4>2j~i{x). (13.54) 



As in the Hermitian matrix model (see section IXT]) . we can derive the following recursion relation 
for the orthogonal polynomials Pi{x): 

xPjix) = Pj+i{x) + RjPj_i{x) 
P'jix) = jPj-i{x) + 2(3{b/N)RjRj^iRj^2Pj-3{x) 



jN 

^ = R,{N/b + R,+i + Rj+Rj.i), (13.55) 



188 



where Rj = hj/hj^i. The above three equations ahow us to obtain the recursion relation for the 
wavefunction 6 as 



For the later convenience, we define W21 as 

W21 



Z2i+22/i2z(2/ + 4)(2/ + 3)' 



(13.56) 



(13.57) 



Evaluating the matrix gij with a considerable effort |45Uj , we obtain the following recursion relation 
for W21 



zpo zpon2i+2 
In terms of these variables the partition function is given by 

N/2-1 N/2-2 



(13.58) 



iV! 



2 



^ fc=0 



(13.59) 



In order to obtain the unoriented noncritical string theory, we take the double scaling limit of 
above quantities. The relevant scaling ansatz are 



2 

a 



f3N 
R21 
N 



(13.60) 

with 6 = — ^. Substituting these into the string equations 1)13. 55() we have the Painleve I equation 

(13.61) 



z = 2r^ - -r", 



1 

-f3N w{z) 



as in the Hermitian matrix model. The scaling ansatz for W21 is given by 

W21 = N exp 

Then from (|13.55j) . we have 

Qr' — Qrw + — 6ww' + 4w" = 0. 
Finally, the second derivative of the partition function is given by 

-Z's = l{r{z) +w'{z)). 



(13.62) 



(13.63) 



(13.64) 



The last expression has a nice interpretation. The first term comes from the Painleve I equation 
which contributes to the oriented diagram as in the Hermitian case. The second term represents 
purely the unoriented diagram contribution. 
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Finally, let us study the perturbative expansion of the partition function. To obtain a rational 
coefficients, it is convenient to rescale variables 



y 



62/5z/2, 



w 



6-2/5 



w. 



Then the second derivative of the partition function becomes 

1 



-z'l 



ir + 2>dyw) 



(13.65) 



(13.66) 



The perturbative solution is given by 



W 



±1 



16' 
1 



512' 
5 



+ _y-5/4 -5/2 

4^ ^16^ 



25 

H — y 

32^ 



15/4 



As a result, the second derivative of the partition function is given by 



oryll 1/2 I 3 -3/4 13 -2 I - 



13/4 



4249 
512 ' 



-9/2 



+ 



(13.67) 



(13.68) 



where the plus sign is for the Sp model and minus sign is for the SO model. At first glance, it may 
seem strange that we have also Sp type solution from the SO matrix model. However, as we will 
see, the recursion relation for Sp matrix model is actually the same. Only the initial (perturbative) 
condition makes a difference between them. 

Similarly we can discuss the Sp{2N) case j451j . Prom the Jacobian which we have derived in 
appendix IB. 9[ we can write the string partition function as 



/ da;iJJ(, 



exp 



N 



-2(3^V{xk) 



k=l 



(13.69) 



By introducing the orthogonal polynomials as in (|13.52|) . we can rewrite the Jacobian part as 

• -P2Af-i(a;i) 

-P2Af-l(^l) 

• -P2Af- 1(2^2) 



i<j 



det 



Poixi) Pi(xi) P2ixi) 
P^(xi) P{(xi) P^(xi) 

Poix2) Pl{x2) P2{X2) 



_P^{xn) P{{xn) P2(.xn) 



(13.70) 



With the simplest potential V 
matrix manipulations^^^imply 



ax I bx 



4 ' 



we have the recursion relation (|13.55|) . Then simple 



Zjv+i = {N + l)i2N + l)h2NZN + 4iV2(Ar + l)(3bh2N-ih2N+iZN-i 

- 8N{N + l)(iV - l)^^b^h2N-lh2Nh2N+lZ2N-2- 



(13.71) 



Now we would like to take the double scaling limit. The string equation for R yields the usual 
Painleve I equation: 



z 



2r" 



(13.72) 



^■^^First, we try to eliminate the right side columns. The orthogonality states that there are only two possibilities. 
Combining P2JV+1 with P2N yields the first contribution. On the other hand, using the recursion relation, we can 
combine P2JV+1 ^-nd P2N-2- In this case, further two options exist: combining P2JV with P2n~i or combining P2JV 
with P2JV-3, which yield the second and third term contribution. 
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On the other hand, if we define 



Wn = — — (13.73) 

and assume the following scaling ansatz 

Wn = exp(/?~^/^u;(z)), (13.74) 

then from (II .'17111 we obtain 

6r' — Qrw + — 6ww' + 4w" = 0. (13.75) 
The second derivative of the partition function is given by 

Z': = ^ir + w'), (13.76) 

which is the same expression as we have derived from the orthogonal ensemble. Therefore, only the 
physical perturbative input decides whether we are dealing with the orthogonal type or symplectic 
type in the double scaling limit. It is interesting to note that there is another branch of the solutions 
of above equations which does not have an unoriented string interpretation |451j , |45nj . As we have 
seen in the unitary matrix model, if there is such a smooth interpolation between these branches, 
we have a geometric transition type duality which interpolates an unoriented string (orientifold) 
theory and an oriented string theory. It deserves further studying. 

As we have seen in section 16.61 the matrix model calculation provides not only the perturba- 
tive string partition function but also (one of the candidates of) its nonperturbative completion. 
However, since it is defined by the differential equation, the ambiguity necessarily exists. Let us 
consider this point and the possible explanation of these instanton corrections |451j . |45nj . 

The first nonperturbative correction comes from the Painleve equation, which is the same as in 
the oriented case. Its behavior is 

5f~y-V8exp(-^y5/4^, (13.77) 

which can be explained by the ZZ brane instanton as in the oriented case (see section [6.6(1 . This 
correction induces w instanton solution: 

6w ~ exp (-^y^^^) , (13.78) 

which should be explained by the ZZ brane instanton as well. 

In addition, in the SO case, there is a truly w origin nonperturbative correction: 

5w ~ y^^^expl — y^^^ 
V 5 

5w ~ yi/^exp (^-^y5/4j ^ (^^3 79) 

which is independent of r. Prom the counting of the KPZ scaling, this should be attributed to 
the ZZ brane instanton type correction, but its nature is not clear so far. At the same time, it 
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is interesting to note that in the Sp case, such corrections should not exist because the would-be 
instanton corrections behave as 

5w ~ yi/4exp(^+^y5/^^ 

5w ~ yi/^exp , (13.80) 

which does not make any sense in the weak coupling limit. Therefore, although the difference 
of the perturbative expansion is just the alternating sign, the nonperturbative completion can be 
drastically different between SO type and Sp type. It would be interesting to understand this point 
from the continuum Liouville perspective. The crosscap state and various boundary states should 
play important roles. 

To conclude this subsection, let us compare the matrix model results with the continuum Li- 
ouville results. As is the case with the nonperturbative effects which we have discussed in section 
16.61 the normalization of /i independent quantity which we can unambiguously compare is 

Ip2b4>\2 (yi \2 



The last equality is the matrix model prediction from (|13.68j) . 
Prom the Liouville calculation we have (see section 



k^'^'e^'^. = —^[^f^7{b')r'-Hb'Hl - r^). (13.82) 
and from the result in the last subsection we have 

(e2'"^)KP, = -^(vr^7(b^))'^ ''^''^^!^P'^f„r/''^ sin(^bV2)sin(vrb-V2), (13.83) 
V2tt vr(6 -b ^) 

with the same normalization convention in section 16.61 We can calculate r with b = which 
corresponds to the c = pure gravity, and we find that r = 3 precisely when C = 2 as in the disk 
nonperturbative calculation in section For general 6, we have 

(13.84) 



C25tan(2^)tan(^2|! 
4\/2(-l + 62) 



The factor C should be the same in order to preserve the tadpole cancellation condition. Therefore 
this calculation is the nontrivial check of the unoriented matrix model-Liouville theory duality. It 
would be an intriguing problem to extend this calculation to the more general c < 1 unoriented 
Liouville theories coupled to the (unitary) minimal models. However, the multimatrix model for 
Sp/SO matrix which we believe to yield the dual description is a more complicated problem and 
as far as the author knows it is not explicitly solved yet."^^^ 

Moreover we can calculate the torus partition function and the Klein-bottle partition function 
from the continuum formalism (free field path integral). The torus partition function is given by 



i2Srp]^g good starting point of this problem is |452| . where the general prescription to solve the multi unoriented 
matrix model which corresponds to the c < 1 gravity coupled to (p, q) minimal models is presented. 
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where 6 = y | for c = and we need a further division by two to obtain an unoriented torus 
partition function. The integration over the moduh has been reviewed in appendix IB. 71 Similarity, 
the free path integral calculation for the Klein bottle is given by 

-log a f°° dt 1 , , 1 , 

where we need a further division by two. 

On the other hand, the matrix model prediction is that the ratio between the torus amplitude 
and the Klein bottle amplitude is given by 12, which is precisely the same. In order to obtain the 
same result from the exact crosscap state as = {C\q^\C), we need a good regularization to 
draw a log// part. 

13.3.2 c = 1 matrix model 

In this subsection, we consider the matrix dual for the c = 1 unoriented string. From the general 
holographic argument (or in the bosonic case here, the discretized surface argument), we have either 
real symmetric matrix quantum mechanics for the projection or real selfdual quaternionic 
matrix quantum mechanics for the 0~ projection. Following j444) we show that the system is 
tantamount to the Calogero-Moser system and reduced to the thermodynamics of the general 
statistics. The surprising and curious result is that the system does not yield the unoriented diagram 
contribution to the string partition function in the decompactifying limit, so it corresponds to the 
tadpole canceled version of the unoriented theory. This is probably done by the Fischler-Susskind 
mechanism we have reviewed in section 113.2.31 It is interesting to see what happens when we try 
to cancel the tadpole by introducing Dl-branes, in which case, the dual matrix model becomes a 
matrix vector model. 

The matrix model action is given by 

S = j dm Q(AM)2 + C/(M)^ , (13.87) 

where the covariant derivative Dt simply truncates the spectrum onto the gauge invariant sector. 

First, we diagonalize the matrix as we have done in the Hermitian matrix quantum mechanics 
in section 121 The Jacobians are given by 



U{N) 
SO{N) 
Sp{N) 



2 



J = A(A) 
J = |A(A)| 

J = A(A)^ (13.^ 



where A(A) = nj<j('^j ~ ^j) the usual Vandermonde determinant. 

If we concentrate exclusively on the gauge invariant sector, the Hamiltonian can be written as 

i i 

where the Jacobian factor comes from the Pauli's prescription (or the general covariance). It is 
convenient to introduce a new antisymmetric wavefunction /(A) = ^'(A)sign(A)| A|~"/^ where ^(A) 
is the original symmetric wavefunction and a = 2,1,4 corresponds to U{N), SO{N) and Sp{N) 
respectively. Then the new Hamiltonian for /(A) is given by 

i ' i i<j 
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If we take U{X) = — ^ as the double scaling limit potential, this becomes what is called the 
Calogero-Moser system. 

Now let us calculate the string partition function or the free energy of the system. The relation 
between them is ^ = —Z and T = Since the Calogero-Moser system ()13.9U() is not free 

but interacting theory, the calculation seems difficult. Fortunately, it can be shown by using 
the asymptotic Bethe ansatz method that the thermodynamics of the Calogero-Moser system is 
equivalent to that of the free inverted harmonic oscillator potential system obeying the more general 
statistics |453j . |444j . Here we just admit this statement and discuss the consequent results. 

The thermal density of states for the general g statistics and its properties are reviewed in 
appendix IB. 101 (see also j454j . j455j . j453j 'l. In this particular case, we have 5 = i for the SO{N) 
theory and g = 2 for the Sp{N) theory (and of course g = 1 for U{N) theory). The free energy is 
given by 

F = -T r po{e) log f 1 + ) , (13.91) 

where /Oo(e) is the zero temperature distribution for the free inverted harmonic oscillator potential 
which we have discussed in the U (N) case in section El JEm. 
For g = 1/2, the probability density becomes 

n(e) = , ^ =, (13.92) 

^i + exp(^^ 

so the free energy is given by 

F = -T r depoie) log (|^^ ) • (13.93) 



oo 



Similarly for g = 2, the probability density becomes 



n(e) = ^ I 1 - ^ I , (13.94) 

1 + 4exp(^^ 



so the free energy is given by 



oo 



F = -Tl depo{e)\og(l-^^]. (13.95) 



oo 



These integral expressions for the free energy suffer divergences, but their derivatives with 
respect to T are finite. The easiest way to evaluate them is to differentiate with respect to T and 
/i, and then use the Sommerfeld expansion formula reviewed in appendix IB. Ifll This enables us to 
expand the free energy in terms of l//x as 



for g = 1/2 and 



for g = 2. 



F{T, p) - F(0, ^) = ^ log/. + + 0{p-^) (13.96) 



F(r, p) - F(0, p) = ^\ogy.- + 0{p-^) (13.97) 



194 



The zero temperature free energy is divergent, but the regularized form can be obtained from 
the thermodynamics formula 

dE , , 1 , , , , 

— = fip{fi) = -fipoW- (13.98 
dfi g 

Thus we obtain 

^ - ^(»- - 4 (4 - ^ - 1 C^lilS^-' ) • 

Note that this is the direct consequence of the fact that the generalized g statistics forms a Fermi 
surface as T ^ (unless = 0). Therefore the zero temperature free energy should be the same 
as in the U{N) case up to a multiplication of the filling factor. 
Some comments are in order. 

• The contribution to the projective plane diagram is zero irrespective of the temperature 
(compactification radius). The thermodynamical explanation from the generalized statistics is 
that this is due to the third law of the thermodynamics. Actually, the only possible projective 
plane contribution is from the linear T dependent part in the free energy. However, since the 
entropy S is the derivative of free energy with respect to T: = we cannot have a linear 
term in T in the free energy without violating the third law of the thermodynamics: "Entropy 
becomes zero when the temperature goes to zero". The physical space-time interpretation 
of this result is that the tadpole is completely canceled (possibly up to a nonsingular term 
which corresponds to the finite part in the continuum theory). This is probably done by the 
Fischler-Susskind mechanism. 

• As we have stated in the c = case in the last subsection, the difference between Sp/SO 
model is just the alternating sign which appears in the unoriented surface with odd crosscaps. 
This can be also explained from the particle hole duality in the Calogero-Moser system j444j . 
Actually we can show 

F (T,fj,,g = — ] = (7gF ( — ,—p,g = go] + Nonsingular terms in fi. (13.100) 



90/ \9o 
For go = 2, we obtain 

F{T,fj,,g = 1/2) = AF{T/2,-fj,,g = 2) + Nonsingular terms in p. (13.101) 

Since the quaternionic selfdual matrix has a pair-wise eigenvalue, the Hamiltonian for the 
quaternionic-Hermitian matrix model is twice as large as that of the Calogero-Moser system 
with g = 2. Therefore the temperature differs by a factor of two. Hence, the matrix quantum 
mechanics partition function is related as 

log zIPqm{T, fi) = 2 log z'Jq,,{T, -p). (13.102) 

Therefore if we define the string partition function as Zg^{T,fj,) = \ogZf^Qj^.^{T, p) and 
Zs^{T,p) = 2 log Z^|'q^j(T, |u), we have a relation 

zf«(r,^) = zfp(r,-/i), (13.103) 

which is expected from the string theory perspective. 



^To compare it with the resuh in section 3, the renormahzation of fj, is needed. 
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• From the above calculation, it is obvious that the partition function does not contain any 
unoriented surface contribution in the decompactifying limit (or the zero temperature limit). 
Though the reason behind may be the tadpole cancellation via the Fischler-Susskind mech- 
anism, this looks rather peculiar. For example, the Feynman diagrammatic calculation has 
an apparent unoriented diagram contribution. In the double scaling limit, the contribution 
is suddenly gone (at least in the c = matrix model, they remains to exist). Recall that 
in the c = model the integration over the moduli is properly reproduced by the matrix 
model in contrast. It would be interesting to study what is actually happening and the fate 
of the unoriented diagrams. In the quantum mechanics setup here, it will lead to the physical 
origin of the Fischler-Susskind counterterm. Also, it would be interesting to study unoriented 
matrix-vector models which should cancel the tadpole by vector loops and compare its result 
with the double scaling limit considered here. 

13.4 Literature Guide for Section 13 

The earlier studies on the unoriented matrix model can be found in j456j , |449j , |45L)j , j451j , j457j , 

1^ . dSHl, H, M- 

Prom the Liouville point of view, j439j derived the crosscap one-point function. For c = 1, 
the tadpole cancellation condition and the relation to the matrix model have been further studied 
in j442j . |444j . j443j . The comparison between the exact crosscap state and the matrix model 
calculation for the c = theory is first presented by the author in this review. 

14 Super Liouville Theory on Unoriented Surfaces 

In this section, we extend the results obtained in the last section to the unoriented super Liouville 
theory. We use the a' = 2 convention in this section. The organization of this section is as follows. 

In section [l4.11 the crosscap states for the unoriented M = 1 super Liouville theory are presented, 
where we derive them from the modular bootstrap method. In section [l4.2[ the tadpole cancellation 
is studied and possible tadpole free c = 1 unoriented type string theories are classified. In section 
114. 3( the proposals of the matrix model dual of these models are reviewed, where we determine 
them from the holographic dual gauge theories on the unstable DO-branes. 

14.1 Crosscap State 

In this section, we will derive the crosscap states for the supersymmetric Liouville theory |443j . 
Our basic strategy here is again the modular bootstrap method. As we have done in section ri3. 11 
we assume the ft projected open spectrum (Mobius strip amplitude) for the basic (1, 1) boundary 
state and modular-transform it into the closed exchange channel to obtain the crosscap states. By 
this method we will obtain the rj = i: NS crosscap states, but not R crosscap states. This is because 
the R crosscap states are derived from the open fermion loop channel (see appendix IA.4I for the 
relation between the open channel and closed channel spectrum), which cannot be obtained from 
the same (1, 1) ZZ brane.^^'^ 

In principle, we can obtain the R crosscap states from Teschner's trick and the conformal 
bootstrap method as we have done in the bosonic case. Nevertheless we will not consider it for 
two reasons. The first one is the practical one: we will not use the R crosscap states to make any 
sensible type c = 1 unoriented fermionic string theory (this is because the orientifold projection 

^^"We should recall that (1, 1) brane does not have an rj = — part. 



196 



involving R crosscap states does not keep the super Liouville deformation invariant as we will see 
in the next section, so this projection is actually irrelevant). The second reason is that even when 
we have obtained the functional relation from Teschner's trick, we do not expect that the solution 
is unique as we have seen in the bosonic crosscap state. 

Keeping these in mind, let us begin with the crosscap states for the type OB case. To begin 
with, we introduce the following GSO projected character for the O projection as 



1 

—i , 
2 I' 



l-iq^/^ + ---)±{-l-iq'/'' + ■■■) 



1/2 



xif°^(A) = Ttj:,{P^s0^q^ 

1 r.- .1/2 



{l-iq'/'' + ---)±{-l-iq^/^ + 



(14.1) 



where the meaning of the subscript 1 and Si will be clarified in the next section |443j . For the time 
being the difference is simply the overall factor. 

The orientifolded quantity for the basic (1, 1) state can be obtained by subtracting the null 
module: 



^GSO± 
GSO± 



(A + 1/2) 



X^r"(^ + V2) 
The subtracted module is given by 



1 



1 ■ 1/2 

2 ^ 

,1/2 



l_igl/2 + ...)±(_l_igl/2 + ...) 



1/2 



(l_i5l/2 + ...)±(_l_igi/^ + ...) 



1/2 



xSf^(A) + ^xi:gr^(A + l/2) 



GSO^i 



(14.2) 



(14.3) 



which can be obtained by carefully comparing (|14.1|) with (|14.2j) 443' . 

Then we define the basic (1,1) GSO and orientifold projected Mobius strip partition function 

as 



(14.4) 



where it corresponds to the projection by the and f2 respectively, anticipating the results in the 
next section, and the trace is taken over the (1, 1) degenerate state. Note that this combination 
makes the subtracted and the unsubtracted characters real. can be calculated explicitly by 

using the following relation: 



Lo 



c 

24 



1 



+ 6- 



-1^2 



1 

16 



+ oscillator, 



which yields 

^(1,1) w = 

where 



(El 
e 4 



Zgso± 



es{it + i/2y/^T04{it + i/2y/^ 

2e~Wi6r,(it + 1/2)3/2 



(14.5) 

(14.6) 
(14.7) 
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Now we have learned the basic properties of the orientifold projected (1, 1) brane, let us obtain 
the wavefunction for the crosscap states. To do this, we introduce the following Ishibashi states^'^^: 

(C;P'±|e--*(^o+Lo-c/i2)|^.p^^^^^^ = 5(p_p')^:Z_Mgi!. (14.8) 

As we have explained in the beginning of this section, we will not treat the R Ishibashi states here. 

We modular-transform p4.6|) into the tree exchange channel by using the modular transforma- 
tion formula HA.78|) and we find 



"si 



where we have introduced 



(14. 



2e-3iVi6ry(is + 1/2)3/2 ' ^ ■ > 



which can be obtained from the modular transformation. 
It is convenient to transform it further into 

V2 



= \\ e-^"^' [-i(cosh(7r(6 + 6-i)P/2) ±cosh(7r(6-6-i)P/2))Z^^- 

2 J-OO 

^(cosh(7r(6 + h~'^)P/2) ^ cosh(7r(6 - 6~i)P/2))Z^^+l . (14.11) 



Now we obtain the desired crosscap states |443j by the superposition of the Ishibashi states as 
KC| = 11^ dP [^c+{P){C; P, +1 + ^c-{P){C; P, -|] , (14.12) 



NS\ 

where 



(i cosh(7rP6/2) cosh(7rP6" 72) + sinh(7rP6/2) sinh(7rP6- V2)) 

*c.(P) = -V2(.„,.g/2,)-/'ni±^£^E£L±^ 

{-i cosh(7rP6/2) cosh(7rP6" V2) + sinh(7rP6/2) sinh(7rP6~ V2)) (14.13) 



"^Note that the right-hand side here is not modular-transformed into the loop channel. 



198 



for the O projection and 

(cosh(7rP6/2) cosh(7rP6~ V2) - i sinh(7rP6/2) sinh(7rP6" 72)) 

(cosh(7rP6/2) cosh(7rP6" V2) + i sinh(7rP6/2) sinh(7rP6" 72)) (14.14) 

for the 0, projection. This can be obtained up to phase factors by taking the overlap with the (1, 1) 
ZZ boundary states with = + ()8.15p and comparing it with (|14.11() .^^^ The annoying phase here 
can be canceled when we consider the two dimensional case (because all oscillator cancels out with 
the ghost contribution). However, in the more general case, these phases cannot be canceled and to 
make the amplitude real, we should supply its complex conjugation to the amplitude, which ruins 
the sensible channel duality. In the following we will not consider the b ^ 1 case. 

This wavefunction satisfies the desirable overlap property with the general (m, n) branes with 
m — n = even as we have seen in the bosonic case. On the other hand, with m — n odd branes, it 
seems that the degeneration subtraction reverses and becomes an addition, which does not make 
sense. This is because the m — n odd branes have a wavefunction in the — sector instead of the + 
sector. Also, we remark here that the overlap with the FZZT brane is subtler, for the FZZT branes 
do not have a proper open GSO projection from the beginning. 

Similarly we can do the same calculation for the type OA case again. The relevant (1, 1) projected 
partition function (again, the explanation is left to the next section) is given by 

^1,1 = -^ex(''+^-^)^ZG50+ + e^'^'-''')' Zcso- (14.15) 
for the Cl projection and the wavefunction becomes (up to subtle phases) 

(-i cosh(7r(6 + b-^)P/2) + cosh(7r(6 - 6"^)P/2)) 

{i cosh(7r(6 + r ^)P/2) + cosh(^(6 - 6-7P/2)). (14.16) 
For the projection, we have in the loop channel, 

^1,1 = ±2(e^^'^'-')'ZGso^+^e'^^'-'-'^'ZGso^ (14.17) 



where the sign corresponds to the two possible orientifold projection on the Chan Paton indices as 
we will explain in the next section. The straightforward calculation yields 

(cosh(^(6 + b-'^)P/2) + icosh(7r(6 - b-^)P/2)) 
.C-(F) = ^V2(,..(.Q/2),-/'ni±£mi±^ 

(cosh(7r(6 + b~^)P/2) - i cosh(7r(6 - b~^)P/2)), (14.18) 

up to phases. 



^■^■^Technically, we also impose the condition that the Klein bottle amplitude can be properly interpreted in the loop 
channel. 
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14.2 Tadpole Cancellation 

In this section, we discuss the tadpole cancellation condition for the two dimensional fermionic 
string. First we classify all the possible (space filling) orientifold planes for the type string theory, 
following mS] (for the ten dimensional case, see e.g. [M], HHS], [MS], |1M|, M)- Then 

we introduce Dl-branes to cancel the tadpole divergence |443| . It is important to note that for 
the super Liouville theory considered here, all the orientifold tadpoles come from the NS-NS sector 
and there is no R-R tadpole. Therefore in principle we can use the Fischler-Susskind mechanism 
to cancel the NS-NS tadpole as we have seen in the bosonic case in section ri3. 2. 31 We will briefly 
discuss its possibility in the next section j444j . In this section, we concentrate on the tadpole 
cancellation by introducing the D-brane which is the source of the NS-NS tadpole. 

Before the actual analysis, we have one remark here. In this section, we deal with most of the 
loop amplitudes by the free field method. As we have seen in part II of this review, the allowable 
Dl-branes in the theory seem different from the free field consideration and the super Liouville 
consideration, which might affect the results in the following. We will not delve into this subtle 
point but it is important to keep this possibility in mind. 

The type theory admits three different kinds of orientifold projections. First let us consider 
the type OB theory. 

oB/n 

The R-R scalar C is odd under Q and the tachyon T is even, so only the propagating degree of 
freedom is the tachyon |444j . |443j . In the free language, the crosscap state is given by 

\C) = ^{\C,+)-\C,-)). (14.19) 

We can easily see that the Klein bottle amplitudes yield the projection onto the invariant states 
considered above. The corresponding super Liouville crosscap state should be 1)14. 13(1 which shows 
the Q projection considered here in the p ^ limit. ^^'^ Thus we can conclude that in the OB/O 
theory, we do not have any (NS-NS or R-R) tadpole. The partition function comes only from the 
torus graph (with an extra ^) pi4) 

1 / D , /7J \ 

(14.20) 




oB/n 

Cl is defined as = ft ■ (—1)^^, where Fl is the spacetime fermion number (or R-NS parity). 
The closed spectrum is give by C and T because C has an extra minus sign for R-R fields. In the 
free field language, the crosscap state is given by 

\C) = ^{\C,+) + \C,-)). (14.21) 

Therefore it has a tachyon tadpole. The corresponding super Liouville crosscap state is given 
in (|14.14)) . To cancel this tachyon tadpole, we introduce the fl invariant Dl-Dl pair which we 
call it Dl. With ni such pairs, the Chan-Paton labels are described by the 2ni x 2ni matrices 
A = {l,Si,5]2,S3}, where Ej = 1 ® cij. The cylinder amplitude is given by j443j 

Ac = Trr^P^so + Peso + Peso + Pgso)^ (14-22) 

^^^For a finite p there seem to be unprojected states, but we have encountered the same subtlety in the bosonic case 
and we will ignore it here for the moment. 
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and the Mobius strip amplitude is given by 



Am = Tr^siP^so ± P^so ± Pgso " Pcson (14-23) 
where the sign corresponds to the two possible 0. projection on the Chan-Paton factor as 

A+A = SiA'^Si 

h^A = SaA'^Sa. (14.24) 
Then the tadpole from a Dl brane is given by 

(r)oi = ±2(r)g~^. (14.25) 

which can also be obtained from the exact boundary-crosscap states analysis done in the last section 
(with an additional \/2 contribution from the free X, -0 sector). The tadpole cancellation can be 
done in the Cl- projection with two Dl branes. There are further two possibilities: we can choose 
either the same type (electric or magnetic) branes or different type branes. In the former case, we 
have a U{2) antisymmetric (hence the singlet) open (massless) tachyon, and in the latter case, we 
have U{1) x U{1) two charged massless fermions with their complex conjugates. 

oB/n' 

In the ten dimensional OB theory, yet another orientifold projection is possible |464j . |463j : 
Q' = Q{—l)f^, where Jl is the left-hand world sheet fermion number. This has an R-R crosscap 
state, but the super Liouville interaction is not invariant under fi' which projects out the tachyon. 
Thus we do not consider this projection any further. 

Q, exchanges {R—,R+) and (i?+, R—) with each other, so the R-R one-form is even and 
is odd and projected out. The massless tachyon is even, so it is invariant. In the free field language, 
the crosscap state is given by (for example) 

\C) = \C+), (14.26) 

and in the super Liouville exact treatment, the crosscap state is given by 1)14. 18() .^^^ which has 
an NS-NS tachyon tadpole. To cancel the tadpole, there are two possible ways to do that. The 
first one is the 50(2) with an antisymmetric (hence the singlet) tachyon. The second one is a no 
Chan-Paton group (or S0{1) x SO{l)) and a massless fermion. 

Note that in this case only 1 and Si sector^'^^ appear in the Dl spectrum and the projection 
is given in the standard manner: 

nA = TA^r-\ (14.27) 

where F = 1 or E2 which corresponds to SO/Sp model respectively. projection on the "vector" 
states are odd, so the symmetry group is given by SO with F = 1 and Sp with F = E2. On the 

i34rpj^g^g may seem to be some difference here, but if we had started from the free crosscap state: |C) = (1 + 
i)\C+) + (1 — i)\C~), it would have given the same Klein bottle amplitudes. 

i35rpj^jg is just the statement that in the type OA theory the R-R uncharged brane is not the Dl-Dl pair but the 
genuine "unstable" brane. Although in terms of the boundary states they look very similar, the spectrum is different. 
When we say \B+}, actually there are three possibilities which we should distinguish. 1, if Dp-brane (with R-R sector) 
is both invariant under the GSO and the orientifold projection, we name it DD pair. 2, if Dp-brane is invariant under 
the GSO but not invariant under the orientifold projection, we should make an invariant combination of D-brane and 
D-brane and we name it Dp. 3, if R-R charged Dp-brane is not GSO invariant, we should have a "wrong dimensional" 
brane, which we name it D brane. It is useful to remember that the gauge theory on it with an orientifold projection 
is SO/Sp X SO/Sp, U, SO/Sp respectively. 
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other hand we find that the tachyon state is also odd. Therefore the massless tachyon is in the 
(anti) symmetric representation of Sp{SO) model. In order to cancel the tadpole, we choose the 
5*0(2), and the tachyon is antisymmetric (hence the singlet). Instead of this, it is also possible 
to introduce different types (r/ = it) of branes simultaneously, where we have no symmetry group 
(actually S0{1) x S0{1)) with a single massless fermion propagating between r/ = + and rj = — 
branes. 
OA/n 

Cl = i7(— 1)^^ is another possible orientifold projection. The superficial difference from 17 
projection is that now we have is odd and is even. To cancel the tachyon tadpole, we 
introduce two Dl-branes as we have done in the O case. The difference is the projection on the 
tachyon ground states which becomes even. The net result is we introduce the Sp(2) Chan-Paton 
group brane with symmetric (hence the singlet) tachyon on it. 

OA/n' 

As in the OB/fi' case, this is impossible in the super Liouville theory, so we will not consider it 
here. Actually, this is not a Z2 symmetry in the free theory and the orbifold by it yields a type OB 
theory. 

14.3 Matrix Model Dual 

As we have seen in the bosonic and fermionic (un)oriented two dimensional string theories, we 
consider the dual matrix model from the matrix quantum mechanics of tachyons living on unstable 
DO-branes in the double scaling limit. In this section, we list all the proposed matrix model dual of 
the (tadpole canceled) unoriented fermionic two dimensional string theory according to |444j . [443 j . 
Since we have introduced the Dl-branes to cancel the crosscap tadpole, we have also vectors in the 
theory on the DO-branes (see section IHTTj) . The candidate DO-brane can be made by tensoring the 
Neumann free X, ■0 brane with the super ZZ brane discussed in section E21 As we have seen in the 
oriented case, we expect only (1, 1) type brane will contribute to the dual matrix model. 

oB/n 

This model is orientifold tadpole free, so there is no vector in the dual matrix model. We 
introduce unstable no DO-branes to describe the system. With the choice of the Chan-Paton rotation 
r, we have either SO{no) for P = 1 or 5p(no) for P = S2. By examining the 0, projection property 
on the tachyonic sector, which states f2|(l,l)) = — 1(1,1)), we have a symmetric representation 
for (S'p(no) and antisymmetric representation for SO^hq) whose net result is given by ()14.6|) . This 
model is related to the free inverted harmonic oscillator as follows j444j . Take the SO theory for 
example and consider the diagonalization of the matrix. Then the Jacobian is given by 

J = Yl{Xi-Xjf{Xi + Xjf- (14.28) 

i<j 

By redefining the wavefunction as ^'(A) = sign( J)| J|^-'^/^/(A) the Hamiltonian can be rewritten as 

i * i 

for the singlet sector. The constraint on the wavefunction (in addition to the antisymmetry) is 

/(-A,) = fix,). (14.30) 

Therefore, the fluctuation of this system is the same as that of the tachyon fluctuation of the 
oriented c = 1 theory, which is expected from the space-time theory. Note that the partition 
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function is simply the half of the oriented c = 1 theory, which is indeed the case in the direct 
calculation H14.2U|) . 

oB/n 

Since we have uq unstable DO-branes, the gauge group is either SO^uq) or Sp^no). By comparing 
the various Mobius strip amplitudes we can find a relation between the orientifold projection 
for the Dl-branes which we have introduced to cancel the tadpole and that for the DO-branes. For 
the tadpole free theory, we can find (see {353| for a detailed discussion) Sp^no) gauge group with 
antisymmetric (or real selfdual) tachyons. The vector sectors differ according to the type of Dl- 
branes introduced to cancel the tadpole. We should recall here that the DO-brane must be ?? = +. 
Therefore, for two Dl-branes with r/ = +, we have four fundamental bosons, and for two Dl-branes 
with r] = —, we have four fundamental fermions, and finally for one Dl-brane with r/ = + and one 
Dl-brane with ry = — , we have two fundamental bosons and fermions. 

We have two comments here. First is the cancellation of the tadpole from the matrix model 
point of view. The combination of the Sp matrix model with fundamental vectors is the same as 
in the bosonic case and we expect that the fundamental loop cancels the unoriented cross loop of 
the Sp matrix model. However, the number of the fundamental loop is doubled here and we should 
study the details of the interaction to verify whether the loop actually cancels or not. Furthermore, 
this is the second comment, the fermionic loop is possible from the holographic point of view, but 
it is doubtful that the fermionic loop (which has an extra — sign) cancels the Sp loop. We should 
study the details further to see what is actually happening here.^^'' 

OA/n 

Since the R-R charged DO-brane (with 77 = +) is mapped to the DO-brane under J7, we have 
to introduce ng invariant DO-branes. With the tadpole canceled orientifold projection and two 
unstable Dl-branes, we have a C/(no) gauge group with antisymmetric tachyons. The vector sector 
is different according to the type of Dl-branes introduced. For the two rj = + case, we have 
two fundamental bosons and two antifundamental bosons. For the two r] = — case, we have two 
fundamental fermions and two antifundamental fermions. For the one r] = + and one ij = — case, 
we have one fundamental boson, one fundamental fermion, one antifundamental boson, and one 
antifundamental fermion. 

OA/n 

Since R-R charged DO-brane (with = +) is invariant under Q, we introduce no DO-DO pairs. 
The gauge group and the representation of the tachyon in the tadpole canceled case can be obtained 
by examining various Mobius strip amplitudes. The result is that the matrix model is S'p(no) x 
S'p(no) with a bifundamental (stretching between branes and antibranes) tachyon. The vector from 
the 0-1 string is given by two fundamentals (0,1) and two fundamentals (1,0) either bosonic or 
fermionic according to the choice of the Dl-brane. 

We collect these results in table 1, which we have taken from |44Hj . 

14.4 Literature Guide for Section 14 

Unoriented J\f = 1 super Liouville theory (c = 1) has been extensively studied in |443j . '444' , where 
the matrix dual model and the tadpole cancellation condition have been proposed. It would be 

Another heuristic way to see their relation is to construct a mass term of 0-1 NS string which can be obtained 
from the world sheet theory. For example, if we have vectors vf , where a is the gauge indices on Sp 0-brane and i is 
the global symmetry indices on Sp 1-brane, the mass term mvv is possible. However, if the 0-brane gauge group is 
SO, we cannot make a mass term because of the antisymmetry. This works for the bosonic string, 0B/S7, and OA/Cl 
model. 

^•^^Indeed, the interaction cannot be same for the boson and fermion. For example, if BTB is possible, FTF vanishes 
because of the antisymmetry. 
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theory 


closed 
strings 


Dl-brane 
open strings 


DO-brane matrix(-vector) model 


bos/r2_ 


T 


Sp{2), 1 


5p(no),g + 2n 


OB/f]± 


T 




SO{no), n. 
Sp{no), \JJb 


0B/O_ 


T,Co 






0A/S7_ 


T,C+ 


SO{2), U 


' ' °' \ [□+ni* + [n+a/ 


0A/O_ 




Sp{2), lb 


Spina) X Sp(no),(Qn)i, + 2|(Ql) + (l,D)|6„r/ 



Table 1: Tadpole-free unoriented open and closed string theories in two dimensions and their dual 
matrix(-vector) models |44IH| . 

interesting to study further these matrix models to understand the dynamics of the orientifold plane 
in a non-trivial background. Also it is worth extending this section's results to the N = 2 super 
Liouville theory (or SL{2, R)/C/(l) supercoset model), where we expect that the subtlety concerning 
the R wavefunction and the GSO projection is none because of the spectral flow. Physically, it will 
correspond to the orientifold plane in the singular CY space. 

15 Conclusion and Future Outlook 

In this thesis, we have discussed both the old formulation and the recent developments of the 
Liouville field theory (coupled to the minimal model or c = 1 matter) and the corresponding matrix 
models. To conclude the whole thesis, we would like to ask once again why and how these theories 
are dual to each other. This question has been one of the main themes of the Liouville-matrix 
theory (and of course of this review). 

The matrix model exact solution states that the Liouville theory coupled to the minimal model 
or c = 1 matter is solvable. We here mean "solvable" as not only being solvable as a CFT, but also 
mean that the integration over the moduli space can be explicitly performed. This statement seems 
peculiar in two ways. First, the Liouville theory itself is not easy to solve as a CFT as we have seen 
in this review. The consistent three-point function is proposed after the matrix revolution. The 
second peculiarity is the problem with the integration over the moduli space. For example, the free 
26 bosons with ghosts (= critical string) are trivial as a CFT, yet the integration over the moduli 
space is another story — we have not been able to perform it to all orders of perturbation. In 
the matrix revolution era, we have not solved the world sheet theory on the one hand, but we have 
had a full genus answer on the other hand. 

^■^**Of course, in the bosonic critical string, the integration over the moduh space diverges because of the tachyon 
contribution. 
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After the accumulation of the knowledge of the nonperturbative string theory and the develop- 
ments in the Liouville field theory, we have come close to the proof of this duality. On the Liouville 
side, the central objects (it happens only when we couple it to the minimal model or c = 1 matter) 
are the ground ring structure and the higher equations of motion. The ground ring structure helps 
us to understand the integrable structure of the correlation function, and the higher equations mo- 
tion will become the first step to understand why the integration over the moduli space is reduced to 
the cohomological integration (such as the intersection form of the Mumford-Morita- Miller classes). 

On the matrix side, we have seen in this review that the matrix, which has been originally 
considered as the discretization of the Riemann surface (or in the topological model, the moduli of 
the Riemann surface), has now a holographic dual interpretation of the bulk theory. The double 
scaling matrix model is the dual description by the localized DO-branes (of the ZZ branes) as we 
have seen in this review, and very recently the Kontsevich matrix model is proposed to be the dual 
description by the extending Dl-brane (or the FZZT brane) in |82j . Actually, the physical double 
scaling matrix model and the topological Kontsevich matrix model yield the same description of 
the noncritical string theory, which has been yet another mystery. The recent paper 122 has 
proposed that the topological B-model on the CY manifold gives the unifying perspective, where 
the compact B-branes correspond to the physical matrix and the noncompact B-branes correspond 
to the topological matrix. It would be very interesting to see their connections with the ZZ brane 
and the FZZT brane. 

With these rapid developments based on the knowledge over this decade, we expect that this 
longstanding question will be solved from the first principle in the near future. In fact, some 
relevant papers cited above have appeared in the last month of our preparation of this review 
thesis^^^. Some subjects reviewed in this thesis may become obsolete within several years, but in a 
sense the author hopes so. 
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Figure 31: Why is the Liouville field theory coupled to the minimal model integrable? The available 
map in the year 2003. 

Once we accept the Liouville-matrix duality, we encounter many surprising consequences as we 
"^December 2003. 
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have seen in this review (particularly in the application sections). Among these, we have found 
various exact and explicit realizations of the nonperturbative string physics which we have listed 
in the introduction section. Actually, the matrix formulation of the Liouville theory not only 
reproduces the world sheet description (integration of the CFT over the moduli space) but also 
provides a nonperturbative formulation of the theory. This includes, for instance, the instanton 
effects, the R-R background physics and the string field theory. The matrix formulation extends 
our world sheet description so far available (i.e. the Liouville CFT coupled to the minimal model) 
to the nonperturbative level, so it would be an interesting remaining problem to understand their 
nature from the world sheet (or another first principle of the string theory) because we can apply 
them to the higher dimensional theory. 

Historically speaking, we cannot say that the matrix revolution in a decade ago triggered the 
second revolution of the string theory though it taught us the importance of the nonperturbative 
effects, as far as the author knows. On the contrary, developments after the second revolution have 
enabled us to understand the full nonperturbative physics of the matrix-Liouville theory. We hope 
that the word "the matrix theory has delivered much less than it seemed promise" '330^ will no 
longer be true. In order to ensure this, we should find new physics in the noncritical string theory 
which can be applied to the more realistic (higher dimensional) string theory before they will be 
found in their higher dimensional setup. We have seen some of them in this review, but we believe 
that the matrix-Liouville model has not revealed its full potential yet. 

Concerning this point, we have also discussed the slight extension of the Liouville theory — the 
AA = 1,2 super Liouville theory and the Liouville theory on unoriented surfaces. These subjects 
drew less attention than the original bosonic matrix model in a decade ago, but they have now 
caught more attention in order to understand variable nonperturbative aspects of the theory which 
the bosonic model does not have. One may say that this is the first string revolution in the 
Liouville-matrix model, namely the discovery of the "superstring" . 

To conclude the whole thesis, we would like to emphasize once again that we hope the matrix 
reloaded this year (2003) does not lead to nowhere (or the prison) as we have seen in "The Game 
of Everything" by Dijkgraaf j466j .^^^ We will not be caught into the limit cycle in the hep-th space 
because we have a "c-function" on it. 
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A Appendices I: Conventions and Useful Formulae 
A.l Conventions 

In the most of part I of this review (for the bosonic theory) we use a' = 1 convention unless 
otherwise stated. In part II (for the super symmetric theory) we use a' = 2 convention mostly. 

When we regard the world sheet sphere as the complex plane, we use the complex coordinate 
z = xi + ix2, z = xi — 1X2- In this coordinate, the differentials become d = dz, d = dg- Then 
the Laplacian becomes A = Add. The volume element is (Pz = dxidx2, and the delta function is 
defined as S{z) = d{xi)6{x2y'^^ 

Let us present the action and OPE for the free field in our convention. The action of the 
Coulomb gas free boson is 



and the central charge is given by c = 1 + 6a'Q^. The relevant OPEs are 



0(Z)</.(O) = -ylog|z|2 + ... , (A.2) 

and 

^iki<f>{z) ^ik24>(0) _ |^|a'fcifc2gj(A;i+fc2)0(O) _j_ . . . (A3) 

The energy-momentum tensor is given by 

T = -^{d(t)f + Qd^(t>. (A.4) 
a' 

Next, we consider the be ghost system. The action is 

- / (fzbdc. (A.5) 



The OPE is given by 

6(z)c(0) = \ + -- - ■ (A.6) 

Let us set the weight of 5 to be A and that of c to be 1 — A. Then the energy-momentum tensor is 
given by 

T ={dh)c-Xd{bc), (A.7) 

and the central charge is written as c = — 3(2A — 1)^ -|- 1. 
Similarly the /37 ghost is described by the action 

1 



vr 

The OPE is given by 



d'z(3d-i. (A.^ 



/3(z)7(0) = -^ + ---. (A.9) 

If we set the weight of /3 to be A — ^ and that of 7 to be | — A, the energy-momentum tensor is 
given by 

T = {df3)^-\{2\-l)dm. (A.IO) 



"^Note this is different from Polchinski's notation |19|. 
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The central charge becomes c = 3(2A — 2)^ — 1. 

When we do the bosonization, we take the convention a' = 2 so that v{z)v{0) ^ — log(2;). For 
example, the bosonization of the (1,0) system, which was discussed in the main text, is given 
by /? = idve™~'^ and 7 = e""*'', where u and v are normalized bosons in this a' = 2 convention. 

Finally, we show the action and currents of the supersymmetric linear dilaton system in the 
component formalism (for the superspace formalism, see the next subsection). The action is 

S = ^ j (fz {dXdX + ^pB^jj + i^di) + ^QRX^ (A.ll) 

The energy-momentum tensor and the superconformal current are given by 

T{z) = -^dXdX + ^d'^X -^^d^p 

G{z) = i'4)dX -iQdi). (A.12) 

The central charge of this system isc=|c=| + ?>Q^ . 

To evaluate the free path integral on the sphere, the following formula is useful 

(fz\z\'^'"^\l - ^ ^A.13) 

where a + (3 + 5 = 1. 

For more general correlation functions, we have the Dotsenko-Fateev formula jl27| 112^ : 

/ dz^\{\zr\l-z,\''^J{\z,-z,\''' = ^-{^{l-p)r 

■ i=l i<j 

m m—1 

Wli^P) n '^(^ + " + ^'^^^(^ + ^ + -a-(3-{m-l + i)p). (A.14) 



i=l i=0 

A. 2 Superspace Convention 

In this appendix, we present our conventions for = 1, 2 supersymmetries in the two dimensional 
Euclidean space. 

A. 2.1 J\f = 1 Supersymmetry 

For (1,1) supersymmetry, we introduce two fermionic coordinates 9,6. The integration measure is 
J (PzdOdO. The supercharges are defined as 

Q = — -ed, Q = ^-ed, (A.15) 

and the covariant derivatives are given by 
General superfields are expanded as 

^ = (j) + ie'ip + i9i> + i99F, (A.17) 
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where is a real scalar and is a Majorana Weyl spinor (if we were in the Minkowski space) and 
F is an auxiliary field. 

For example we consider the free action 

S = — f (fzMdeD^D^ 
It: J 

= ^ j (5090 + ijdi) + i^di) - F'^) . (A.18) 
We can eliminate the auxiliary field F simply by setting it zero. 
A. 2. 2 J\f = 2 Super symmetry 

For (2,2) supersymmetry, we introduce four fermionie coordinates 9^,6^,9^,6^. Note that as 
opposed to the M = 1 case, the +, — represents the chirality of the spinor, and the bar indicates 
the formal "(Euclidean) complex conjugation" which does not change the chirality. The covariant 
derivatives are 

A chiral superfield is defined as 

L>±$ = 0, (A.21) 

and expanded as 

$ = + i6'+V" - + i9+9-F + ■■■ (A.22) 

where the omitted part contains a derivative of the fields. The anti-chiral superfield is defined as 

= 0, (A.23) 

and expanded as 

$ = 0* + ie+^- - ie-tp^ + ie+9-F* + ■■■ , (a.24) 

which is the complex conjugation of $ (in the Minkowski sense). These superfields can be seen as 
dimensional reductions of the four dimensional chiral and anti-chiral superfields respectively. 
We can also introduce a twisted chiral superfield as 

D+Y = D^Y = (A.25) 

which can be expanded as 

Y = y + ig+x" - iQ~X^ + iO'^e-G + ■■■ . (A.26) 
Its "complex conjugation" is a twisted anti-chiral superfield defined as 

D+Y = D_Y = (A.27) 

which can be expanded as 

Y = y* + i6+x' - iO'X^ + iO^O'C* + ■■■ . (A.28) 
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As in the four dimension, we introduce a vector superfield. In the Wess-Zumino gauge, it can 
be expanded as 

V = 0-0~v + e+e+v-e-9+a-e+e-a 

+ ie-e+{-e-\+ + 9+ \-) + id+e-{-e-\+ + 9+ \-) + 9-9+9+9-0, (A.29) 

where v = vi — if 2, v = vi + iv2 and a is a complex scalar which corresponds to ^3 and V4 in the 
four dimensional vector multiplet. The field strength superfield is a twisted chiral superfield, and 
in the Abelian case, it is defined as 

S = -D+D_V 

= a + i9+\- -i9-\+ + 9+9-{D -wi2) + --- (A.30) 



A. 3 Special Functions 

In this appendix, we explain special functions which are needed in the main text. We are not 
careful about the mathematical rigor such as a convergence and an exchange of the order of the 
differentiations etc. The useful reference of the special functions is j467j for example. 
Basic definitions/formulae 



00 ^ 
C(s, a) = > ^ 



n=0 



(A.31) 



C(0,a) = --a 



C'(0,a) = logr(a)--log(27r) 



(A.32) 
(A.33) 



T{z + l) = zT{z) 



(A.34) 



T{z)T{l-z) 



vr 



smvrz 
vr 



T(- + z)T(- - z) -- 
^2 ' ^2 ' cosvrz 



r(23;) = {2t:)-^/^2'^'^-^I^T{x)T{x + 1/2) 



C(l - 2m) 



2 m 



2m 



lim 

s-*l 



C{s,a) 



n=0 
1 

s-1 



-V^(a) 



r(z) 



00 g-t 

dt- 



t 1-e- 



(A.35) 
(A.36) 
(A.37) 
(A.38) 

(A.39) 
(A.40) 
(A.41) 
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7(1 + x) = — x^7(x) 



(A.43) 



7(x)7(-x) = -\ (A.44) 



^2 

7(x)7(l -x) = l (A.45) 

F(a, /?, 7, z) = r(7)r(7 - «-^) ^^^^ „ + ^ + 1 _ 1 _ ^) 
r(7 - a)r(7 - /?) 

^ r(7)r(a+^-7) ^^ _ ^y-a-pj,^^ _a,j-P,j + l-a-P,l-z) (A.46) 

r(a)r(/3) 

F(a,/3,7,z) = £M£(^^(-z)-"F(a,a + l-7,a + l-/?,lA) 

r(pjr(7 - a) 

+ r(a)r(7 I ^) (-^)'^-^(^' + 1 - 7, /3 + 1 - «, 1 A) (A.47) 
\2/ n!l + n + 1 

n=0 

- I^{z) = ^^1!!^ /'°° e-'^°'^'cosli{ut)dt (A.49) 

- |^zfi(fWfl(£) (A.50) 
2 sm UTT 

/•oo 

K^{z)= / e-"™'^'^*cosh(z.t)(it (A.51) 

Double Q Function^^2 

Definition: 

C2{s,t\wi,W2) = ^ {s + niwi + n2W2)~^ , (A. 52) 

ni ,n2>0 

which can be analytically continued to t = 0. We use this fact to define the double gamma function 
as follows. 

Double r Function 

Definition: 

d 

\og\r2{s\wi,W2)] = -Q^C2{s,t\wi,W2)\t=0- (A.53) 
This function satisfies the following important "difference formula" 

T2{S + Wl\wi,W2) V^K 



s 1 



T2{s\wi,W2) ^-2-^ 



(A.54) 



^''^Those functions presented below have been introduced and studied in |468| . |469| . |47()) . A good review on them 
can be found in appendix of |471| . 
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which is the root of the name "double gamma function". While the ordinary gamma function 
is multiplied by x when we add one to the argument, the double gamma function is multiplied 
essentially by r(x). Similarly we can define the multiple gamma functions. 
The proof of ()A.54|) : 

(LHS) = exp[logr2(s + u;i)-logr2(s)] 
d 

[C2(s + u;i,t) -C2(s,i)]t=o 



exp 



exp — 



dt 

d 
dt 

d_ 

dt 



C 0,- 

W2 



log{w2)C(0,— 
V W2 

- - — ) log(ti;2) - logr 
2 W2J 



— ) + ilog(27r) 
W2J 2 



(RHS) 



where we have used the formulae of the ( function ()A.32IA.33|) . From this double gamma function, 
we can define Tj, function as follows. 
Definition: 

r2(x|6, 6-1) 



^'^""^ - T2iQ/2\b,b~^y 

where Q = b + b^^. The difference formula ()A.54|) states immediately 



nix + b)= nix) 



Tb{x + b ) = Tb{x). 



T{x/b) 



Tb function has an integral representation: 



logr;,(x) 



dt 



-xt 



Qt 

e 2 



-t 2 ^ 



(1 - e-bt^l - e-*/6) 



The proof can be given by using the same technique we will explain in the Sb{x) 
T Function 



Definition: 



Difference formula: 



Tfe(x + b) -. 
Tb{x + b-^) -. 



1 



Tb{x)Tb{Q - x] 

^{bx) ri^2bx 



T{l-bx) 
T{x/b) ,2x 



T5(x) 



r{i-x/b) 



b--'Tbix), 



(A.55) 



(A.56) 



(A.57) 



(A.58) 



(A.59) 
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which can be proven by using (|A.54|) such that 

Th{x + b) Tbix)Tb{b + b-^ 



nix + b)n{b-^ - x) 

l,bx-^ T{l-bx) 



r(i - bx) 



(A.60) 



The zeros of the Tf,(x) are important for the apphcations and located where rb(a;) or Tb(Q — x) 
has poles by its definition. When we consider the fact that T2{s) is an analytic continuation of 



n 



711,712 



1 



s + niwi + n2W2 



(A.61) 



in terms of t, it is easy to see that Tb{x) has poles at x = —nb — ^, where n and m are positive 
integers. Then Tb{x) has simple zeros when x = —nb — mb~^, Q + nb + nib~^. 
In fact, there is an analytic continued formula: 



T,\s\wi,W2) = e^^'^''s n (l + 

m,n>0 



where = mwi + nw2 ■ 712 and 722 are very complicated functions of wi and W2 
Ti,{x) has also an integral representation: 



log Tb{x) 



°° dt 
T 



Q 

--XI e 



-t 



sinh^ i ^ — X 



sinh ^ sinh 



2 '^^^"^ 26 

The following formulae are the direct consequence of the definition 

Tb{x) = T;,-i(x), 
Tb{x) = Tb{Q - x). 



Double Sine Function Sb{x) 
Definition: 



Sb(x) 



n{x) 



TbiQ - x) 



Difference formula: 



Sb{x + b) = 2s\n((Kbx)Sb{x) 
Sb{x + b~'^) = 2 svii{'Kxb^'^)Sb{x) , 



which can be proven as follows; by using HA.54|) 



Sb{x + b) 
Sb{x) 



27r 



Tb{x + b) Tb{b + b-^-x) 



Tb{b- 



27r 



Tb{x) 



r(6x)r(i - bx) 



(A.62) 



(A.63) 



(A.64) 



(A.65) 



(A.66) 
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Figure 32: An integration contour for the double sine (gamma) function. 



= 2sin(7r6x). 



(A.67) 



Now, let us introduce the integral representation of Sb{x). First, we consider an analytic 
continuation of the double C, function as follows: 

C,2{s,t\wi,W2) = ^ {s + niwi + n2W2)~^ 

ni,n2>0 



2 



dyy 



t-l -{s+w-n)y 



dy 



\t-i 



dz 



-WlZ 



)(1 - e-^'a^) 2TTi 



(A.68) 



In the last line we have used the typical method of the analytic continuation of the C function. 
Then we differentiate this by t, and obtain the integral formula of the double gamma function: 



logr2(s|i(;i,'u;2) = -7 



dz 



C (1 - e-"'i^)(l - 2TTiz 



+ 



e log(— z) 



dz 



c 



(1 - e-«'i^)(l - e-^'a^) 2mz 



(A.69) 



where 7 is Euler's constant. When we make the double sine function following its definition by 
using this formula, we can see that the first term of this integral formula cancels out. Thus we have 



logS'b(x) 



sinhfx — Q/2)z , , . dz 

log(-2;); 



(A.70) 



Ic 2 sinh(fez/2) sinh(z/26) ' 2mz ' 

This contour integral can be evaluated by splitting an integral around zero and an integral along the 
real line. Though the integral around zero has a divergence such as 0(l/e), this can be rewritten 
as an integral along the real line. Combining these integrals we obtain 



\ogSb{x) 



2 70 't . 



sinh(Q - 2x)t ^2x-Q 



sinh(6i) sinh(t/6) 



(A.71) 



which is finite. 
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A. 4 Modulcir Functions 

In this section, we review our conventions and properties of the modular functions in the Liouville 
theory. We use the notation q = e^'^*'^. For the bosonic theory, we have 

OO p2 

Trg^o-^ = ^pi^r) = qP'-^^ 17(1 - q'T' = ^ (A.72) 

n=i ^(^) 

On the other hand, for the supersymmetric theory, we have 

= xj(„.,(T)=,*-^n(i-,")-(i+,"-^)=,/^g; 

n=l 

2 °^ 
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ir)q 



p2 

2 



n=l 

OO 



n=l 



TVp(-l)V°-^ = Xp(fl)(r) = 0, (A.73) 
where we have introduced the following 9 functions 

OO 

02 = 2q-sll{l-q^)il + q^f 

n=l 

OO 

n=l 

OO 

^4 = Hil-qm^-q'^-'^f 
n=l 

OO 

q^^Hil-q^. (A.74) 



7/ = 

The modular transformation is given by 



n=l 



03ir + I) = e^ir) 
e^ir + I) = Osir) 
e2iT + l) = e'''/%{T) 

rj{T + 1) = e'^^/^%(r) (A.75) 



for the T-transformation, and 



^2(-l/r) = V^04(r) 

r?(-l/r) = v^??(r), (A.76) 
for the S-transformation. Therefore the modular transformation for the super character is given by 

/OO 
-GO 
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-oo 

^Xj,(^)(r) = y_^dPe2"^^'xp(^5)(-l/r). (A.77) 

For the application to the unoriented Liouville theory, the following modular transformation is 
needed, 

^ + 1) = V2te^es{^t + ly (A.78) 

To obtain these, we have to perform the succeeding modular transformations TSTTS. We can 
show this explicitly by setting ^4 = 3^ + 5; then 

1 2it 

ts = 



t4 ^ 

t2 = h + 2 = -- r 

1 1 

U = = it — - 

t2 2 

to = ti + l = it+^. (A.79) 
Therefore, the modular transformation becomes (we take 77 for example) 

r/(t4) = r/(-l/t3) 

= V-itsvita) 

= ^-i{t2 - 2)?7(t2 - 2) 

= V -i(t2 - 2)e- fi^{t2) 

-2)e-'fV^r]{ti) 

= Vl + 2tie-f r?(ti) 
= V2io - le-'^r/lto) 

= V2ir]{it + (A.80) 

Similarly we can obtain the transformation for 9. 

For the M = 2 theory, we use the following theta functions with characteristics, 

00 CXD 

^1(1/, r) = i (_i)n^(n-i/2)V2^n-i/2 ^ 2 exp(7riT/4) sin TTz/ - zq'^){l - z-^"") 

n=— oo rn=l 

oo oo 

e2{i^,T) = Yl g^""^/^^'/^^''"^/^ = 2exp(7rir/4)cos7ri/ + + 

n=— oo m=l 

oo oo 



m=l 
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oo oo 
n=—oo m=l 

where z = exp(27riz^). The modular transformation of these functions are the same as we have in 
the case with u = (|A.75|) . (|A.76|1 except the factor exp(7rii/'^/T) in the S-transformation. 

Let us finaUy hst the general channel duality property of the Ishibashi states we use in the 
main text. The easiest way to derive the following results is to calculate directly those quantities 
by using the free field Ishibashi states. The left-hand side is the tree exchange channel and the 
right-hand side is the loop channel which can be obtained by the modular transformation: s = 1/t 
for cylinder s = l/2t for the Klein bottle and s = l/4t for the Mobius strip. 



for the cylinder. 



{B±\e~^'''\B±)RR 

{B±\e-^'''\B±)NSNS 
{B±\e-^'''\BT)NSNS 



NS; i-iy 
R; i-iy 
NS; 1 
R: 1 



(A.82) 



{C±\e-^'''\C±)RR 
{C±\e-^'''\CT)RR 
{C±\e-^'''\C±)NSNS 
{C±\e-^'''\CT)NSNS 



NS-NS; {{-ly + {-iy)-n 

R-R; ii-iy + i-iy)-n 

NS-NS; {1 + {-ly+f) ■ 
R-R; {l + {-iy+f')-n 



(A.83) 



for the Klein bottle. 



{B±\e 
{B±\e 
{B±\e- 
{B±\e- 



--'''\C±)rr 

\C±)nsns 
\C^)nsns 



R; {-ly-n 
R; l-n 
NS; {-ly-n 
NS; 



(A.84) 



for the Mobius strip (up to a phase factor). 



A. 5 Conventions for Quaternionic Matrix 

In this appendix we review our conventions of quaternionic matrices. We follow the conventions 
used in Mehta's book I472j . First we begin with the convention for one quaternion. 
We define a quaternion g as a 2 x 2 matrix which can be written as 



(A.85) 



where z = 1,2,3 and coefficients q are complex numbers in general. The elements of quaternion 
are realized by the Pauli matrices as = icTj. We call a quaternion is real if all q^, q^,q^,q^ are real 
numbers. In the main text, we exclusively use real quaternions, so we sometimes omit the adjective 
"real". It is important to distinguish the following three possible conjugations of quaternions. 



,0* 



+ 



(A.86) 
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which are called "quaternionic conjugation", "complex conjugation" and "Hermitian conjugation" 
respectively. We say that a quaternion is Hermitian when = q holds. 

Let us now go on to a quaternionic matrix, which is defined as an x matrix with quaternions 
as each element (hence 2N x 2N matrix). In terms of the quaternion language, some of the 
conjugation properties become 

{Q^)kj = -e2qjke2, (A.87) 

for the transposed matrix, where k,j runs from 1 to and represents the quaternionic indices. 
The Hermitian conjugation is 

iQ^)kj = q]k- (A.88) 

Note that f is acted only on the single quaternion element qij, and does not exchange the indices 
ij. Finally the "time reversal" is given by 

(.Q^)kj = qjk = e2{Q^)kje2^. (A.89) 

We say that a quaternionic matrix is selfdual when it satisfies = Q. 

In the actual application to the unoriented string theory, we encounter the following matrix 
condition (see appendix IB .811 : 

62(3^62 = -Q 

= Q, (A.90) 

It is easy to see that Q is a quaternionic matrix, and from the definition we have 

[Q\j = qjk = qkj = q]k: (A.9i) 

which is a real selfdual quaternionic matrix. We rephrase this as "an Hermitian matrix Q which is 
skew antisymmetric, namely JQ = — {JQ)'^, is a real selfdual quaternionic matrix". It is also easy 
to see that a real selfdual quaternionic matrix can be decomposed as 

Qjk = Sjk + Af^e^, (A.92) 

where S is real symmetric and A is real antisymmetric. This decomposition is necessary to under- 
stand the Jacobian of the diagonalization and the Feynman rule for the Sp matrix model. 



B Appendices II: Miscellaneous Topics 
B.l Super Liouville Theory from 2D Supergravity 

We introduce the super Liouville theory by quantizing the 2D supergravity |3n5j .^^^ The notation 
for the (1,1) supergravity is as follows. We use the (super) coordinate z'^ = {z,z;6,6) and the 
(super) differential Om = {dz, dz] do, dg). The tangent space indices are written as A = (^, ^; +, — ). 
As is usual in the supergravity, the local Lorentz transformation is restricted to the 5*0(1, 1) 
subgroup of the more general tangent bundle (super)rotation.^^^ Thus every tensor transforms 

i43rpj^g notion of time reversal comes from a quantum mechanical transformation of operators which act on the time 
reversed spinors. See any good text book on the quantum mechanics (e.g. [478) '). 
^'*''We follow the notation of D'Hoker-Phong |474| in this section. 
^''^That is to say, 9 and z do not mix each other. 
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with the U{1) charge under the local Lorentz transformation. The covariant derivative for the 
Lorentz tensor is given by 



VmV = BmV + in^MV 
VmVa = SmVa + ^mE^Vb 



(B.l) 



where we have set the U{\) charge of the scalar to be n and introduced the generator of the Lorentz 
transformation as EJ^ = e^^", eJ^ = EJ' = 0, eJ^ = |(75)cf . 

When we fix the genus of the world sheet, the partition function of the string theory with the 
local supersymmetry on the world sheet can be schematically written as 



[VE,f][VX']e 



-S[X,E] 



(B.2) 



where the matter part is arbitrary, but for definiteness, we take the super symmetric free boson- 
fermion system 



S = — [ (fzEV'X^Vc.X^ 
Svr J 

= — I (fzEV_X^V+X^ . 
A-K J 



(B.3) 



Before performing the path integral, we review the correspondence with the component repre- 
sentation, though it is not necessary in the following calculation. The matter field is decomposed 



as 



X' 



+ rV'^ + iOOF^. (B.4) 

ijj^ is "Majorana".^^^ We next consider the component representation of the supervielbein. To do 
so, it is natural to do in the Wess-Zumino gauge. In general, the two dimensional supervielbein can 
be removed (locally) except one superfield freedom by the gauge transformation as we will see later. 
However, it is convenient, because of the analogy to the four dimensional supergravity, to use the 
Wess-Zumino gauge where only the algebraically removable components are eliminated. Though 
we leave the details to the reference j474| . the idea is that we fix the gauge by using the freedom 
of the superdiffeomorphism and the super Lorentz transformation whose transformation parameter 
is proportional to 0. Consequently the residual gauge freedoms are the conventional (bosonic) 
diffeomorphism and the local supersymmetry from the superdiffeomorphism, and the local Lorentz 
transformation from the super Lorentz transformation. 

This gauge fixing yields the following component expansion: 



TP <^ 



TP 



a A 

-n 



+ ib 



-Y ""A 

1 Am ■' 



Since we are in the Euclidean signature, the Weyl spinor cannot be simultaneously Majorana. However, if we 
Wick rotate to the Minkowski space, 6°'ipa = + 0~ip-. Though the complex conjugation of 9^ is 6^ in the 

Euclidean signature, we can think 9^ is real in the Minkowski signature. 

^^^As we have stated above, super Lorentz transformation does not have a transformation which mixes boson and 
fermion from the beginning. 
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A = -i75e"^"^mXn - ^T^^Xm^, (B.5) 



2 

In addition, the super Euler term becomes 



X(M) = / d2zi?i?+_ = 1 / d^z^R, (B.6) 



2vr 7 ^2 

in this gauge. The integration measure is given by 

(fzE = (fzd0deSdetEj,f. (B.7) 

Note that in the Wess-Zumino gauge, we cannot distinguish whether the 6 component is Einstein 
or Lorentz, owing to the structure of the above supervielbein (usually we set ^4 = 0). 

For a reference, we present the action for the matter field in this gauge after we eliminate the 
auxiliary field 

S[X] =j-j d^Z^ ^g^'^dmx'dnx' + ^'Tdmi^' " VS^T'^Xa^^X^ - ^ V^T^T^Xa (XbV'') 

(B. 

We should notice that the spin connection does not appear in the kinetic term of the 2D spinor. 

Let us turn back to the quantum supergravity. Since the matter field in ()B.2|) is Gaussian, the 
path integration can be performed explicitly. Taking the number of scalar to be d, we obtain 



g-5„[i?] ^ y 



87r^Sdet^(D)jj; 



(B.9) 



where □ = D^Da. This effective action is not invariant under the following super Weyl transfor- 
mation: 

Em = 

El, = e^/'lEt, + EUlar''i>(^^]- (B.IO) 

We abbreviate this transformation as E-^j = e^E^.^'^^ 

The claim here is that the variation of the effective action under this super Weyl transformation 
is given by 



where c is related to the zero- mode which we will not delve into here. SsLi^) is the unrenormalized 
super Liouville action: 

SsL = ^ I d^zE(p+<^>t>_^ - (B.12) 
Air I 



^''^^Let us briefly explain the nature of the additional second term. The supervielbein should have its torsion tensor 
satisfy the definite constraint conditions. However, the arbitrary transformation of the field ruins this condition, so 
the second term is necessary to hold this constraint. By the way, in the usual Riemannian geometry, the constraint 
on the torsion tensor just yields the formula from which we can make the connection by the vielbein. In contrast, 
since the supergravity restricts its connection in the U{1) subgroup as we have stated above, the constraint on the 
torsion does restrict the supervielbein. This is one of the most important points of the superfield formalism of the 
supergravity. 
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To calculate this variation, we use the super heat-kernel method. To regularize the expression, 
we first define^^^ 

poo Jj. 

log(5(s) = IogSdet[(n)2 + s] = - -e-*"STre-*(°)'. (B.13) 

Je ^ 

The Weyl variation of this expression is given by 

dte-^'STi [(,5n)ne-*(°) J . (B.14) 
Using the relation SO = —S^D, we can rewrite this as 



STV 



(,5n)ne-*(°)'l = - [((5$)n2e-*(°)'l . (B.15) 



We further transform this as follows (the second line is the partial integration), 

e^*"— STr5$e-*° 

die-*^STr[(5$e-*°']. (B.16) 

If we take the s — > limit, the second term almost vanishes. The first term leaves just the e 
part. Thus we have 

6 log Sdet'D = -STr[d^e-'^] + C. (B.17) 
Evaluating the supertrace by the heat-kernel method, we can show 



-i^ J (fzER+^S^. (B.18) 



Note that as opposed to the bosonic case, we do not have a divergence because of the supersym- 
metry. Namely, there is no renormalization of the "cosmological constant" at this step. Integrating 
this, we obtain 

'"^iffi) 

As a result, we can show Sm[E] — > Sm[e-'^E] = Sm[E] — ^CmSsii^, E], where Cm = ^■ 

Going on to the quantization of the 2D supergravity, we fix the gauge of E^^. In the supercon- 
formal gauge, we fix it by demanding 

f{E) = e^E{T) (B.20) 

symbolically. In this gauge, the variation of the supervielbein T>Ej^ is decomposed into (after 
the torsion constraint) the superdiffeomorphism V , the super local Lorentz transformation L, the 
super Weyl transformation $ and the moduli T. The Jacobian of this transformation is given by 
the Fadeev-Popov superdeterminant. After dividing by the volume of the gauge group, this is given 

by 

j [VEj^] = j {dr£}[VE^VEBVECe-^^^^^'^^^\ (B.21) 

i49rpj^g reason why □ is squared is to ensure the positivity of tlic norm in the superspace. 

^^"Only the zero-modes of D^, which we do not consider here, contribute. In the final expression, these become the 
supermoduU integrations. 
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where, using B{z) = (3{z) + 9b{z), C(z) = c{z) + 6*7(2), we can write the action of the superghost 
system as 

Sgh = ^ j (fzE{BV^C + BV+C). (B.22) 

We have set here the Lorentz U{\) charge of B to be 3/2 and that of C to be —1. The path integral 
of the superghost is also Gaussian, so it can be carried out, which yields the further Weyl anomaly. 
The calculation is almost the same j474| : 

Sgh[E] ^ Sghle^'E] = Sgh[E] - '^CghSsd^, E], (B.23) 

where Cgh = — 15. 

Combining all these contributions, the final path integral of the 2D supergravity in this super- 
conformal gauge becomes 

dT[Pi5$]e-^'"["*-^]~^'"^I^*^l. (B.24) 

If we have d = 10, the $ integration simply yields a constant, so we can safely discard it (critical 
superstring). For the noncritical dimension, we have to evaluate this integral. 

However, note the functional measure of the bare super Liouville field. Originally, the measure 
has been given by 

\\5^\l = j (fzE{S^f = j (fzEe'^{6^)\ (B.25) 

in order to preserve the superdiffeomorphism of the functional measure. Since this measure is neither 
Gaussian nor invariant under the translation in the functional space, it is very inconvenient. Thus 
we would like to transform it into the conventional form 

= j (fzE{5^f. (B.26) 

We should obtain the Jacobian of this transformation and include it in the action. Since it is difficult 
to obtain this Jacobian from the first principle, we will find the consistent action by imposing 
"locality" , "diffeomorphism invariance" , "renormalizability" and "superconformal invariance" . We 
assume its form as the renormalized super Liouville theory. We can see that this assumption is 
valid as long as c? < 1, just as in the bosonic string theory. The action is 

E] = ^ j d^zE + QR+_^ + 2i//e''*^ , (B.27) 

and its component form is 

j ^9050 + ^QR(I) + ^d^ + V'^V' - - 2jibFe^'^ + 2i//6VV'e'"^j • (B.28) 

We would like to determine Q and h. First, we recall that the decomposition between E and E is 
arbitrary. Therefore, the theory should be invariant under E — > e"E and $ — > $ — ^. The latter 
transformation is trivially invariant from the new definition of the measure. For the former to be 
the symmetry of the theory, the central charge of the theory should be zero.^^^ 

Ctot = Cm + Cgh + c$ = 0, (B.29) 



^^^See |27l I28| for a justification of this assumption from the functional integration. 

^^■^In other words, the super Liouville theory should be invariant under the super Weyl transformation. In the 
quantization procedure, we should preserve the superconformal symmetry, which removes the arbitrariness of the 
quantization. 
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which results in 0$ = |(10 — d). We can show that the central charge of <I> is independent of /i 
from the canonical quantization or from the discussion we will see below, so it is given by the super 
Coulomb gas result: c$ = | + 3Q^. Therefore, we have 

Q = (B.30) 

For this theory to be consistent as the superconformal theory, it is necessary that the "interaction 
term" e^^ is the (1/2,1/2) tensor. From the super Coulomb gas method, the weight is calculated 
as 

He'"') = -\h{h-Q) = \. (B.31) 

Hence, we obtain the famous formula Q = b + b^^. Furthermore, in order to keep b real (or this is 
equivalent to maintain the metric real), it is necessary to have Cm < |- 



B.2 Coulomb Gas System 

In this appendix we discuss the calculation method for the correlation function of the Coulomb 
gas (linear dilaton) system on the sphere. The Coulomb gas theory |133j is a close cousin of the 
Liouville theory and this calculation plays an important role in the evaluation of the Liouville 
correlation function. We consider the generating function of the correlation function 

Z[J] = (exp(i j (faJ{a)X{a)))Qjree- (B.32) 

The action is given by 

^ = ^ / d^'^Ma'^'daXda + QRX). (B.33) 
We expand X in the eigenfunction of the Laplacian as follows 

X{a) = Y,xiXi{a) 
I 

V^Xi = -ujjXi 
J (fa^XiXp = 6n'. (B.34) 

For the world sheet metric, we take the conformal gauge which is given by 

gab = e^^^'^Uab 

yJgR = -2V^u;(cj). (B.35) 
Then the generating function can be written as 

Z( J) = n / dx, exp (-^^ + ^x,J, + ^) , (B.36) 



where J/ and Ri are defined as 



Ji = j (faJ{a)Xi{a) 



^This appendix is just the problem 6.2 of Polchinski's text book |19|. 



223 



(B.37) 



First, we evaluate the zero-mode integration. On the sphere there is only one zero-mode which is a 
constant: Xq = {J d^Cy^)^/^, so the integration over the zero-mode only yields the delta-function 
2tt6{Jo — i2Q), where the Gauss-Bonnet theorem is used. Since the non-zero modes are Gaussian 
integral, it can be easily done. 



Z[J] = 2-k5{Jo - i2Q) det 



2\ -1/2 



47r2 



X exp 



QiRja] 



G'{a,a') J {a' 



QiR{a'] 



An 



where we have introduced the Green function on the sphere which is given by 

G'{ai,a2) = -^log ki2p + f{zi,zi) + /(z2,^2), 



, (B.38) 



(B.39) 



f{z,z) 



j (fz exp(2Lij(z')) log \z — + /c, 



(B.40) 



where /c is a certain constant which we will not need in the following. The normalization of the 
Green function is 

i^V2G'(a, a') = -^6ia - a') - Xl (B.41) 



Now let us calculate the tachyon amplitude 



by substituting J(cr) = 'Ylii=i kiS'^{cr — (Ji). The argument of exp in (|B.38|) becomes 



exp 



X exp 



X exp 



1 ^ 



i<j 



i=l 



QiR{a) ^, 



Air 



G (a, crj)kj 



We note that the renormalization scheme used in Polchinski's textbook JHl states 

G'ria, cr) = 2f{z, z) + z). 



(B.42) 



(B.43) 



(B.44) 



Furthermore, substituting R = —2\/'^uj, we find some of the Green functions cancel, and we obtain 



\ i / i<j 

exp Qi 'y^^uj{aj)k 



I ^ I k'ikj 

\^t] I 
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X exp 



(B.45) 



Collecting all of these, we finally obtain 



QJree 



C^22tt6 ^3 - j exp ^-^ ^ kj{kj - i2Q)uj{aj)j 



n 

Kj 



l^'''-' exp 



(B.46) 



The term proportional to exp(a;) shows the conformal anomaly of the inserted operators (which 
means we have calculated the weight of the exp vertex operator). When these are BRST invariant, 
they should vanish by the integration or other contributions. The last term is the Liouville action 
from the difference of the conformal anomaly between the free field and the Coulomb gas. The 
conformal anomaly of the free field is contained in C^. We can read the central charge of the 
Coulomb gas system from this. In Polchinski's notation [T2|, the central charge is related to the 
Weyl anomaly as follows 



exp 



Therefore we have derived the formula 



247r 



CQ = 1 + 6Q\ 



(B.47) 



B.3 Asymptotic Expansion of the Liouville Partition Function 

The density of states of the c = 1 Liouville theory is given by 



dp 

dm 



— Im 

TT 



r/2 



sinh(r/2) ' 



(B.48) 



In this appendix, we derive the asymptotic expansion of this quantity in terms of (/3/x) ^ j475j . 
First of all, we integrate this quantity with respect to /u and we find 



1 

vr 



log ( \f3 



Re^( l(l + 2i/3/x) 



(B.49) 



where the integration constant has been determined from the genus expression. This can be 
verified by differentiating it and using the integral formulae which are collected in appendix IA.3I 
This can be further rewritten as the C function, 



1 



Re[C(l, (1 + 2i/5/i)/2) - oo] 

vr 

1 -j^ oo 

logn + — 5-Im Y] T 

IT irpn ^-^ 1 



n=0 



i(2n+ l)/2/3/i' 



(B.50) 



This formula can be intuitively understood as follows. The density of states for the harmonic 
oscillator is given by p{[i) = ^Im^^ (n+i/2)t!;-)3/j-te ' ^° substitute a; = — i into this expression. 
Then we heuristically obtain the above formula (up to log term). 
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Now, we expand this formula as follows, though it is not valid in a rigorous sense (but we should 
recall we attempt to derive the asymptotic formula). 



'^^ n=Ok=0 ^ 



2n + 1 



1 

TT 



log/x + 2^(-l)'=(2/?/.)-2'=(22^-i - 1)C(1 - 2k) 



k=l 



(B.51) 



In the second line, we have changed the order of the infinite summation and substituted X^„(2n + 



i2fc-l 



(2 



2k-l 



1)(^(1 — 2k) formally. If we substitute the formula ()A.38|) . which relates the 



1 

Bernoulli number to C(l — 2k), into the above expression, we finally obtain the desired asymptotic 
expansion 



TT 



iog/.+ ^(22™-i-i; 



\B- 



2m 



m=l 



m 



(2/5/i) 



-2m 



(B.52) 



B.4 Exact Marginality of Boundary Sine-Gordon Theory 

In this appendix we discuss the exactly marginal perturbation in the boundary conformal field 
theory by taking the boundary Sine-Gordon theory |476| for example. The necessary and sufficient 
condition for the exact marginality of the perturbation is that the dimension of the operator is one 
and it is self-local 0771, gZH]. 

Here, we briefly review the procedure to construct the BCFT for the self-local perturbation. 
Since it is given by the perturbation theory, we cannot apply this method directly to the general 
correlation functions of the boundary Liouville theory. However, the residue at the pole in the 
Liouville correlation functions can be calculated perturbatively as usual. We take the upper half 
plane as the world sheet and write the perturbation as A Naively, the perturbative 

expansion of the bulk correlation function is given by 



A" f 

')lizi,Zi) ■ ■ ■ (j)N{zN,ZN)) = '^-^ I 



oo 27r 



27r 



(■0(2;i)---V'(a;„)0i •••</> Ar)o- 



(B.53) 



Since this is divergent from where x approaches each other, we need to regularize the expression. 
When all the inserted operators are in the bulk, we can redefine the expression by shifting the 
contour of the x integration as follows 



A" /" /" 

bi{zi,Zi)---(t)N{zN,ZN))r = '^Vni^^— / •••/ 



{'lp{xi) ■ ■ ■ll){Xn)(t)l - ■ ■ (t>N)f), 



dxi dXn 
~2^"'^ 

(B.54) 

where the pth contour 7p is given by the parallel line with respect to the real line, and its imaginary 
part is given by Im7p = ie/p. This is manifestly finite and does not depend on e (as long as e is 
small enough). Note that it is necessary that -(/'(x) is self- local, namely 



or in the language of OPE, 



■0(X1)-0(X2) = 1^{x2)'4^{xi) 

K 



V'(xi)V'(a;2) 



-|- reg 



(B.55) 



(B.56) 



(Xi - X2)2 

should be hold in order for this regularization to make sense (because of the existence of cuts etc). 
We have assumed the self-locality here. 
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In addition, the pcrturbativc scries for the correlation functions which include boundary oper- 
ators can be defined similarly though the situation becomes slightly complicated. If the boundary 
operators are local with respect to the perturbation tjj{x), the similar prescription works. 

EA"" f f dxi dx _ _ 

— r / / ir^{V'(2:i)---V'(aJn)V'i---'0iv)o, (B.57) 

where, with Ci being the small circle around Ui, the renormalized operators have been defined as 

= E ^ £ ^ ■ ■ ■ £ ^M^i)H^n) ■ ■ ■ H^i). (B.58) 

n=0 ■ '-'1 

Note ipi and V'i have the same dimension. The gist is that we have just taken the pole of the OPE 
between ijji and ip. As we have emphasized, this definition does not make sense unless ipi is local 
with -0. This "definition" of the perturbative BCFT by the above prescription enables us to prove 
that the perturbation is exactly marginal if the perturbing operator is self-local and its dimension is 
one. To do so, we substitute ^ itself into the definition of the boundary correlation function. Then, 
= ijj from the self-locality. Furthermore, the contour integral vanishes because there are no poles 
on the upper-half plane. Therefore, there is no perturbative correction to the two-point function of 
ip, which means the exact marginality of the perturbation in this renormalization prescription (of 
course, other correlation functions have perturbative corrections). 

Finally if we apply this method to the boundary sine-Gordon theory, we can understand that 
the boundary sine-Gordon perturbation is an exactly marginal perturbation with respect to the 
free theory. 



B.5 Zero-mode Algebra for c = 1 String Theory and Allowed Branes 

The allowed brane in the c = 1 theory has a little subtlety. This appendix is intended to show the 
author's current understanding of the subject. Let us first review the allowed branes^^^ in the free 
two dimensional theory. All the relevant consideration is zero-modes, so we concentrate on them. 
The zero-mode algebra^^^ is given by 

{iP\i;^} = S'^, i^^} = S'^, (B.59) 

where i,j = 0, 1. The left (right) realization of this algebra is done by the usual Clifford algebra 

^0 = a\ = (7^, (-1)^^ = a^. (B.60) 

Combining left and right (with the proper cocycle) we have 

V'° = 4(8)1, t}P = al(g>a}i 

^ ^3 ^ ^3 (B 61) 

This algebra is represented by the four dimensional tensor product of left and right two dimensional 
Clifford algebras. 

"Allowed" here means the stable brane with R-R part. Of course "unstable" branes always exist no matter how 

R zero-mode behaves. 
^^^For simplicity we take the Euclidean signature. 
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The allowed states are as follows; in the type OB theory we have | + +) and | ), while in 

type OA theory we have | H — ) and | — h) 

Then let us check the allowed branes in the theory. We always take to be Neumann^^^, so 

(V'" -ir?V^°)|A: = 0), (B.62) 
where r] is related to the remaining super confer mal current. In case of the Dl-brane, we have 

(V'^ -ir/V^^)|/c = 0). (B.63) 

With the explicit realization of the algebra we have introduced, we should have, for the OB theory, 

I ++) +i| - -) for (r? = 1) 

for (r? = -l). (B.64) 

On the other hand for the OA theory, there is no solution. 

In case of the DO-brane, the situation is reversed. For the OA, we have two kinds of (electric 
and magnetic) 77 = it brane, but none for the OB. This is just the well known fact about the allowed 
D-branes in the OA/B theory. 

Now let us go on to the super Liouville (8) c = 1 theory. In this case, we have four zero-modes: 
matter part ip^^tp^ and Liouville part Go, Go- The Liouville part Go satisfies the following algebra 
(unless the energy is zero) 

{Go,Go} = c. (B.65) 

We rescale Go so that c = 1.^^^ To classify the allowed Ishibashi states, we should realize these 
zero-mode algebras. At first sight, the algebra is just the same as in the free case considered above. 
However, mimicking the procedure above does not seem to work. This is perhaps because (—1)'^^ 
and (—1)^^ are not separately conserved under the Liouville potential, so the Go, ■0o> (~1)'^^ 
Clifford algebra actually does not make sense. As a consequence we have to combing left and right 
separately for each sector. 

Thus, the realization of Go and Go becomes 

^0 = (^Liouville Go = Criiouville (^ — l)^Ltouville — a^^^^^^n^ (B.66) 

and the algebra is given by 

i^' = <y\j ^i;' = al {-lf-^=ah (B.67) 

Tensor products (with cocycles) make the whole zero-mode algebra of the theory. 

Now we can consider the allowed branes (or Ishibashi states) in the two dimensional super 
Liouville background. We take the Neumann condition on ip^ as usual. 

(-0° -i77'0°)|fc = 0) = 0. (B.68) 

On the other hand, for the super Liouville part, the only sensible condition is 

(Go + i?7Go)|Ishibashi; 77) = 0. (B.69) 

In the Dirichlet case, we have +ir]tlj°)\k). 
^*^We here consider the nonzero energy Ishibashi states. 
^^*The same procedure is done in (16|. 
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Note that once we choose ry, there is no freedom to change the sign in front of iGo as opposed to 
the free case where we can change the sign by changing Neumann to Dirichlet. 

This is the very puzzhng point. With the exphcit reahzation of algebra, we can conclude that 
in the type OA theory we allow two kinds of Ishibashi states (77 = it) for the super Liouville part 
and none in OB theory. We should recall that the difference between the super FZZT brane and 
the ZZ brane is just the wavefunction (or the coefficient of the Ishibashi states) and not related to 
the allowed Ishibashi states. As a result we have the following (perhaps wrong?) conclusion. 

In the type OA theory, we have both Neumann X times FZZT R-R charged brane (two kinds) 
and R-R charged ZZ brane (one kind). In the type OB theory, there is no R-R charged brane at 
all. What a contradictory result compared with the free field analysis! Note, however, that in the 
N = 2 super Liouville theory, which naturally incorporates the time-like boson, has the same brane 
contents as we have seen in this appendix |,S82j . 



B.6 T-duality of NS5-brane 

In this appendix, we review the T-duality property of the NS5-brane solution (and its near horizon 
geometry). The basic geometrical knowledge can be found in e.g. j479j . |48()j . Anticipating 
the result, the T-dual geometry of the NS5-brane is described by the (multi-center) Taub-NUT 
(Newman-Unti-Tamburino) geometry. Thus we begin with the following Taub-NUT metric: 

ds^TN = V-^{di; + A-dxf + Vdx^ 

V = 1 + ^ 

\x - y\ 

\JV = V X 1, (B.70) 

where the range of ■0 is V' 6 [Oi ^vr], and vector x consists of three dimensional coordinate (xy, xg, a^g). 
It can be easily extended to the multi-center Taub-NUT solution by replacing V with V = \ + 
Till \x-y \ • worthwhile mentioning that this is the solution of the non- linear Einstein equation 
(actually the hyper Kahler metric) though we take the linear combination of V , which is related to 
the BPS nature of the solution. We sometimes call this geometry as the KK monopole because the 
fibered over an in the base R^ surrounding a center, is a non-trivial bundle over with 
the first Chern class equal to 1 (for the unicenter Taub-NUT space). If we collide the k centers 
of the Taub-NUT, the first Chern class becomes k and a singularity appears. This also explains 
why the Taub-NUT and NS5-brane is related via the T-duality; the former is charged magnetically 
under g^^i while the latter is charged magnetically under -Be,? ) a-nd the T-duality, roughly speaking, 
exchanges g^^i and i?6,i- 

Note that \s a U{1) isometry of this metric, so we perform the T-duality along the U{1) 
isometry direction. The T-duality rule (for a review see e.g. @81|) is summarized as 

G^^ = G^]p 

{G + B)^i = -G:^^{G + B)^i 

{G - B)^i = G^^{G - B)^i 

(G + B)ij = {G + B)ij — G^]p{G — B)^i{G + B)^j 

0+ilog(detG) = (/> + ^log(detG), (B.71) 



^®^Of course ZZ (1,1) brane should have 77 = +1. 
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where the quantities with a tilde are T-duahzed ones. Performing this T-duality to the Taub-NUT 
metric ()B.70|) . we obtain 



ds"^ = V{x){dx^dx^ + dx'^'' 



e^'^ = V{x) 



^ \y-Xi 



Hmns = f^mns''9r(p. (B.72) 

where is the dual coordinate with respect to ip. The Kalb-Ramond field is given by Bqi = Ai. 
(|R72)) is almost the NS5-br ane solution, but not quite. This solution is in fact the smeared NS5- 
brane solution in the x^ direction (because we do not have any structure in the xq direction). By 
localizing the xq direction, we obtain the precise NS5-brane metric (|12.41|) .^^^ 

In order to take the CHS limit (near horizon limit), we neglect the 1 in the harmonic function 
V . In the T-dualized Taub-NUT geometry, this corresponds to focusing on the singularity of the 
geometry, which is described by the ALE space. The metric for the ALE space is described by the 
Gibbons-Hawking metric which is just ()B.70|) with 1 omitted from V . Similarly the metric for the 
multi-ALE space is obtained by colliding the center of the Taub-NUT metric. 

To see the singularity, it is convenient to introduce a complex structure into this geometry. The 
multi-center ALE space is described by the submanifold 

u"^ + v'^ + w'^ = 0, (B.73) 

in C^. We can regard this defining equation as the orbifold singularity as follows. Let us take 
the complex coordinate zi and Z2 which describes = C^. Introducing u'"" = 1, we identify 

Zl = IVZl 

Z2 = UJ-^Z2. (B.74) 
It is natural to choose coordinates that are invariant under this action. For this purpose, we define 

U = Z\Z2 

V = z^ 

w = z^, (B.75) 
which are clearly invariant under the Z„ action HB.74|1 . However (u, w) has the following relation: 

u" = vw. (B.76) 

If we further define vw = —v^ — up' , we obtain ()B.73|) . which shows the A^-i type singularity. Let 
us first take the Ai for example and try to deform the singularity. The defining equation is 

/ = + ^2 + y)2 = 0. (B.77) 

We take the real part of this expression; then we have an equation of the 2-sphere with a vanishing 
radius. This is just the 2-sphere blown up in the Eguchi-Hanson metric which yields the deformation 
of the singular ALE metric (this is done by changing the Kahler metric on the manifold, so it is 

leorpj^jg smeared brane from the T-duality always occurs when we make Dp brane from D(p — 1) brane by the 
T-duality. 

^^^One may wonder this geometry has something to do with the free description of the orbifold CFT, but it is 
important to realize that this is not the case. The free orbifold CFT implicitly assumes the existence of a certain 
amount of the background Kalb-Ramond (twisted) field, which is none in the geometry we are considering here. 
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known as a Kahler deformation). Alternatively, we can remove this singularity by deforming the 
complex structure by 

f = u^ + Jrw^ = H, (B.78) 

which eliminates the singular point u = v = w = and the manifold becomes smooth. However, if 
fj, is real, this complex structure deformation gives the vanishing sphere a finite volume. Thus, the 
resolution of the singularity by the complex structure deformation and the Kahler deformation is 
not unrelated in this special case (this is related to the fact that the ALE space is actually a hyper 
Kahler manifold and is not true in the more general situation such as the Calabi-Yau threefold). 
The resolution of the singularity in the general vln-i singularity is given by 

n 

JJ(n - Oi) + + = 0. (B.79) 

i=l 

If we have two equal Oj, we have a singularity of the type Ai which shows a vanishing 2-sphere. 
In general we can associate a vanishing 2-sphere to any pair of Oj (see section 112.2.21 and the 
arguments therein). However, homologically they are not independent. It can be shown that n — 1 
cycles are homologically independent cycles and can be represented as the An-i Dynkin diagram, 
where every independent generator Sj is assigned a node and every intersection between adjacent 
vanishing spheres is represented as a line connecting them. 

Prom the resolution (|B.79|) we can see that the multi-ALE singularity occurs when centers of 
the single ALE space collide. This corresponds to the multi-ALE metric which becomes singular 
when the sources of the harmonic function collide. In the T-dual language, the singularity comes 
when n NS5 branes coincide with each other. The resolution center Oj just yields the transverse 
coordinate of the NS5 brane position. 

B.7 Some Moduli Integrations 

In this appendix, we derive some formulae of the moduli integration on the torus (see e.g. |482j ). 
The most basic formula, concerning the 2D partition function, is given by 



2-1 dx ^ = o • (B.80) 



For the ID partition function, we can show the following formula holds: 



|77(g)r = TT^- (B.81) 



^rl'^'"^" 3^6 



The proof of this formula is rather technical. 

First, we derive the Euler pentagonal formula: 

oo 

r^{q)= (-l)"'?^("-I)^ (B.82) 

n=--oo 

This can be derived by the Jacobi triple product formula: 

oo oo -N"^ 

n=l iV=-oo lln=l^^ ^ ^ 
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whose physical interpretation (proof) is as follows '139'. Consider the fermionic system whose 
energy level is E = n — & 7i and whose number difference between particles and antiparticles 
is A'" = A^_|_ — A^_. Setting q = e"^^'^ and w = e'^^'^ , we have the grand partition function: 

oo 

Z{w, q) = Y^ e-^/^+^^/^ = n (1 + + q'^-'/^w-'), (B.84) 

n=l 

which is nothing but the left-hand side of the Jacobi triple product formula. On the other hand, 
the grand partition function can be decomposed into the fixed number canonical partition function 
as 

oo 

w^Z^iq), (B.85) 

7V=-oo 

which is the right-hand side. Hence, all we want is Zfyf(q). Let us first consider Zq. The lowest 
energy state is given by when the states under the Fermi surface {E = 0) is all occupied. The 
number of states with energy E can be enumerated as follows. Take the series of positive integers 
which satisfy ki > k2 > ■ ■ ■ > ki > and Yli — ^- With these numbers, we construct a state 
where we excite the first particle under the Fermi surface with ki units, • • • and excite the ith. 
particle under the Fermi surface with ki units and so on. This state has the energy E and there is 
no double counting nor missing. The partition of the positive integer is just the number of ways we 
divide E into positive integers, whose generating function is just Zq. We find that it is given by 

^ (B.86) 



nn=i(l-9")' 

With the fermion number A^, we can similarly obtain the partition function by starting with the 
new Fermi surface whose height is rising in N units. The corresponding factor is just g^^/^. Thus, 
we finally obtain 

This completes the proof of the Jacobi triple product formula. Substituting q —> q and w — > —q 2 ^ 
we obtain 

00 00 

JJ(1 - g3")(l - g3'^-2)(l - g3"-l) = J2 (-l)"g3nV2-n/2^ gg^ 
n=l n=— 00 

Rewriting this yields the Euler pentagonal formula: 

00 

rj{q) = (-l)''g5("-i)'. (B.89) 

n=— 00 

By making use of this formula, we would like to derive the following equality: 

\rj{q)\' = ^ E [q^^"^^'^"q^^"^-'^" " gt^t+^^'gi^f "D'] . (B.90) 

s,t 

From the Euler pentagonal formula, we have 

\rj{q)f = '£{-l)n+m^lin-m'qlim~m\ (B.9I) 
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Comparing ()B.9fl|l with ()B.9Hl term by term, we can complete the proof. First, we can solve 

(|+t)2 = (n-l/6)2 
(t-t)2 = (m- 1/6)2 



to obtain either 

t 



2 

s = 3(n + m) 



or 

' t 



(B.92) 

(B.93) 
(B.94) 



2 

s = — 3(n + m) + 1 

where n ±m is even. Thus when n it m is even, this contributes to (|B.91|) . Similarly, 

, 3(m+n)— 1 

~ 2 (B.95) 

s = n — m 

, — 3(m+7i) — 1 

^ ~ 2 (B.96) 

s = m — n 

is the solution when n it m is odd. These terms explain all terms in HB.91|) . but the corresponding 
terms in HB.90|) are the first terms of s odd and not divisible by 3 and the second terms of s odd 
and t not divisible by 3. Therefore, all the terms left should cancel with each other. The canceling 
condition can be written as 

(f -ti)^ = (f ^ ^ ^ 



Its solution is given by either si = S2 and t2 = 3ti which corresponds to the remaining second term 
or si = 2t2 and S2 = 2ti which corresponds to the remaining first term. 
Finally we use the Poisson resummation formula: 



oo ^ oo 



'y ^ g-7rn^a+27rnafe ^ ^ 2mmb ^-g gg-^ 

whose proof is given as follows. By substituting 1 = / dr6{n — r) into the left-hand side and using 
'Ylim e^'^*™''' = ^„ 5{n — r), we can perform the Gaussian integration to obtain the right-hand side. 
In this way, becomes 

Then we would like to calculate 



n,m n,m 



n,m 2 

The trick here is to exchange the summation over m with the extension of the integration region 
by the modular transformation [32j. This is equivalent to extending the fundamental region T to 
the rectangular —1/2 < ri < 1/2 with positive T2. Therefore, we obtain, 

r^ rr^ Jr T^2 ^2 Jo ^2 "^^ 



n,m 



where we have used YlnX) ^ = tt^/G. Combining all these, we have obtained the desired formula 
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B.8 Projection on Chan-Paton Factor 

In this appendix, we review the O projection on the Chan-Paton indices. We follow the argument 
given in section 6.5 of Polchinski's book jl9j. 

We denote the open string states with a Chan-Paton factor by \n;ij), where n represents 
excitation level and i,j are Chan-Paton indices. 0, operation reverses the orientation of string, but 
it can also rotate the Chan-Paton indices as 

n\n;ij) = {-irjjj,\n;j'i')jT;l. (B.103) 

Acting twice with 0, we have 

n^\n;ij) = [{^^)-Hii'\n;i'f){l-'l^)j'r (B.104) 
If we insist ^^■^ 0,^ = 1 then we have 

7'^ = ±7, (B.105) 
which is the direct consequence of the Schur's lemma. A general change of the Chan-Paton basis: 

\n;i,j) =Ur/\n;i'j')Uyj (B.106) 

transforms 7 to 

y = U^^U. (B.107) 

In the symmetric case, it is always possible to find a basis such that 7 = 1. Then by using the 
Hermitian matrix realization of the Chan-Paton indices: \n;a) = X^j j A? |n; ij), we have = A 
for the level n even, and A"^ = —A for n odd. This means that the odd level including "tachyon" 
transforms as a real symmetric representation of the SO{N) group and the even level including 
"Lorentz vector" transforms as an adjoint representation of the SO{N) group. 

On the other hand, in the antisymmetric case^^^, we can choose a basis in which 



7 = i J 



/ 
-/ 



(B.108) 



Therefore for even level including "Lorentz vector" we have JX^J = +X which transforms as an 
adjoint representation of the Sp{N) group. For odd level including "tachyon" we have JX^J = —X 
which transforms as a quaternionic real selfdual representation of the Sp{N) group. 

Let us finally remark on the connection between the sign in front of the crosscap states and the 
Chan-Paton projection considered so far. For the SO{N) case, the symmetric part N{N + l)/2 
of U{N) original Chan-Paton degrees of freedom acquires +1 under the operation while the 
antisymmetric part N(N — l)/2 of U{N) original Chan-Paton degrees of freedom acquires — 1 
under the 17 operation. Then overall Mobius amplitude Tro[r2g^] obtains a factor of -|-A^. Since 
comes from the boundary states normalization of N coincident branes, we have -|- sign for the SO 
type crosscap state. 

For the Sp{N) case, these degeneracies are just reversed^^^, giving —N total factor in the Mobius 
amplitude. Since N comes from the boundary states normalization of N branes, we have — sign 
for the Sp type crosscap state. 

i62rpj^jg should be true only on the physical sector. Thus we must be careful when we consider the fermionic string 



^^^We assume TV is an even integer. 

i64rpj^g easiest way to see this is to recognize that if JA is symmetric, Q is — , and if antisymmetric, Q, is +. 
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B.9 Jacobian for Diagonalization of SO/Sp Matrix 

In this appendix, we derive the Jacobian for the change of variables from SO/Sp matrix integral 
to their eigenvalues. Most of the following argument is directly borrowed from Mehta's book j472j . 

B.9.1 Orthogonal ensemble 

First, it is well-known that any real symmetric matrix H can be decomposed as 

H = U@U\ (B.109) 

where is a real diagonal matrix and C/ is a real orthogonal matrix. This decomposition cannot 
be unique, but we parameterize U by N{N — l)/2 parameters p^ which uniquely determines H 
with N eigenvalues 9i. The purpose of this subsection is to obtain the p independent^^^ part of the 
Jacobian: 

d{Hii,Hi2 ■ ■ ■ Hnn) 



J{0,p) 



d{ei - ■ ■eN,pi - ■ -pi) 

The orthogonality condition of U is given by 



UU^ = U^U = 1. 



Differentiating ()B.111|) by p^ we have 



dU 



^ -U + U' — = 0. 

OPfj. OPfj, 

Thus we can define antisymmetric matrices S^^^ as 

OPfj, OPfj, 

On the other hand, differentiating 1)6.109(1 by p^, we have 



(B.llO) 



(B.lll) 



(B.112) 



(B.113) 



(B.114) 



Similarly, differentiating l|B.109|l by 9^, we have 



do., 



(B.115) 



The Jacobian matrix can be written in the following form: 

[J{0,P)] ^ 



(B.116) 



The two columns in ()B.116|) correspond to N and A^(A^ — l)/2 actual columns: 1 < j < k < N. 
The two rows in ()B.116|) correspond again to N and N{N — l)/2 actual rows: 7 = 1,2,- •• ,N; 

i65rpj^jg is because in the actual calculation we exclusively consider the gauge invariant sector. Note that this enables 
us to parameterize the angular variables in any desired manner. 
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/i = 1,2, - • • ,iV(iV-l)/2. Ifwe multiply the matrix [J] on the right by the iV(iV+l)/2x Af(A^+l)/2 
matrix written in partitioned form as 



[V] 



(UjaUjp) 
{2UjaUki3)\ 



(B.117) 



where the two rows correspond to A'^ and A'^(A^ — l)/2 actual rows: 1 < j < k < N, and the column 
corresponds to A^(A^ + l)/2 actual columns: 1 < a < (3 < N, we obtain by using (IR.114j) and 
(jHHU) 



[JW] 



s. 



Ml 



Taking the determinant of the both sides, we have 



a<l3 

Therefore the angular variables p independent part is given by 

= n 1^/3 -^ai- 

a</3 



(B.118) 



(B.119) 



(B.120) 



B.9.2 Symplectic ensemble 

Next, we consider the symplectic matrix model. The integral variable is the matrix which satisfies 

JH'<J = -H, (B.121) 

where J is the Sp{2N) invariant tensor. In this case, H can be decomposed as 

H = UeU^, (B.122) 

where ?7 is a symplectic matrix and is a diagonal matrix whose form is 



G 



Oi 
di 



02 
02 



(B.123) 



We should note that every eigenvalue appears twice. As in the orthogonal case, we parameterize 
angular variables by p^. Then, the Jacobian is given by 



J{0,p) 



d{H 



(0) 

11 ' ■ ■ ■ ^-^NN^ -'-'12 



(3) 
12 1 



77-(0) TT\->) 



(3) 



N) 



d{0i ■■■0N,Pl- ■■P2N(N-1)) 



where we have used the quaternionic decomposition. 



with e,- = iai and 



^jk - ^jk + ^jk ei + -Hjfc 62 + Hj^ 63, 



(B.124) 

(B.125) 
(B.126) 
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where S is defined in the same way as in ()B.113|) . 

As in the orthogonal case, we can multiply a matrix V which only depends on U so that the 
JV becomes 

P^,a ••• 



JV 



(B.127) 



where p does not depend on 9. Taking the determinant of both sides, we finally obtain 



JiP,0)=ll(^a-9^ffip), (B.128) 

a<f3 



whose p independent part is given by 

J{9)=ll{0a-9f3)^- (B.129) 

a<l3 

B.IO Sommerfeld Expansion for Various Statistics 

In this appendix, we derive the Sommerfeld expansion formula, first for the Fermi-Dirac statistics, 
and then for the more general statistics. The Fermi-Dirac distribution is defined as 

f{e) = \ (B.130) 

1 + exp 

We would like to derive the low temperature expansion of the following quantity 

/oo 
degie)f{e). (B.131) 
-oo 

First, we decompose this expression as follows 

deg{e)+T dyg{p -Ty)[f{^i-Ty) - l\+T dyg{^i + Ty)[f{^i + Ty)l {B.12,2) 

-oo JO JO 

where we have set e = ^ + Tx so that + Tx) = i^exp(z) • Owing to the identity 1 — j^^g^p^-,^^ = 
i+exp(y) ' rewrite ()B.132j) as 

//i l-OO 1 
deg{e) + T / dy— —[g{ix + Ty) - g{fi - Ty)]. (B.133) 
-oo Jo 1 + exp(y) 

Expanding g{^ + Ty) by T, we obtain the Sommerfeld expansion formula: 

/PL fcxi °° „,2n+l rp2n+l f f) \ 2*^+1 

In fact, the y integration can be performed explicitly, 

/ ^yrr r^ = (2n + l)! C(2n + 2). (B.135) 

Jq 1 + exp(y) 2^"+! 

Next let us consider the more general statistics j454j . |455| . Probability density with the g 
statistics is given by 

n = (B.136) 
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where u!{(,) satisfies 



(B.137) 



For g = 0, we obtain the usual Bose-Einstein distribution, while for 5 = 1, we obtain the usual 
Fermi-Dirac distribution. Let us evaluate the general integral 



by the Sommerfeld low temperature expansion. Setting e = + Ty as before, we can rewrite this 
as 



G(T, fi) = / deg{e) +T dy [g{fi - Ty) [n{fi - Ty) - 1] + g{fi + Ty)n{fi + Ty)] (B.139) 



Then, we expand the integrand g by T. Noticing that n(/u + Ty) = n{y) does not depend on T, we 
obtain 



The y integration can be performed. The first order T correction is actually zero (this corresponds 

2 

to the third law of the thermodynamics). The second order integral becomes which does 
not depend on the statistics. The third order integral becomes 2(^(3) (1 — g). The numerical or 
analytical evaluation of these higher integrals can be found in the literature |483j . |484j . This is 
the Sommerfeld expansion for the general statistics. 
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